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Last class

• What is search

• Problem complexity: P, NP, NP-hard, NP-complete

• Tree-search and graph-search

• Performance evaluation criteria

• Asymptotic notations    
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Search algorithms

Search tree

Frontier: Fagaras, Oradea, Rimnicu Vilcea, Timisoara, Zerind

Explored set: Arad, Sibiu

How to select one node from 
the frontier for expansion?

Different search 
algorithms
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Breadth-first search

Main idea: expand the root node first, then all the successors 
of the root node, then their successors, and so on
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Breadth-first search

Main idea: expand the root node first, then all the successors 
of the root node, then their successors, and so on

Expand the 
shallowest node

The union of explored 
set and frontier

Goal test is applied 
when a node is 
generated rather than 
when it is expanded

Graph-search
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Breadth-first search - example

Arad
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Breadth-first search - example

Arad

Sibiu Timisoara Zerind



http://www.lamda.nju.edu.cn/qianc/

Breadth-first search - example

Arad

Sibiu Timisoara Zerind

Arad Rimnicu VilceaFagaras Oradea
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Breadth-first search - example

Arad

Sibiu Timisoara Zerind

Arad Rimnicu VilceaFagaras Oradea Arad Lugoj
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Breadth-first search - example

Arad

Sibiu Timisoara Zerind

Arad Rimnicu VilceaFagaras Oradea Arad Lugoj Arad Oradea
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Breadth-first search - example

Arad

Sibiu Timisoara Zerind

Arad Rimnicu VilceaFagaras Oradea Arad Lugoj Arad Oradea

BucharestSibiu



http://www.lamda.nju.edu.cn/qianc/

Breadth-first search - performance

• Complete

if the depth 𝑑 of the shallowest goal node is finite

• Optimal

if all actions have the same cost

• Time complexity

𝑏 + 𝑏2 + 𝑏3 +⋯+ 𝑏𝑑 = 𝑂(𝑏𝑑), where 𝑏 is the branching factor

If goal test is applied when a node is expanded

𝑏 + 𝑏2 + 𝑏3 +⋯+ 𝑏𝑑 + 𝑏𝑑+1 = 𝑂(𝑏𝑑+1)



http://www.lamda.nju.edu.cn/qianc/

Breadth-first search - performance

• Time complexity

𝑏 + 𝑏2 + 𝑏3 +⋯+ 𝑏𝑑 = 𝑂(𝑏𝑑), where 𝑏 is the branching factor

If goal test is applied when a node is expanded

𝑏 + 𝑏2 + 𝑏3 +⋯+ 𝑏𝑑 + 𝑏𝑑+1 = 𝑂(𝑏𝑑+1)

• Space complexity

𝑏 + 𝑏2 + 𝑏3 +⋯+ 𝑏𝑑−1 = 𝑂 𝑏𝑑−1 in the explored set

𝑏𝑑 in the frontier
𝑂 𝑏𝑑

If using tree-search, 𝑂 𝑏𝑑
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Breadth-first search - performance

Depth Nodes Time Memory

2 110 .11 milliseconds 107 kilobytes

4 11,110 11 milliseconds 10.6 megabytes

6 106 1.1 seconds 1 gigabyte

8 108 2 minutes 103 gigabytes

10 1010 3 hours 10 terabytes

12 1012 13 days 1 petabyte

14 1014 3.5 years 99 petabytes

16 1016 350 years 10 exabytes

𝑏 = 10 1 million nodes/second 1000 bytes/node

The time and space complexity of BFS: not acceptable 
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Breadth-first search - example

Arad

Sibiu Timisoara Zerind

Arad Rimnicu VilceaFagaras Oradea Arad Lugoj Arad Oradea

BucharestSibiu

140

99

211
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Uniform-cost search

Main idea: expand the node 𝑛 with the lowest cost 𝑔(𝑛)

Path cost 𝑔 𝑛 from 
the initial node to 
the current node

The union of explored 
set and frontier

Goal test is applied 
when a node is 
expanded rather than 
when it is generated

Graph-search
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Uniform-cost search - example

Arad 0
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Uniform-cost search - example

Arad

Sibiu Timisoara Zerind

0

140 118 75
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Uniform-cost search - example

Arad

Sibiu Timisoara Zerind

0

140 118 75

Arad Oradea

146
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Uniform-cost search - example

Arad

Sibiu Timisoara Zerind

0

140 118 75

Arad Oradea

146

LugojArad

229
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Arad Fagaras Oradea Rimnicu Vilcea

Uniform-cost search - example

Arad

Sibiu Timisoara Zerind

0

140 118 75

Arad Oradea

146

LugojArad

229239 291 220
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SibiuZerind

Uniform-cost search - example

Arad

Sibiu Timisoara Zerind

0

140 118 75

Arad Oradea

146

LugojArad

229

Arad Fagaras Oradea Rimnicu Vilcea

239 291 220
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Uniform-cost search - example

Arad

Sibiu Timisoara Zerind

0

140 118 75

Arad Oradea

146

LugojArad

229

Arad Fagaras Oradea Rimnicu Vilcea

239 291 220

SibiuZerind

317

SibiuPitesti Craiova

366
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Uniform-cost search - example

Arad

Sibiu Timisoara Zerind

0

140 118 75

Arad Oradea

146

LugojArad

229

Arad Fagaras Oradea Rimnicu Vilcea

239 291 220

SibiuZerindTimisoara Mehadia

299317

SibiuPitesti Craiova

366
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Uniform-cost search - example

Arad

Sibiu Timisoara Zerind

0

140 118 75

Arad Oradea

146

LugojArad

229

Arad Fagaras Oradea Rimnicu Vilcea

239 291 220

SibiuZerindBucharestSibiu

450
Timisoara Mehadia

299317

SibiuPitesti Craiova

366
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Uniform-cost search - example

Arad

Sibiu Timisoara Zerind

0

140 118

Arad Oradea

146

LugojArad

229

Arad Fagaras Oradea Rimnicu Vilcea

239 291 220

75

SibiuZerindBucharestSibiu

450
Timisoara Mehadia

299317

SibiuPitesti Craiova

366

Lugoj Drobeta

374
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Uniform-cost search - example

Arad

Sibiu Timisoara Zerind

0

140 118

Arad Oradea

146

LugojArad

229

Arad Fagaras Oradea Rimnicu Vilcea

239 291 220

75

Craiova Bucharest Rimnicu Vilcea

455
418

SibiuZerindBucharestSibiu

450
Timisoara Mehadia

299317

SibiuPitesti Craiova

366

Lugoj Drobeta

374
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Uniform-cost search - example

Arad

Sibiu Timisoara Zerind

0

140 118

Arad Oradea

146

LugojArad

229

Arad Fagaras Oradea Rimnicu Vilcea

239 291 220

Lugoj Drobeta

374

75

Craiova Bucharest Rimnicu Vilcea

455
418

SibiuZerindBucharestSibiu

450
Timisoara Mehadia

299317

SibiuPitesti Craiova

366

Pitesti Drobeta

486
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Uniform-cost search - example

75

Mehadia Craiova

Arad

Sibiu Timisoara Zerind

0

140 118

Arad Oradea

146

LugojArad

229

Arad Fagaras Oradea Rimnicu Vilcea

239 291 220

Lugoj Drobeta

374
Craiova Bucharest Rimnicu Vilcea

455
418

SibiuZerindBucharestSibiu

450
Timisoara Mehadia

299317

SibiuPitesti Craiova

366

Pitesti Drobeta

486
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Uniform-cost search - example

Dijstra’s Algorithm for 
single source shortest path 

Mehadia Craiova

Arad

Sibiu Timisoara Zerind

0

140 118

Arad Oradea

146

LugojArad

229

Arad Fagaras Oradea Rimnicu Vilcea

239 291 220

Lugoj Drobeta

374
Craiova Bucharest Rimnicu Vilcea

455
418

SibiuZerindBucharestSibiu

450
Timisoara Mehadia

299317

SibiuPitesti Craiova

366

Pitesti Drobeta

486
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Uniform-cost search - performance

• Complete

if the cost of every step exceeds some small positive constant 𝜖

• Optimal

when a node 𝑛 is expanded, the optimal path to 𝑛.state has been found

Otherwise, there is another frontier node 𝑛′ on the optimal path to
𝑛.state, whose corresponding node is denoted as 𝑛′′

𝑔 𝑛′ ≤ 𝑔 𝑛′′

Main idea: expand the node 𝑛 with the lowest cost 𝑔(𝑛)

𝑛′ will be expanded before 𝑛, making a contradiction

< 𝑔(𝑛)
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Uniform-cost search - performance

• Complete

if the cost of every step exceeds some small positive constant 𝜖

• Optimal

when a node 𝑛 is expanded, the optimal path to 𝑛 has been found

Main idea: expand the node 𝑛 with the lowest cost 𝑔(𝑛)

• Time complexity

𝑂(𝑏1+ 𝐶∗/𝜖 ), where 𝐶∗ is the cost of the optimal path

• Space complexity

𝑂(𝑏1+ 𝐶∗/𝜖 ), where 𝐶∗ is the cost of the optimal path
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Depth-first search

Main idea: expand the deepest node in the frontier
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Depth-first search - example

Arad
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Depth-first search - example

Arad

Sibiu Timisoara Zerind
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Depth-first search - example

Arad

Sibiu Timisoara Zerind

Arad Rimnicu VilceaFagaras Oradea
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Depth-first search - example

Arad

Sibiu Timisoara Zerind

Arad Rimnicu VilceaFagaras Oradea

BucharestSibiu
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Depth-first search - performance

Main idea: expand the deepest node in the frontier

• Complete

if using graph-search and the state space is finite

• Optimal

• Time complexity

𝑂(𝑏𝑚), where 𝑚 is the maximum depth of any node, if using tree-search

the size of the state space, if using graph-search

• Space complexity

𝑂(𝑏𝑚), if using tree-search

the size of the state space, if using graph-search
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Depth-limited search

Main idea: depth-first search with a depth limit 𝑙
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Depth-limited search - performance

Main idea: depth-first search with a depth limit 𝑙

• Complete

if 𝑙 ≥ 𝑑

• Time complexity

𝑂(𝑏𝑙)

• Space complexity

𝑂(𝑏𝑙), if using tree-search

• Optimal

if 𝑙 > 𝑑, no; if 𝑙 = 𝑑 and all actions have the same cost, yes
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Iterative deepening depth-first search

Main idea: iteratively apply depth-limited search with gradually 

increasing depth limit 𝑙
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Iterative deepening depth-first search

Main idea: iteratively apply depth-limited search with gradually 

increasing depth limit 𝑙 Stop until 𝑙 = 𝑑
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Iterative deepening depth-first search – performance

Main idea: iteratively apply depth-limited search with gradually 

increasing depth limit 𝑙 Stop until 𝑙 = 𝑑

• Complete

if the depth 𝑑 of the shallowest goal node is finite

• Time complexity

𝑑𝑏 + (𝑑 − 1)𝑏2+(𝑑 − 2)𝑏3+⋯+ (1)𝑏𝑑= 𝑂(𝑏𝑑)

• Space complexity

𝑂(𝑏𝑑), if using tree-search

• Optimal

if all actions have the same cost
Combine the benefit of 
breadth-first search and 
depth-first search
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Bidirectional search

Main idea: run two simultaneous searches, one forward from 

the initial state and the other backward from the goal

A
ra

d

S
ib

iu
T

im
is

o
ar

a
Z

er
in

d

B
u

ch
arest

P
itesti

F
ag

aras
U

rzicen
i

G
iu

rg
iu

Initial state
Goal stateCheck whether the 

frontiers of two 

searches intersect

If using breadth-first search

Time complexity

𝑂(𝑏𝑑)

𝑂(𝑏𝑑/2)

Not easy to use
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Performance comparison

Tree-search versions
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Summary

• Breadth-first search

• Uniform-cost search

• Depth-first search

• Depth-limited search

• Iterative deepening depth-first search

• Bidirectional search    

Uninformed 
search

No additional 

information beyond 

the problem definition
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