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Constrained optimization

General formulation:

minxex f(X)

S.T.

_— objective function

Yi (X) — 0)

1<i<ql— equality constraints

hi(X) < O,

q+1<i<m

/

inequality
constraints

A solution is (in)feasible if it does (not) satisfy the constraints

The goal: find a feasible solution minimizing the objective f
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Example — knapsack

Knapsack problem: given n items, each
with a weight w; and a value v;, to select
a subset of items maximizing the sum of
values while keeping the summed
weights within some capacity Wy, qy

n n
AIrg MaXyxe(o,1}*| i=1 ViXi| S- L. Zi:lwixi < Winax

x; = 1: the i-th item is included \

objective function constraint
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Example — minimum spanning tree

Minimum spanning tree problem:

given an undirected connected
graph G = (V,E) on n vertices and
m edges with positive weights
w:E - R* to find a connected
subgraph E’ € E with the
minimum weight

arg min m|Y™owix; | s.t.lc(x) =1
x€{0,1} =1 "Viti

—

objective function  x. = 1: the i-th edge is selected constraint

c(x): the number of connected components
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Example — traveling salesman

Traveling salesman problem:

given an undirected connected
graph G = (V,E) on n vertices and
m edges with positive weights
w:E — Rt to find a Hamilton
cycle with the minimum weight

arg min,|w(x)

Objective function: the sum of
the edge weights on the cycle

S. T.

x is a Hamilton cycle

.

Constraint: visit each vertex exactly once,
starting and ending in the same vertex
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EAs for constrained optimization

How to deal with constraints when EAs
are used for constrained optimization?

The optimization problems in real-world applications

often come with constraints
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Constraint handling strategies

The final output solution must satisty the constraints

o

Common constraint handling strategies

* Penalty functions

* Stochastic ranking

* Repair functions

* Restricting search to the feasible region

e Decoder functions

http://www.lamda.nju.edu.cn/qgianc/



Penalty functions

Penalty functions: add penalties on the fitness of
infeasible solutions

constrained unconstrained
min f(x)

s.t. gi(x)=0, 1<i<g; min f(x) + X1 4; {fi(x)
hi(x) <0, g+1<i<m

the i-th constraint ¢y _ { |9:(x)] l<i=gq
violation degree max{0,h;(x)} q+1<i<m
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Penalty functions

Penalty functions: add penalties on the fitness of
infeasible solutions

constrained unconstrained
min f(x)

s.t. gi(x)=0, 1<i<g; min f(x) + X2, 4; - fi(x)
hi(x) <0, g+1<i<m

Requirement: the optimal solutions of the original and
transformed problems should be consistent
* e.g., all 4; are equal, and large enough: compare the

constraint violation degrees first; if they are the same,
compare the objective values f
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Penalty functions

Minimum spanning tree problem:

given an undirected connected graph
G = (V,E) on n vertices and m edges
with positive weights w: E - R¥, to
find a connected subgraph E' € E
with the minimum weight

arg Minyego,1ym Nieq WiX; S.t. c(x) =1

Constraint .

: , violation degree " Winax Original objective
Fitness function: function
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Stochastic ranking

Penalty functions: add penalties on the fitness ot
infeasible solutions

constrained unconstrained
min f(x)

s.t. g;(x)=0, 1<ic<g; min  f(x) + 4| (x)

integrated constraint
violation degree

How to set an appropriate value for A?
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Stochastic ranking

Consider two solutions x; and x, satistying

* Ais small: the comparison is based on the objective function

fQez) — f(x1)
< e <x1)+A¢<x1><f(xz>@

* Aislarge: the comparison is based on the penalty function

f(x2) — f(x1)
/1 ¢(X1) ¢(X2) :@A¢(x1) > f(xZ) + Aqb(xZ

The value of A determines whether the comparison is based on
the objective function or the penalty function
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Stochastic ranking

Procedure for ranking A solutions:

11 =4,Vje{l,2,...,\} —
2: for i =1 to N do

3: forj=1toA—1do

4: sample v € U(0, 1) |
5: if ¢(1;) = ¢(Ij+1) =0 or u < Py then

6: if f(I) f(Lj+1) then

7: swap(L;, 1j41)

8: end if \
9: else
10: if gﬁ(fj) > ¢(Ij+1) then /
11: swap(l;, 1;11)
12: end if
13: end if
14: end for
15:  if no swap done then
16: break —
17:  end if
18: end for

the initial ranking is generated
at random

if both individuals are feasible,
the comparison is based on the
objective function with prob. 1;
otherwise, the prob. is Py

exchange the solutions in the
j-th and (j + 1)-th positions

the procedure is terminated when
no change in the rank ordering
occurs within a complete loop
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Repair functions

Repair functions: repair infeasible solutions to feasible

Example - Knapsack: given n items, each with a
weight w; and a value v;, to select a subset of item
maximizing the sum of values while keeping the
summed weights within some capacity W,

n n
arg maxyego 13" Li=1 ViXi S-t. NizqaWiXi < Winax

v;:4,2,6,10,4,3,7,2; w;: 2,3,3,8,6,5,7,1; Winax = 25 Repairing: scan from

left to right, and keep
the value 1 if the

| summed weight does
feasible | 1 | 1 o | 1] 1|0 0] 1 not exceed W, 4

infeasible | 1 1 0 1 1 0 1 1
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Restricting search to the feasible region

Restricting search to the feasible region: preserving
feasibility by special initialization and reproduction

Example - traveling salesman: given an
undirected connected graph ¢ = (V,E) on
n vertices and m edges with positive
weights w: E — R, to find a Hamilton
cycle with the minimum weight

argmin, w(x) s.t. xis a Hamilton cycle

Integer vector representation: Initialize with permutation;
the order of visiting vertexes Apply mutation and
Permutation recombination operators for

116]2[5]7]4]8]3]| permutation representation

is feasible
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Decoder functions

Decoder functions: map each genotype to a feasible phenotype

Example - Knapsack: given n items, each witha L " &
weight w; and a value v;, to select a subset of item
maximizing the sum of values while keeping the
summed weights within some capacity W,

n n
arg maxyego 13" Li=1 ViXi S-t. NizqaWiXi < Winax

v;:4,2,6,10,4,3,7,2; w;: 2,3,3,8,6,5,7,1; Wipayx = 25 Decoding: scan from

left to right, and keep
the value 1 if the

summed weight does
phenotype| 1 | 1 o |1 |1]0] 0|1 not exceed Wiy,

genotype 1 1 0 1 1 0 1 1
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Constraint handling strategies

The final output solution must satisfy the constraints

S

Common constraint handling strategies

* Penalty functions
* Stochastic ranking

* Repair functions
* Restricting search to the feasible region

e Decoder functions

Other effective constraint handling strategies?
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(1+1)-EA for MST

Minimum spanning tree (MST):

« Given: an undirected connected graph G = (V,E) on
n vertices and m edges with positive integer weights
w:E - N¥

* The Goal: find a connected subgraph E’ € E with the
minimum weight

Formulation: argminyegoym Y% wix; s.t. c(x) =1

x € {0,1}"" & a subgraph

x; = 1 means that edge e; is selected
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(1+1)-EA for MST

(1+1)-E A: Given a pseudo-Boolean function f:
1. x:=randomly selected from {0,1}".
2. Repeat until some termination criterion is met
3 x' == flip each bit of x with probability 1/n.
o) < f(%) Using the strategy of
5. X=Xx. :
penalty functions

Constraint
Fitness function: violation degree

Theorem. [Neumann & Wegener, TCS’07; Doerr et al., Algorithmica’12] The
expected running time of the (1+1)-EA solving the MST problem
is O(m?(logn + log Wy, q.)).

2
n” - Wmax Original objective

function
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MST by MOEAs

arg Minyeo13m Nieq WiX; S.t. c(x) =1

Vs

Bi-objective reformulation min (c(x), Xi.x,=1W;)

Theorem. [Neumann & Wegener, Nature Computing’05] The expected running
time of the GSEMO solving the MST problem is O(mn (n + log wy,q4))-

Penalty functions: O (m?(logn + log Wy,q))

Bi-objective reformulation: O (mn(n + log wy,4y))

Bi-objective reformulation is better
for dense graphs, e.g., m € 0 (n?)
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MST by MOEAs

arg Minyeo13m Nieq WiX; S.t. c(x) =1

Vs

Bi-objective reformulation min (c(x), Xi.x,=1W;)

GSEMO: Given a pseudo-Boolean function vector f:

1. x:=randomly selected from {0,1}"*. Keep the non-dominated
P = {x}. solutions generated so-far
Repeat until some termination criterion is met
Choose x from P uniformly at random.
x' = flip each bit of x with probability 1/n.
if 2z € P such thatz < x'
P:=(P—-{zeP|x'<sz}))u{x'}

NP
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Proof

Main idea:
(1) obtain the empty subgraph 0"
(2) obtain a minimum spanning tree

The analysis of phase (1): min (c(x), w(x) = Yix,=1W;)

Using multiplicative drift analysis: the minimum weight
in the population

* design the distance function: V(P) = @

* analyze the expected drift: the resulting solution

E| V(ft) - V(€t+1) | $¢ =P] =

@the solution x* with the smallest W(x@ and(lip only one 1-bit
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Proof

Main idea:
(1) obtain the empty subgraph 0™
(2) obtain a minimum spanning tree

The analysis of phase (1): min (c(x), w(x) = Yjx,=1Wi)

Using multiplicative drift analysis:
* design the distance function: V(P) = min {w(x) | x € P}

 analyze the expected drift:

1 1 1 i )
E[V(&) —V(&t1) | & = P] ZE'E(l m)m_l llill(W(x*) —@
11 )
=——(1-=) 1
11 1
— (= D
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Proof

Main idea:
(1) obtain the empty subgraph 0"

(2) obtain a minimum spanning tree
The analysis of phase (1): min (c(x), w(x) = Yix,=1W;)

— Using multiplicative drift analysis:

* design the distance function: V(P) = min {w(x) | x € P}

* analyze the expected drift:  E[y(&,) — V(&) | & = P] 2@ V(&)

- Upper bound on the expected running time:

Yo (P)-1+ln W P)/Vimin) < emn(1 + In (mw,,4,))
p 1o /@ \ max

V(P) < MWpqy Vinin 2 1
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Proof

Main idea:
(1) obtain the empty subgraph 0"

(2) obtain a minimum spanning tree
The analysis of phase (1): min (c(x), w(x) = Yix,=1W;)

— Using multiplicative drift analysis:

* design the distance function: V(P) = min {w(x) | x € P}

* analyze the expected drift:  E[y(&,) — V(&) | & = P] 2@ V(&)

- Upper bound on the expected running time:

1+1In (V(P)/Vmin)
Yp mo(P) - @ < emn(1l+In (mwy,,y))

€ O(mn (logn + logwy,44))
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Proof

The analysis of phase (2): min (c(x), w(x) = Yix,=1W;)
x': the Pareto optimal solution with i connected components

* the found Pareto 0pt1ma1 solutions will always be kept

 follow the path: Y a minimum spanning tree

the probability is at least > %

g The expected running time is at most: (n — 1) - emn € 0(mn?)

The expected running time of phase (1): O(mn(logn + log Wy,4x))

The total expected running time: 0(mn(n + log Wy,qx))
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MST by MOEAs

arg Minyeo13m Nieq WiX; S.t. c(x) =1

Vs

Bi-objective reformulation min (c(x), Xi.x,=1W;)

Theorem. [Neumann & Wegener, Nature Computing’05] The expected running
time of the GSEMO solving the MST problem is O(mn (n + log wy,q4))-

Penalty functions: O (m?(logn + log Wy,q))

Bi-objective reformulation: O (mn(n + log wy,4y))

Bi-objective reformulation is better
for dense graphs, e.g., m € 0 (n?)
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More examples

Problem

Set cover

Minimum cut

Minimum label
spanning tree

Minimum cost
coverage

Penalty functions

exponential

exponential

Q(ku®)

exponential

Bi-objective reformulation

O (mn(log ¢,pqy + logn))
[Friedrich et al., ECJ"10]

O(Fm(log ¢y + logn))

[Neumann et al., Algorithmica’11]

0(k?logk)
[Lai et al., TEC'14]

O(Nn(logn + logw,,,4, + N))
[Qian et al., [JCAI'15]

Better
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Bi-objective reformulation

Main idea:

1. transform the original constrained optimization
problem into a bi-objective optimization problem

constrained bi-objective
min f(x) m

s.t. gg(x)=0, 1<i<gq; min (f(x), Xitq|fi(x)

constraint f.(x) = { |9: (%) 1<i< q
violation degree l max{0,h;(x)} q+1<i<m
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Bi-objective reformulation

Main idea:

1.

transform the original constrained optimization
problem into a bi-objective optimization problem

constrained bi-objective
min f(x) m

stogi) =0 1sisq min (f(0), I, fi(0)
hix) <0, g+1<i<m

employ a multi-objective EA to solve the transformed
problem / constraint violation degree = (

output|the feasible solution [from the generated non-
dominated solution set
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Constraint handling strategies

The final output solution must satisty the constraints

S

Common constraint handling strategies

* Penalty functions

* Stochastic ranking

* Repair functions

* Restricting search to the feasible region

e Decoder functions

* Bi-objective reformulation j‘> Better algorithms?

http://www.lamda.nju.edu.cn/qgianc/



Subset selection

Subset selection is to select a subset of size k from a total set
of n items for optimizing some objective function

__________________________________________ N

{ Formally stated: given all items V = {v, ..., v,}, an objective function
S 2¥ > R and a budget k, to find a subset X < V such that

. maxycy f(X) s.t. |X|<k.

———————————————————————————————————————————

|
|
|
|
|
]

max f (X
F&) Subset X € V

\ 4

Ground set V
1X| <k
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Application - sparse regression

Sparse regression [tropp, TiT04] : S€lect a few observation variables
to best approximate the predictor variable by linear regression

observation variables predictor ~ @ subset X of observation variables
A . / /

cor. Dis. | IR | o = ac mclrel |Corr.: Dis. g LR oo IAIC. |rs|c:ﬁr.
RTINS g lomtant i - onpah
X2 | 031 059 081 | v 038056 1y w lont ooz hosad ~ - Vomkol g
x3 011 002 053 - - 043 0015 1 s Hoa Vo1 Hos o o Vo7 lpgy) 1
¥ | 01 01 084 -~ | - 073 087] 1 1 X g 01 01 2064 5 1073 lﬂﬂ?l 1 :
5 ooz 015 032 = | - Toss03siorel %5 j002] 015 fo33 £ | - 1056 o3sto7el
¥ 036 002 001 - - 03z oozlozal “ IW?E‘: B B :“'gf I’J-O;:“-??
a Toz [ 02 [oat] - [~ [ozt [oneloay — % Voslombos b = Tos pailoas
® 01 003 032 - - 033 051,044 s Tos a1t oo 1o 1006 oas! o
@ 032 01 02 - - 006 086 O | sl 5 lom 1 o 15 bosl q:
x0 024 0 00z - - 06 0031033 0 024y 0 o002 ¢ 10 |‘U'°3|":I 3.
x11 017 045 044 - = 084 0450 11 X1l j012) 045, 044 @ - |~ 1084 0451 1 o
x12 036 058 01z - - 073 os6los7l x12 IWE': 036 g 012 g w0 | :*7'-?3 I’J-SB:G-W
3 02 007 024 - - 034 002loas X3 A 02 007 g0 o O3 007 035
A4 024 092 033 - - 024 0934056 14 10245 0921033 4 = | v ¢ 020 1093056y

Item v;:

Objective f: squared multiple correlation RZy =

: , variance Mean squared
an observation variable R error s

Var(z) — MSE,
Var(z)
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Application - influence maximization

Influence maximization [kempe et al, kD003 : Select a subset of users
from a social network to maximize its influence spread

a2 o :
P> Influential users
R
3
s 3 " \;”& m .
QZ n % _ A . = glchlic ca &
68 gt a5 —
S HEoE T 4 a B L} .
e I ?4 s m&ﬂﬂ - I° .
"9 s ® M : ;
N % 5«3 a8 o= § «%a ‘ > E ‘ '
% 3 () B . i) o KatieFelten finnec13
mﬂ'ﬂ 5 %J E @ m o .

TTTTTTTTTTTTT

Item v;: a social network user

Objective f: influence spread, measured by the expected
number of social network users activated by diffusion
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Application - document summarization

Document summarization [Lin & Bilmes, ACL’11] ;. S€lect a few
sentences to best summarize the documents

Document Summary

R . T

Item v;: a sentence

Objective f: summary quality

networks
b ndrt o

=
S
T
N
£}

a eslan analysisst i
ooooooo k algorithms StOCh StIC

|earn|ng inference

http://www.lamda.nju.edu.cn/qgianc/



Application - sensor placement

Sensor placement [krause & Guestrin, ICAT09 Tutorial] - S€lect a few places to
install sensors such that the information gathered is maximized

ST

K > 17

Vs —:,J—:‘ ' ﬂgﬁﬁ
oo & @:@j‘.ww oo

Water contamination detection Fire detection

Item v;: a place to install a sensor Objective f: entropy
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Subset selection

Sparse regression

Forr.ID\s. F.rl - rl jf‘
x1 028 g 046 1 -
@ Lom Nossl oaal --~| osalod; 1
x3 | o foozosa] ---| ossflog 11l
¥ g 01§01 g0& BT
ol 002'015' osal ossloa 07 BI
6 Lozshooaloo B 1 ozzhodh o2zl
x| oz oz pon] -~ ---|o 1oy 011l
¥ g 01 JO03g 03ZF -~ g 033FOS 04
ol oazl o: o o oosloa 'l
aoloaal g Boce b - 1 o o uasl
st oizfossfosa] - ---| os4fo
125 036 Q0SB D12 | = - g 073405 as
ol oz =o.02|024= BLIEEr Ioc 089
ad 0o Lg g "Lmﬂ o)

Document summarization

Machine Data —
learning mining . '1:;:
Subset ki L
selection Sensor placement

Influence maximization

(1 — 1/e)-approximation

Document Summary O‘ H = ‘
—— —=—] Natural / \ . %f”jux*;%;%;} s 9
—— . — — < k[ 388 it
— > language Networks 3 gp;ﬂj of
— processing S AL

[Mathematical Programming 1978] Best Paper/Test of
George Nemhauser - .
Time Award:
f :monotone and submodular
_John Von Neumann N leorith [Kempe et al., KDD'03]
Y Theory Prize The greedy algorithm: [Das & Kempe, ICML/11]

[Iyer & Bilmes, NIPS13]
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Subset representation

A subset X € V can be naturally represented by a Boolean
vector x € {0,1}"

* the i-th bit x; = 1 if the item v; € X; x; = 0 otherwise
* X={vlx=1}

V = {vq,v,, V3,0, U5} asubsetX CV a Boolean vector x € {0,1}°
1) 00000
{v1} D 10000
{v2,v3, 05} 01101
{V1, V2, V3, V4, Vs } 11111
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POSS algorithm

POSS algorithm [Qian, Yu and Zhou, NIPS'15]

maxycy f(X) s.t. |X|<k original

Transformation:

!

mingcy (—f(X), |X]) bi-objective

Algorithm 1 POSS

Input: all variables V' = {X;,..., X, }. a given objective f

and an integer parameter k € [1, n]
Parameter: the number of iterations T’
Qutput: a subset of V' with at most k variables
Process:

Initialization: put the special solution {0}"
into the population P

I: Let s = {0}" and P = {s}.
2 Lett = 0.

Parent selection & Reproduction: pick a

3: while t < 1 do

solution x randomly from P, and flip each bit
/ of x with prob. 1/n to generate a new solution

Evaluation & Survivor selection: if the
_——> new solution is not dominated, put it into
P and weed out bad solutions

4: Select s from P uniformly at random.
5. Generate s’ by flipping each bit of s with prob. L.
6:  Evaluate f,(s") and f5(s").
7:  if 3z € P such that =z < s’ then
8: Q={zeP|s" =<z}
9: P=(P\Q)u{s'}.
flo:  endif
11: t=t+1.

2: while
13: return arg mingcp|s|<x fi(s)

___— Output: select the best feasible solution
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Sparse regression

" Sparse regression: given all observation variables V = {vy, ..., v,}, a\
. predictor variable z and a budget k, to find a subset X € V such that |
1 |
| Var(z) — MSE !
1 2 = ZX < I
I maxxcy RZ,X Var(Z) |X| <k |
1 |
: Var(z): variance of z MSE, x: mean squared error of predicting z :
' by using observation variables in X !
observation variables predictor @ subset X of observation variables

: ‘ \_—" variable z -~ ./:, ™

- I

Corr. Dis. L2 e micl rr | |CDI’I’.: Dis. Ir LR " : AIC. IBlC:RF.:
x1 028 046 1 | - 022 0.63: 1 : "; :g—i—fl g-’:gl{j;)‘ O '3’2; 'D:; 1 1
X2 031 058 084 - - 056 056 1 | YoV ombom o oo 'Ig"1 1
x3 011 002 053 - - 043 001 1] A b Toa I -3ID-0| 1
# 01 01 084 - - 073 08%] 11 X g 01y 01 L0845 = | | 073,092 1 :
x5 002z 015 033 - -~ 056 03561076l 6_j002] 0154033 L - - 1056 j036Rorel
¥ 036 002 001 w03z oozlpz:l *B |G.35: 0.02 i 0.01 " : 032 I’J.O?:ﬂ.?.?
¥ 02 02 021 - e 02 0.0?:0.11: "; :g-? i {;3;? I g-i; Py g-il E'gj'gil'
x| 01 003 032 ~ | - 033 051,044 — . Toss! 01 : o : oot o )
X 032 01 02 - - 006 066 O | o Tozad o Tom 1 o o Hoe IDE)'BICITB:
¥10 024 0 002 - - 08 00310331 1| 12 1 I, 1 i
®11 | 012 045 044 - - 0&d4 04501 11 x11 012 045 0 0.4 P 1 084 0.45] 1 i
K2 035 056 012 - - 073 0560087 x12 0361 036 4 012 y = - 3073 561067
%13 | 02 002 024 - o D34 D.U?Iﬂ.ﬂﬁ x13 | 0.2 I ooz pa2a g - I 0.34 .02 'Cl.ﬂ':?l
®14 024 082 033 - - D2 o_egLo.s_s' ¥14 10245 082 | 033 | =~ | - g 024 0093 056
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Experimental results

the size constraint: k = 8

the number of iterations of POSS: 2ek?n

exhaustive search greedy algorithms relaxation methods
S~ %

Data set [OPT ] POSS TR Toba OMP RIE ] TTT ]

housing 43710297 | JT43TE.0297 | 742940300 742340301 T41530300e 73R8 E.0304e | 735440297 e
eunite200] B484.0132 | LB4R2E0132 | L83481.0143e  B44240144e 83491 0150e B4244.0153e | (832020150
svmguide3 270540255 | L2T01X£.0257 | 261520260 2601£.0279e 255720270 21361.0325e | 239710237 e
ionosphere 99540326 | 399040320 | 592040352« 59294 0346e 53920353 5E32+.0415e | 5T740L£.0345e
sonar - S365.0410 | 51710440 513840432 511220425 43240636 | 449604820
triazines - A301+.0603 | 415040592 41070600 40733059 361510712« | 3793+ 0584
coll 2000 — 06270076 | 0624400760 0619+.0075e 0619+.0075e (0363 L.0141le | 05700075
mushrooms — 01240020 | 99094+L0021e 900940022« 99004+ .0022«e 6813412904 | B6524+0474e
cleanl - A3IGRL0300 | 416910299 414540300 e 41324035« 159640562« | 3563 L.0364e
w3a - 33760267 | L33194+.024Te 334140258« 33130246 33424+ 0276 | 2694+ 0385e
risette — 26540098 | JTOOL+E0116e  6747+.0145¢ 6731 +.0134e 5360+.0318« | 57094+0123e
farm-ads - A21T7E0100 | L 4196.0101le  41704£.0113e 417030113 = AT771x.0110e

POSS: winftie/loss - 12// 0 12/0/0 12/¥0 1 17O/ 12//0

e denotes that POSS is significantly better by

the t-test with confidence level 0.05

U

POSS is significantly better than all the compared
state-of-the art algorithms on all data sets
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Theoretical results

POSS can achieve the optimal polynomial-time
approximation guarantee

Theorem 1. For subset selection with monotone objective functions,
POSS using E[T] < 2ek?n finds a solution X with |X| < k and

f(X) =|(1 —e77)|- OPT.

N\

the optimal polynomial-time approximation guarantee
for monotone f [Harshaw et al., ICML'19]
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Proof

Lemma 1. For any X € V, there exists one item ¥ € V \ X such that

Y

OPT|— £ (X))

fxuipy —f (X‘)/?E (

submodularity ratio [Das & Kempe, ICML'11]

~N
the

optimal function value

Roughly speaking, the improvement by adding a specific item
is proportional to the current distance to the optimum
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Proof

Lemma 1. For any(X)E V, there exists one item ¥ € V \ X such that
A Y
(XU ) - f(X) =2 (OPT — f(X))

.. a subset
Main idea:

[
e consider a solutiongwith x| <iand f(x) = <1 — (1 — Z) ) - OPT

k
i =0 i=k
I solution 00 ... 0 1 (1 y)k 2 o
. y e (L
1ni llaO(S)O uollon 0 k k/y
hd letm =k/y _
£(00...0) = 0 — =21-e”

(1-1/m)™<1/e
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Proof

Lemma 1. For any(X)E V, there exists one item ¥ € V \ X such that
A Y
(XU ) - f(X) =2 (OPT — f(X))

.. a subset
Main idea:

{
e consider a solutiongwith x| <iand f(x) = <1 — (1 — %) ) - OPT
?
i =0 » 1=k
initial soljtion 00..0 1-— (1 — Z)k > @
r) =

100..0] = 0

f(00..0) =0 the desired approximation guarantee
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Proof

Lemma 1. For any(X)E V, there exists one item ¥ € V \ X such that
- Y
(XU ) - f(X) =2 (OPT — f(X)) —

o a subset
Main idea:

i
e consider a solutiongwith x| < iand f(x) = (1 — (1 — %) > - OPT —]
* in each iteration of POSS:

> select x from the populdtion P

> flip one specific 0-bit of x to 1-bit

(i.e., add the specifi¢item ¥ in Lemma 1)

i+1
|x’|=|x|+1Si+1andf(x’)2<1—(1—%) >-OPT “
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Proof

Lemma 1. For any X € V, there exists one item ¥ € V \ X such that

fXUDY - f(X) =2 %(OPT—f(X))

b f(x')—f(x) 2%' (OPT — f(x))
b flx') = (1 — %) f(x) + % - OPT
Flx) = (1 - (1 - %)l> . OPT \ ‘

flx') = (1 — %) <1 — (1 — %)j . OPT + % . OPT = (1 — (1 — %)Hl) . OPT
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Proof

Lemma 1. For any(X)E V, there exists one item ¥ € V \ X such that
A Y
(XU ) - f(X) =2 (OPT — f(X)) —

o a subset
Main idea:

[
e consider a solutiongwith x| < iand f(x) = (1 — (1 — %) > - OPT —
* in each iteration of POSS:

> select x from the population P, the probability: I%I
-1
> flip one specific 0-bit of x to 1-bit, the probability: - (1 — l)n > =

g n en
(i.e., add the specific item ¥ in Lemma 1)

i+1
|x’|=|x|+1£i+1andf(x')2(1—(1—%) )-OPT :

I —— i+ 1 the probability: ==

|P| en
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Proof

Lemma 1. For any(X)E V, there exists one item ¥ € V \ X such that
- Y
(XU ) - f(X) =2 (OPT — f(X))

o a subset
Main idea:

i
e consider a solutiongwith x| < iand f(x) = (1 — (1 — %) > - OPT

* in each iteration of POSS: —

- : . 1] IPl<2k 1
I —— i+ 1 the probability: B on "ok
exn

For each size in

»  {0,1,...,2k— 1},
there exists at most
one solution in P

» Exclude solutions with size at least 2k

> The solutions in P are always incomparable
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Proof

Lemma 1. For any(X)E V, there exists one item ¥ € V \ X such that
- Y
(XU ) - f(X) =2 (OPT — f(X))

o a subset
Main idea:

i
e consider a solutiongwith x| < iand f(x) = (1 — (1 — %) > - OPT

e in each iteration of POSS:

. . o[ a2k 1
[ —— i+1 the probablhty:ﬁ-; "ok
exn

i —— i+ 1 the expected number of iterations: 2ekn

i =0——k theexpected number of iterations: k - 2ekn
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Theoretical analysis:
The advantage of bi-
objective reformulation
for handling constraints

Algorithm design:
The POSS algorithm

for

subset selection

Document summarization

Summary
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POSS algorithm

POSS algorithm [Qian, Yu and Zhou, NIPS'15]

maxycy f(X) s.t. |X|<k original
Transformation: @
mingcy (—f(X), |X]) bi-objective

Algorithm 1 POSS

Input: all variables V' = {X;,..., X, }. a given objective f
and an integer parameter k € [1, n]

Parameter: the number of iterations T'

Output: a subset of V' with at most k variables Parent Selection & ReprOduction:
Process: . .
I Lets = {0} and P — {s}. pick a solution x randomly from
2 Lett=0. . . .
e e / P, and flip each bit of x with prob.
4: Select s from P uniformly at random. .
5. Generate s’ by flipping each bit of s with prob. L. 1/n to generate d new SOlutlon
6:  Evaluate f,(s") and f5(s").
7:  if 3z € P such that =z < s’ then
8: Q={zeP|s" =<z}
0; P= (P} U {s'}. . . . .
o ean U Using bit-wise mutation only
11: t=t4+1.

12: end while
13: return arg mingcp|s<k fi(s)
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PORSS algorithm

PORSS algorithm [Qian, Bian and Feng, AAAI"20]

maxycy f(X) s.t. |X|<k original
Transformation: @
mingcy (—f(X), |X]) bi-objective

Algorithm 2 PORSS Algorithm

Input: V = {vy. ..., vn }; objective f :2Y — R; budget k
Parameter: the number 7 of iterations

Output: a subset of V' with at most £ items Parent S eleCtlon & ReprOduCtlon:
Process: . .
: Letw = 07, P = {a) and t = 0:  pick two solutions randomly from P
2: while ¢ < 7T'do . .
3: Select @, y from P randomly with replacement; / * apply reCOmblnatIOH Operator
4 Apply recombination on x, y to generate x’, y'; ° apply bit'Wise mutation Operator
5. Apply bit-wise mutation on z’. 3’ to eenerate =", y":
6: foreachqc {z".y"}
7: if §z € P such that z < q then
5 P—(P\{z€P|q=z})U{q)
9: end if
10:  end for
11: t=t+1

12: end while
13: return arg max,ep o)< f ()

http://www.lamda.nju.edu.cn/qgianc/



PORSS algorithm

*  One-point crossover

Parentl

1]of1[1]1]ofoJo] offspringt [ 1] o[ 1] 1] 1 [OEI0]

e Uniform crossover

Parentl

Offspringl

1{0(21(1({12({0(0{O
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Experimental results

. . State-of-the-art PORSS using one- PORSS using
the size constraint: k = 8 algorithms point crossover uniform crossover
T ™~
Data set (#1nst, #feat) OPT || Greedy POSS PORSS, PORSS,,
svmguide3 (1243, 22) 0.221 | 0.214  0.220+0.001  0.220+0.001  0.221£0.001
friazines (186, 60) 0.328 | 0.316  0.327£0.000 0.328+0.000  0.328+0.000
cleanl (476, 166) - 0.371  0.386+£0.004 0.387+0.006  0.393+0.005
usps (7291, 256) — 0.562  0.570+£0.003 0.572+0.003 0.572+0.003
scene (1211, 294) - 0.254  0.268+0.003 0.272+0.002  0.27140.002
protein (17766, 356) — 0.132  0.132+£0.000 0.133+0.000  0.133+0.000
colon-cancer (62, 2000) — 0.890  0.906+£0.011 0.909+0.018  0.911+0.014
cifarl0 (50000, 3072) - 0.069  0.070£0.001 0.070+0.001  0.071£0.001
leukemia (72,7129) - 0.947  0.966+£0.009 0.968+0.006  0.969+0.007
smallNORB (24300, 18432) — 0.461  0.535£0.007 0.547+0.003  0.550+0.002
POSS: Count of direct win 9.5 - 1 0
Average rank 3.95 2.95 1.85 1.25
PORSS performs the best
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Summary

 Constrained optimization

* Constraint handling strategies

— Penalty functions

— Stochastic ranking

— Repair functions

— Restricting search to the feasible region
— Decoder functions Give an example of

— Bi-objective reformulation — algorithm design guided
by theoretical analysis
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Assignment - 4

Task:

Apply POSS to solve the subset selection (submodular
optimization) problem

Apply NSGA-II to solve the subset selection problem
Apply MOEA/D to solve the subset selection problem

Improve the above algorithms (e.g., the way of bi-
objective reformulation or the employed MOEA)

Deadline: Jan. 31
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