Homework 1
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Problem 1

Definition 1: The counting process {N(t), t = 0} is said to be a Poisson process having rate
A A1>0,if
« N()=0
* The process has independent increments
*  The number of events in any interval of length t is Poisson distributed with mean At.
Thatis, for all s,t =0,

P(N(s+t)—N(s)=n)=e

)"
—M%, n=0,12,..

Definition 2: The counting process {N(t), t = 0} is said to be a Poisson process having rate
A A1>0,if

« N(0)=0

* The process has stationary and independent increments

e P(N(h)=1)=Ah+o(h)

* P(N(h)=2)=o0(h)

Prove: Definition 1 implies Definition 2.

Problem 2

X, are iid exponential random variables having mean 1/4,
Sn =X1 +X2 +"'+Xn

Prove: S, has a gamma distribution with parameters n and 4, i.e,

(o8]

k,—At
P(Sn < t) = ZM

k!
k=n

Problem 3

Let {N;(t),t = 0} bea Poisson process having rate 4;, where i € {1,2, ..., n}. Suppose they
are independent. Let
N(t) = Ny(t) + Np(t) + -+ Ny (t)

Prove: {N(t),t =0} is a Poisson process having rate Yi-;4;



Problem 4

For a nonhomogeneous Poisson process {N(t), t = 0} with intensity function A(t),

Prove: the number of events in interval (t,t+s] is Poisson distributed with mean
m(t +s) —m(t). Thatis, for all s,t =0,

—(m(t+s)-m(t)) (m(t + S) - m(t))n
n!

P(N(t+s)—N(t)=n)=e

where m(¢) =[] A(x) dx

Problem 5

Definition N2: The counting process {N(t), t = 0} is said to be a nonhomogeneous or
nonstationary Poisson process with intensity function A(t), t > 0, if
* N(0)=0
* The process has independent increments
*  The number of eventsin (¢, t + s] is Poisson distributed with mean m(t + s) — m(t).
That is, for all s,t =0,
(m(t +s) —m())"

P(N(t +s) — N(t) = n) = e~ (mt+s)-m(®) >

where m(t) = fot/l(x) dx
Given a homogeneous Poisson process {N(t), t = 0} with rate A, where 4 > A(t), if an
event occurring at time t is counted with probability % , denote the new process of

counted events as {N'(t), t = 0}.

Prove: {N'(t), t =0} is a nonhomogeneous Poisson process with intensity A(t). (You
should use Definition N2.)

Problem 6

Let {N*(t),t = 0} be a homogeneous Poisson process with rate 1, m(t) = fotl(x) dx,

N(t) = N*(m(t)).

Prove: {N(t), t = 0} is a nonhomogeneous Poisson process with intensity A(t).



Problem 7

Let {N(t),t = 0} be a nonhomogeneous Poisson process with intensity A(t),

m(t) = [, A(x) dx, N*(t) = N(m™(¢)).

Prove: {N*(t),t = 0} is a homogeneous Poisson process with rate 1



