Homework 3
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Problem 1

If i isnull recurrentand i < j, prove that j is null recurrent.

Problem 2

Consider the gambler's ruin problem with p = 0.4 and N = 6. Starting in state 3, determine
* the expected amount of time spent in state 3 (ms 3)

* the expected number of visits to state 2 (mgs,)

* the probability of ever visiting state 4 (f3 4)

Problem 3

Consider a branching process, suppose that Py > 0and Py + P; <1.
Prove: my =1 if and only if u <1, where u = Z}’-":Oij is the mean number of offspring
produced by each individual

Problem 4

Consider an irreducible Markov chain with transition probabilities P;;. If one can find
nonnegative numbers m;, { = 0, summing to unity, and a transition probability matrix P* =
[Pj] such that m;P;; = m;Pj;.

Prove: m;, i = 0 are also the stationary probabilities of the reverse chain

Problem 5

For a Markov Chain {x,,n = 0}, show that
P(Xy = ix|X; = ij,forall j # k) = P(Xy = is|Xp—1 = ik—1, Xp41 = iks1)
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