Last class

« Markov chain

* Chapman-Kolmogorov equations and classification of states
* Stationary distribution

 Transitions and gambler's ruin problem

 Branching processes

* Time-reversible Markov chains and MCMC

* Semi-Markov processes

References: Chapter 4, Markov Chains, 2nd edition,
1995, by Sheldon M. Ross
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Martingales

A stochastic process {Z,,,n = 1} is said to be a martingale
process if Vn: E[|Z,|] < o and

E[Zn+1 | Zl'ZZJ ""Zn] = Zn

> E[Zys1] = E[Z,] = - = E[Z{]

Example 1: Let X4, X,, ... be independent random variables with
mean 0; and let Z,, = .-, X;. Then {Z,,,n > 1} is a martingale.

Proof. E[Z,.112,,Z,,..,7,]
— E[Zn + Xn_|_1 | erZZI ...,Zn]
— E[Zn | erZZI ,Zn] + E[Xn+1 | Zl,Zz, ...,Zn]

=Zp+ E[Xn+1] :@A
X; is independent E[X;]]=0
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Martingales

Example 2: Let X4, X,, ... be independent random variables with
E[X;] = 1;and let Z,, = [[}-; X;. Then {Z,,n = 1} is a martingale.
Proof: E[Z,.11Z,2,,...,Z,]
— E[Zn ) Xn+1 | erZZr on]
= Zn ) E[Xn+1 | erZZr ...,Zn]
=Zn - ElXn1l = Z,

)

X; is independent

Example 3: Consider a branching process, and let X,, denote the
size of the nth generation. If m is the mean number of offspring
per individual, then {Z,;,n = 1} is a martingale when

— n
Zn = Xn/m
[Leave as the exercise
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Martingales

Another way to prove martingale

E[Zn+1IZl,Zz,...,Zn,9]=Zn —> Martingale

some other random vector

Why?
ElZpi1 | Z1,Z5, ..., Zy ]

— E[E[ZTL+1 | Zl)ZZJ ...,Zn,Y] | Zl,Zz, ...,Zn]
= E[Z, | Z1, 72, e Z]
= Zn
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Martingales

Example 4: Let X,Y;,Y,, ... be arbitrary random variables such
that E[|X|] < wo;and let Z, = E[X | Y, ...,Y,]. Then {Z,,,n = 1} is
a martingale.

Proof: E[Zps1 | Z4, o, Zy Y1, & Z1, .., Z, are determined
=FE[Zyq | Yy, ., Y] by Y1, ..., Yy

=E[E[X Yy, ....Yn, Y] | Y1, .., Y | Definition of Z,4

=E[X|Y,...Yn]=2, Conditional expectation
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Martingales

Example 5: For any random variables X{, X, ..., let
n
Zn= ) (Xi = E[X; | Xy, e, Xicq ]
i=1

If E[|Z,| < o], then {Z,,,n = 1} is a martingale.

Proof:  z,1 = Zn + Xps1 = E[Xns1 | Xg, ) X}
E[Zpi1 | Z1) s Zo, Xoy oo, X |
=E[Z,1 | Xq, .., X | Z1, ..., Zy are determined by X4, ..., X,
=7 +E[ Xy | Xoy oo, X ] = E[Xpr | Xq, o, X0 ]
=7,
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Stopping times

Random time: The positive integer-valued, possibly infinite, random
variable N is said to be a random time for the process {Z,,,n = 1} Iif
the event {N = n} is determined by the random variables 7z, ..., Z,,.

Stopping time: If P(N < o) = 1, then the random time N is said
to be a stopping time

Stopping time: An integer-valued random variable N is said to be a
stopping time for the sequence of independent random variables
X1, X5, ..., If the event {N = n} is independent of X, .1, X542, -,

foralln = 1,2, ...

From Lecture 3
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Stopped process

Let N be a random time for the process {Z,,,n = 1} and let

7 Z, ifn<N
" lZy ifn>N

{Z,,n =1} is called the stopped process

Proposition: If N is a random time for the martingale {Z,,n = 1},
then the stopped process {Z,,n = 1} is also a martingale

Proof: {1 if N =n (i.e.,not stopped after observing Z;, ..., Z,,_1)
Let I, = .
0 ifN<n

= Z_n =4Lp-1t+ In(Zn — Zn—l)
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Stopped process

I = Zpq + In(Zn — Zn_y)
Verify the above equation:
I.N>nZ,=2,, Z,_1 =Z,_41, I, = 1, the equation holds
{2 N<n:Z,=2Zy, Zn_1 =Zy, I, = 0, the equation holds
E[Zy| 21,23, s 21 ) = E[Zy oy + 1n(Zn — Zn-1) | Z1, 22, o, 21 ]
=Zn1+ Iy E[Zy—Zy 11 21,25, .., 24 ]

Z,_4 and I,, can be
determined by =7 4 1
21,y Zpy_q = 0 because {Z,,,n = 1} is a martingale

[ n | er Zn 1:21! "-'Zn—l] E[Z_n | Zl;ZZ; ---;Zn—l]
/_ Z—

Zy,..,Zy_q are determined = 4n-1

by Z4, ..., 21
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Martingale stopping theorem

Martingale stopping theorem: If either

v’ Z, are uniformly bounded, or

v @ is bounded, or stopping time

v E[N] < o0, and there is an M < oo such that

E[ 1Zn+1 — Znl | Z4, ---:Zn] <M
then
ElZy] = E|Z4]

Proof: _ _
E|Z,] = E|Z,] = E[Z4]

Z, = Zy as n — o with probability 1
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Martingale stopping theorem

- Martingale stopping theorem: If either
v’ Z, are uniformly bounded, or

v @ is bounded, or stopping time

v E[N] < o0, and there is an M < oo such that
E[ 1Zn+1 — Znl | Z4, ---:Zn] <M

then
E|lZy] = E|Z4]

Proof:
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Martingale stopping theorem

Wald's Equation: If X;, X, ... are 1id random variables having

finite expectations| and if N is a stopping time for X;, X, ... such

that

E[N| < oo,

then

N
E|l) x,|=E[NE[X]

Another Proof using martingale stopping theorem:

LetE[X] =u

n
Z, = Z(Xi—u) —> amartingale
i=1
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Martingale stopping theorem

n
Z, = Z(Xi—u) —> amartingale
i=1

Verify the third condition of martingale stopping theorem:
E[N] < «
El1Zns1 — Znl | Z1, . Zn ] = E[|Xpy1 — 4l | Z3, -, Z ]

= E{|Xn+1 — ]

< E[|Xpiq|] + |ul < oo

Apply martingale stopping theorem:
ElZy] = E[Z1] =0

= E[TL (Xi—w)] = E[Z, X; — Nu| = E[Z, X;] — E[N]u
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Martingale stopping theorem

Example: At a party, n people put their hats in the center of a room
where the hats are mixed together. Each person then randomly selects
one. Those choosing their own hats depart, while the others (those
without a match) put their selected hats in the center of the room,

mix them up, and then reselect. Let R denote the number of rounds
until all people have a match. What is E[R]?

Solution:

Let X; denote the number of matches on the ith round
Note that X; = 1 fori > R

k
7, = E(Xi — E[X; | X1, ..,X;_4]) [—p amartingale
=1
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Martingale stopping theorem

Note: X; = 1fori > R
Let X; denote the number of matches on the ith round

K K

a martingale 7, = Z(Xi —E[X; | X1, ...,X;_1]) = E(Xi —1)
i=1 i=1

R is the stopping time of {Z;,, k = 1}

El|Zksr = Zi| | Z4, o, Zi | = E[ [ Xpeyr — 1 | Z4, 0, Zp | < 2

Applying martingale stopping theorem:

R
0=E[Z,] =E[Zg] = E Z(Xi—l) =E|) X;| - E[R] = n — E[R]
_i=1 J

F'M =
=
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Martingale stopping theorem

Example: Suppose that a sequence of iid discrete random variables is
observed sequentially, one at each day. What is the expected number
N that must be observed until some given sequence appears?

In Lecture 3, we have used delayed renewal process to compute it

Now, we will show how to use the martingale stopping theorem to
compute it?

Example: More specifically, suppose that each outcome is either
0, 1, or 2 with respective probabilities % % and g and we desire
the expected time until the run 020 occurs
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Martingale stopping theorem

Construct a fair gambling model for the pattern “020”

A gambler begins Q

v

1T 0, get 2 units 1T 2, get 12 units  |f 0, get 24 units
and leave

The gambler will lose 1 unit if any of her bets fails and will
win 23 if all three of her bets succeed
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. . 0 with probability 1/2
Martingale stopping theorem 1 with probability 1/3

2 with probability 1/6
A gambler begins Q

Why fair? VV\

1T 0, get 2units  1f 2, get 12 units  |f 0, get 24 units

and leave
Suppose P(Z=1)=p,P(Z=0)=1-1p ) )
Bet a units for 1: If 1 get x units 2" (2=1)+ 2" (D=0
if 0 lose a units Ix(12=-2)+2%x(=2)=0
6 6

Fair & E[winning] =0 1 "
-X(24-12)+-x(—-12) =0
opx—a)+(1-p)(—a) =0 x= ( ) +5x(=12)

2
The expected winning of the gambler at each time i1s 0

T IQ
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Martingale stopping theorem

fair gambling casino

gambler 1 gambler 2 gambler 3 gambler n

begins begins . begins begins
\\\ \\\ \\\ \\\
| | |
| | |

Let X,, denote the total winnings of the casino after the nth day

@ all bets are fair

{X,,,n = 1}1s a martingale
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Martingale stopping theorem

The required number N for “020” is a stopping time for {X,,,n = 1}

HOH 112" HOH

\ / N-2 N—1 N

Each of the first N —3  Gambler N — 2 Gambler N — 1 Gambler N
gamblers loses 1 unit wins 23 units  loses 1 unit wins 1 uni

v

Xy=(N-3)—23+1-1=N—26

N = min{n: X,, = n — 26}
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Martingale stopping theorem

{X,,,n = 1} Is a martingale
The required number N for “020” is a stopping time for {X,,,n = 1}
|1 X401 — Xp| < 3 %23
Applying martingale stopping theorem:
E[Xy] =E[X1] =0
Xy =N —26

E[N] = 26
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Martingale stopping theorem

Example: More specifically, suppose that each outcome is either
H or T with respective probabilities p and g = 1 — p, and we
desire the expected time until HHTTHH occurs

leave as the exercise
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Azuma's inequality

Azuma’s inequality: Let Z,,,n > 1 be a martingale with mean

u = E[Z,]. Let Z, = u and suppose that for nonnegative
constants a;, 5;, 1 = 1,

—o; < Zi—Zi1 < f;

Then foranyn = 0,a > 0
g

n
P(Z,—u=a) <expq —ZaZ/Z(ai + ,Bi)z
K i=1

\

~"

/
,

n
P(Z,—u<—a) <exp- —ZaZ/Z(cxi + ,Bl-)2
K i=1

\

~"

/
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Azuma's inequality

Lemma 1: Let X be such that E[X] =0and P{—a < X <} = 1.
Then for any convex function f

I a
D+

Elf()] = f(B)

a+pf

Proof:

V-—a<x<pBfx)<gk)

l

Bf(—a) | af(B)
Flfo0] < 250 4 L6

(by E[X] = 0)

—a B
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Azuma's inequality

Lemma 1: Let X be such that E[X] =0and P{—a < X <} = 1.
Then for any convex function f

I a
! T g

Elf()] = f(B)

Lemma2:For0 <6 <1,

Pe(1=0)% 4 (1 — 9)e0% < *°/8
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Azuma's inequality

Proof of Azuma’s inequality: Suppose first that u = E[Z,] = 0
Forany ¢ >0 Markov inequality

P2y @ = Pectn 2 ) <ELe]) e

Let W, = e¢“n, then W, = 1 and forn > 0

Wn — eCZn—l . eC(Zn_Zn—l)

E[Wy | Zyy] = e%n-t -Ele“n~2n0) | Z,_,
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Azuma's inequality

E[Wy | Zn-1] = et -@[e“r—0) | 2,4

bv L 1
P < Wy - (Bre ™% + apePn) /(ay, + Br)

¢ f(x) = e is convex
* —an<Zp—Zp1=<Pn
* ElZ, —Zn1|Zn1]l = ElZy|Zy-1] =21 =0

Lemma 1: Let X be such that E[X] =0and P{—a < X < [} = 1.

check conditions
of Lemma 1:

Then for any convex function f 1 ﬁl
p a
E[f(X)] < a+,8f(_a) +a+,8f('g)
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Azuma's inequality

E[Wy | Zn-1] = et -@[e“r—0) | 2,4

< Wp_q - (Bre % + aner)/(ay, + Br)

EW,] < E[Wy_q] - (Bne % + anePr)/(ay + Bn)

<| [(Bie™% + a;eFi)/(a; + ;)
ﬂ
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Azuma's inequality

E[W,] < H(ﬁie_mi + a;ePt) /(a; + By)
i=1

n

< 1_[ e’ (ai+Bi)?/8

i=1
ﬁ 0=a;/(a; +p;)
x =c(a; + B;)
Lemma?2:For0 <6 <1,

Pe(1=00% 4 (1 — 9)e~0% < o*°/8
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Azuma's inequality

Proof of Azuma’s inequality: Suppose first that u = E[Z,] = 0
Forany ¢ >0

P(Z, = a) = P(e“n > %) S e~ ca

n

< e~Ca 1_[ e (ai+B?/8 _ p—catc? it (a;i+Bi)?/8

=1
[] e=4a/), (a+h

< e—2a%/ Xt (ai+B)?
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Azuma's inequality

Suppose that p = E|Z,] =0, then P(Z,, = a) < e—2a%/ Xit (ai+Bi)?

@ zero-mean martingale {Z,, — u}

Azuma’s inequality: Let Z,,,n > 1 be a martingale with mean
u = E|Z,]. Let Zy, = u and suppose that for nonnegative
constants a;, §;,i = 1,

—o; < Zi—Zi1 < f;

Then foranyn = 0,a > 0

( )

n
P(Z,—u=a) <exp- —2a2/z(cxi + ,Bi)z
\ =1

~"

/
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Azuma's inequality

Suppose that p = E|Z,] =0, then P(Z,, = a) < e—2a%/ Xit (ai+Bi)?

@ zero-mean martingale {u — Z,,}

Azuma’s inequality: Let Z,,,n > 1 be a martingale with mean
u = E|Z,]. Let Zy, = u and suppose that for nonnegative
constants a;, §;,i = 1,

—o; < Zi—Zi1 < f;

Then foranyn = 0,a > 0

( )

n
P(Z,—u<—a) < expy —ZaZ/Z(ai + B;)?
. i=1

~"

J
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Azuma's inequality

Example: Let X, ..., X,, be random variables such that E[X;] = 0
and E[Xl | Xl' ""Xi—l] — O,l > 1. If _ai < Xi < ﬁi,

n ( n )
P ZXl = a | < expq —ZGZ/Z(CZL"FIBL')Z g
i=1 \ =1 y,
Solution: =T GEIX ) Xy e X)) Azuma’s/inequality

{=1 Xi: a zero-mean martingale -

j -1 -
=1 [

~.

—aj <

—

Il
[y
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Azuma's inequality

Example: Suppose that n balls are put in m urns in such a manner that
each ball, independently, is equally likely to go into any of the urns.

Let X the number of empty urns, then X = Y%, I(urn i is empty)

1 n
u=E[X] =mP(urniis empty) = m(l — E)

PX—u=a)? PX—u<-—a)<?

Solution:  Let X; denote the urn in which the jth ball is placed

Zo = E[X]
° Z, = E[X | Xy, 0, X,] = X

Z; =FE[X | X4, ..., X;]: amartingale
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Azuma's inequality

Toanalyze | —q; <Z; —Z;_1 < B;

Zi =EIX1 Xy, Xi |, Zimg = EIX | Xy, Xi-1 1,21 = Zo = EIX | X1] —E[X] = 0

Wheni = 2, let D denote the number of different values taken by
X1, ..., Xj_1, 1.e., the number of non-empty urns

1\—i+1
E[X | Xy, X;q] = (m—D)(1--)

| 1\t
lei € {Xl; ---;Xi—l}! (m _ D) (1 a E)
E[X | X1;"‘:Xi] = 1\
ifX; € {X1,..,X;_1},(m—D — 1) (1 - E)

2= 2y =505 (1 i)n_i or — (1 - l)"_i

m m m m

By 1 < D < min{i — 1,m}, we get —min {% 1} (1 _ i)"_i <Zi—Z; < (1 _ 1)”“'“

m m

http://www.lamda.nju.edu.cn/qgianc/



Azuma's inequality

Example: Suppose that n balls are put in m urns in such a manner that
each ball, independently, is equally likely to go into any of the urns.

Let X the number of empty urns, then X = Y%, I(urn i is empty)
1 n
u=E[X] =mP(urniis empty) = m(l — E)

Apply Azuma’s inequality:

P(X—u=a)<exp —Zaz/z(ai + B;)?
=2

- o m i — 2\ 1\ 1)\ 1
Seom-$(ET (-3 -2

=2
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Azuma's inequality

Corollary: Let h be a function such that if the vectors x = (x4, ..., x;,) and
y = (y4, ..., Yn) differ in at most one coordinate (i.e., for some k, x; = y;
forall i # k) then |h(x) — h(y)| < 1. Let X4, ..., X,, be independent
random variables. Then, with X = (X4, ..., X;, ), we have for a > 0 that

P(h(X) — E[h(X)] = a) < exp{—a®/(2n)}
P(h(X) — E[A(X)] < —a) < exp{—a®/(2n)}

Proof: Zi = E[M(X) | Xy, ..., Xi]
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Azuma's inequality

Example: Suppose that n balls are to be placed in m urns, with each ball
Independently going into urn j with probability p;,j = 1, ..., m. Let Y,
denote the number of urns with exactly k balls, 0 < k < n, and use the
preceding corollary to obtain a bound on its tail probabilities.

Solution:

m m
n
ElY,]=E Z [(urn i has exactly k balls) | = z (k) p{‘(1 — pl.)n—k
i=1 ;

1=1

Let X; denote the urn in which the jth ball is placed

Yk — hk(Xll ...,Xn)
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Azuma's inequality

For k=0

If the vectors x = (xq, ..., x,) and y = (y4, ..., ¥, ) differ in at most one
coordinate, then

|ho(x) —ho(W)| =1

@ Apply Corollary

P (YO -y a-pnz a> < exp{—a?/(2m)}

=1
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Azuma's inequality

ForO0< k<n

If the vectors x = (xq, ..., x,) and y = (y4, ..., ¥, ) differ in at most one

coordinate, then

|hie(x) — hye (Y)| < 2
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Azuma's inequality

ForO0< k<n

If the vectors x = (xq, ..., x,) and y = (y4, ..., ¥, ) differ in at most one
coordinate, then

‘hkz(x) _ hk()’)‘ <1

@ Apply Corollary

i (Z) pf(1—p)™ ¥ = 2a | < exp{—a?/(2n)}
=1

[

( i (Z) —p)" Tk < —2a> < exp{—a*/(2n)}

(=1

http://www.lamda.nju.edu.cn/qgianc/



Azuma's inequality

Example: Consider a set of n components that are to be used in
performing certain experiments. Let X; equal 1 if component iis In
functioning condition and let it equal O otherwise, and suppose that the
X; are independent with E[X;] = p;.

Suppose that in order to perform experiment j,j = 1, ..., m, all of the
components in the set A; must be functioning.

If any component is needed in at most three experiments, show that

fora >0 n
PlX}|- z Hpi > 3a | < exp{—a?/(2n)}

#experiments that J=11€4;

can be performed

leave as the exercise

m
p z Hpi < —3a | < exp{—a?/(2n)}
j=1 iEAj
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Submartingales and supermartingales

A stochastic process {Z,,,n = 1} is said to be a submartingale
process if Vn: E[|Z,|] < o and

E[Zn+1 | Zl'ZZJ ""Zn] = Zn

=)  ElZn41] 2 E[Zp] 2+ 2 E[Z4]

A stochastic process {Z,,,n = 1} is said to be a supermartingale
process if Vn: E[|Z,|] < o and

E[Zn+1 | ZlJZZJ "':Z‘n] < Z‘n

>  ElZni1] SE[Z,] < - S E[Z4]
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Martingale stopping theorem

Martingale stopping theorem: If either

v’ Z, are uniformly bounded, or

v @ is bounded, or stopping time

v E[N] < o0, and there is an M < oo such that

E[ 1Zn+1 — Znl | Z4, ---:Zn] <M
then

ElZy] = E[Z4] for a submartingale

ElZy] < E[Z1]  for a supermartingale
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Martingale convergence theorem

Martingale convergence theorem: If {Z,,,n = 1} Is a martingale
such that for some M < oo

E[|Z,|]] £ M, foralln

then, with probability 1, lim Z,, exists and is finite
Mn—>00
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Martingale convergence theorem

Lemma: If {Z,,,n = 1} is a martingale and f is a convex function,
then {f (Z,,),n = 1} is a submartingale

Proof:
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Martingale convergence theorem

Kolmogorov's Inequality for Submartingales: If {Z,,,n = 1} isa
nonnegative submartingale, then for a > 0

ElZ,]

P(max{Zy,..,Z,} > a) < "

Proof:

http://www.lamda.nju.edu.cn/qgianc/



Martingale convergence theorem

Kolmogorov's Inequality for Submartingales: If {Z,,,n = 1} isa
nonnegative submartingale, then for a > 0

ElZ,]

a
{1Z,],n = 1}and {Z2,n > 1}
nonnegative submartingale

P(max{Zy,..,Z,} > a) <

|x| and x? are convex

Corollary: Let {Z,,,n = 1} be a martingale, then fora > 0

E[|Zy]]
P(max{|Zi|, ..., |Zn|} > a) < a

E[Z2]
P(max{|Z|, .., |Zn|} > a) < azn
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Martingale convergence theorem

Martingale convergence theorem: If {Z,,,n = 1} Is a martingale
such that for some M < oo

E[|Z,|]] £ M, foralln

then, with probability 1, lim Z,, exists and is finite
Nn—>00

Proof: Under the stronger assumption that E[Z2] is bounded

To show that {Z,,,n = 1} Is, with probability 1, a Cauchy sequence,
l.e., with probability 1, forany k > 1

| Zm+k —Zm| = 0,asm — 00

Note that {Z,,,+x — Zm, k = 1} is a martingale
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Martingale convergence theorem

)@E [(Zmsk — Zm)?]

P ( max |Zyox —Zm| > € 2

1<k<n

P(r]r€131x|Zm+k—Zm| >e>—>0asm—>oo
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Martingale convergence theorem

Martingale convergence theorem: If {Z,,,n = 1} Is a martingale
such that for some M < oo

E[|Z,|]] £ M, foralln

then, with probability 1, lim Z,, exists and is finite

@ E[|Z,]] = E[Z,] = E[Z,]

Corollary: If {Z,,,n = 1} Is a nonnegative martingale, then, with
probability 1, lim Z,, exists and is finite

n—>00
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Martingale convergence theorem

Strong Law of Large Numbers: If X;, X,, ... are independent
and identically distributed with mean p, then

P(lim(X; + -+ X,)/n=p)=1

n—0o

Proof: LetS, =X;+ -+ X,
To show that for a given € > O,P(lim S—"2u+e) =0

n—-oo N

Y(t) = E[eX]  g(t) = "9 /y(t)
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Martingale convergence theorem

there exists t, > 0 such that g(ty) > 1

Sn . . ptoSn ptou+e)\" ]
wZETE B w"<to)2<w<to>> - 97 (o)

By martingale convergence theorem:

etOSTl

With prob. 1, 711_{20 T exists and is finite } (
P

. On
Iim —=>u+e|=0
lim g"(t,) — o noe

n—-00
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Martingale convergence theorem

To show that for a given € > O,P(limS—"S,u—e) =0

n—-oo n

Leave as the exercise

. Sp
Ve>0:Plu—€e<lim—=<u+e)=1

n-oo N
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Summary

* Martingales
* Martingale stopping theorem

* Azuma's inequality for martingales

* Submartingales, supermartingales and
the martingale convergence theorem

References: Chapter 6, Martingales, 2nd edition, 1995,
by Sheldon M. Ross
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