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ABSTRACT

Previous running time analyses of evolutionary algorithms
(EAs) in noisy environments often studied the one-bit noise
model, which flips a randomly chosen bit of a solution be-
fore evaluation. In this paper, we study a natural extension
of one-bit noise, the bit-wise noise model, which indepen-
dently flips each bit of a solution with some probability. We
analyze the running time of the (1+1)-EA solving OneMax
and LeadingOnes under bit-wise noise for the first time, and
derive the ranges of the noise level for polynomial and super-
polynomial running time bounds. The analysis on Leadin-
gOnes under bit-wise noise can be easily transferred to one-
bit noise, and improves the previously known results.
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1 INTRODUCTION

Evolutionary algorithms (EAs) have been widely applied to
solve real-world optimization tasks, where the exact objec-
tive (i.e., fitness) evaluation of candidate solutions is often
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impossible, while we can obtain only a noisy one [3}13]. How-
ever, previous theoretical analyses of EAs mainly focused on
noise-free optimization, where the fitness evaluation is exact.
For running time analysis, a leading theoretical aspect [2}
14], only a few pieces of work on noisy evolutionary opti-
mization have been reported. Droste [6] first analyzed the
(1+1)-EA on the OneMax problem in the presence of one-bit
noise and showed the maximal noise probability p = logn/n
allowing a polynomial running time, where n is the problem
size. GieBen and Ko6tzing [L1] recently studied the Leadin-
gOnes problem, and proved that the expected running time
is polynomial if p < 1/(6en?) and exponential if p = 1/2.
For inefficient optimization of the (1+1)-EA under high
noise levels, some implicit mechanisms of EAs were proved
to be robust to noise. In [11], it was shown that the (u+1)-
EA with a small population of size ©(log n) can solve One-
Max in polynomial time even if the probability of one-bit
noise reaches 1. The robustness of populations to noise was
also proved in the setting of non-elitist EAs [4} [17]. How-
ever, Friedrich et al. [8] showed the limitation of populations
by proving that the (u+1)-EA needs super-polynomial time
for solving OneMax under additive Gaussian noise A (0, o%)
with 6% > n?. This difficulty can be overcome by the com-
pact genetic algorithm (cGA) [8] and a simple Ant Colony
Optimization (ACO) algorithm [9], both of which find the
optimal solution in polynomial time with a high probability.
The ability of explicit noise handling strategies was also
theoretically studied. Qian et al. [19] proved that the thresh-
old selection strategy is robust to noise: the expected running
time of the (1+1)-EA using threshold selection on OneMax un-
der one-bit noise is always polynomial regardless of the noise
level. For the (1+1)-EA solving OneMax and LeadingOnes
under one-bit or additive Gaussian noise, the resampling
strategy was shown able to reduce the running time from
exponential to polynomial in high noise levels [18]. Akimoto
et al. [1] also proved that resampling with a large sample
size can make optimization under additive unbiased noise
behave as optimization in a noise-free environment. The
interplay between resampling and implicit noise-handling
mechanisms has been statistically studied in [10].
The studies mentioned above mainly considered the one-
bit noise model, which flips a random bit of a solution before
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Table 1: For the running time of the (1+1)-EA solving OneMax and LeadingOnes under prior noise models, the ranges of
noise parameters for a polynomial upper bound and a super-polynomial lower bound are shown below.

(1+1)-EA bit-wise noise (p, 1)

bit-wise noise (1, q)

one-bit noise

OneMax O(logn/n), w(logn/n)
LeadingOnes | O(logn/n?), w(logn/n)

O(logn/n?), w(logn/n?) [11]
O(logn/n®), w(logn/n?)

O(logn/n), w(logn/n) [6]
< 1/(6en?),=1/2 [111; O(log n/n?), w(logn/n)

evaluation with probability p. However, the noise model,
which can change several bits of a solution simultaneously,
may be more realistic and needs to be studied, as mentioned
in the first noisy theoretical work [6].

In this paper, we study the bit-wise noise model, which is
characterized by a pair (p, ¢) of parameters. It happens with
probability p, and independently flips each bit of a solution
with probability ¢ before evaluation. We analyze the running
time of the (1+1)-EA solving OneMax and LeadingOnes under
bit-wise noise with two specific parameter settings (p, =) and
(1, q). The ranges of p and ¢ for a polynomial upper bound
and a super-polynomial lower bound are derived, as shown
in the middle two columns of Table[l] For the (1+1)-EA on
LeadingOnes, we also transfer the running time bounds from
bit-wise noise (p, =) to one-bit noise by using the same proof
procedure. As shown in the bottom right of Table |1} our
results improve the previously known ones [11].

The rest of this paper is organized as follows. Section 2
introduces some preliminaries. The running time analysis on
OneMax and LeadingOnes is presented in Sections 3 and 4,
respectively. Section 5 concludes the paper.

2 PRELIMINARIES

In this section, we first introduce the optimization problems,
evolutionary algorithms and noise models studied in this
paper, respectively, and then present the analysis tools that
we use throughout this paper.

2.1 OneMax and LeadingOnes

In this paper, we use two well-known pseudo-Boolean func-
tions OneMax and LeadingOnes. The OneMax problem as
presented in Definition [2.1|aims to maximize the number of
1-bits of a solution. The LeadingOnes problem as presented
in Definition[2.2]aims to maximize the number of consecu-
tive 1-bits counting from the left of a solution. Their optimal
solutionis 11...1 (briefly denoted as 1™). It has been shown
that the expected running time of the (1+1)-EA on OneMax
and LeadingOnes is ©(n logn) and ©(n?), respectively [7].

Definition 2.1 (OneMax). The OneMax Problem of size n

is to find an n bits binary string =* such that

&" = argmax,c g 1yn (f(x) = Z ml) :

i=1

Definition 2.2 (LeadingOnes). The LeadingOnes Problem
of size n is to find an n bits binary string =* such that

&" = argmax,c o 1yn (f(x) = Zi:l 1_[]_:1 xj) .

2.2 Bit-wise Noise

There are mainly two kinds of noise models: prior and poste-
rior [11,[13]. The prior noise comes from the variation on a
solution, while the posterior noise comes from the variation
on the fitness of a solution. Previous theoretical analyses of-
ten focused on a specific prior noise model, one-bit noise. As
presented in Definition[2.3} it flips a random bit of a solution
before evaluation with probability p. However, in many real-
istic applications, noise can change several bits of a solution
simultaneously rather than only one bit. We thus consider
the bit-wise noise model. As presented in Definition 2.4} it
happens with probability p, and independently flips each bit
of a solution with probability ¢ before evaluation.

To the best of our knowledge, only bit-wise noise with
p = 1and g € [0, 1] has been recently studied. Giefen and
Kotzing [11] proved that for the (1+1)-EA on OneMax, the
expected running time is polynomial if ¢ = O(log n/n?) and
super-polynomial if ¢ = w(logn/n?). In this paper, we will
study two specific bit-wise noise models: p € [0,1] A g = L
and p = 1 A g € [0, 1], which are briefly denoted as bit-wise
noise (p, 1) and bit-wise noise (1, q), respectively.

Definition 2.3 (One-bit Noise). Given a parameter p € [0, 1],
let f"(z) and f(x) denote the noisy and true fitness of a bi-
nary solution z € {0,1}", respectively, then

F(z) = f(x) with probability 1 — p,
~ | f(z') with probability p,

where 2’ is generated by flipping a uniformly randomly cho-
sen bit of z.

Definition 2.4 (Bit-wise Noise). Given parameters p,q €
[0,1],let f*(z) and f(z) denote the noisy and true fitness of
a binary solution = € {0, 1}", respectively, then

F(z) = f(z)  with probability 1 — p,
| f(z') with probability p,

where z’ is generated by independently flipping each bit of =
with probability g.

2.3 (1+1)-EA

The (1+1)-EA as described in Algorithm I]is studied in this
paper. For noisy optimization, only a noisy fitness value
/™ (z) instead of the exact one f(z) can be accessed, and
thus step 4 of Algorithm([1]changes to be “if f™(z') > f"(z)”.
Note that the reevaluation strategy is used as in [5} [6} [11].
That is, besides evaluating ™ (z'), f™(z) will be reevaluated
in each iteration of the (1+1)-EA. The running time is usually
defined as the number of fitness evaluations needed to find
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an optimal solution w.r.t. the true fitness function f for the
first time [1}/6}, [11].

ALGORITHM 1 ((1+1)-EA). Given a function f over {0,1}"
to be maximized, it consists of the following steps:
1.z := uniformly randomly selected from {0,1}".
2. Repeat until the termination condition is met
3. z':=flip each bit of x independently with prob. 1/n.
4. iff@) > f()
5.

z =2

2.4 Analysis Tools

The process of the (1+1)-EA solving OneMax or LeadingOnes
can be directly modeled as a Markov chain {¢;},2%. We only
need to take the solution space {0,1}" as the chain’s state
space (i.e., & € X = {0,1}"), and take the optimal solution
1™ as the chain’s optimal state (i.e., X* = {1"}). Given a
Markov chain {£,};£% and ¢; = x, we define its first hitting
time (FHT) as 7 = min{t | &,, € X", t > 0}. The math-
ematical expectation of 7, E[7 | & = 2] = 3.5 iP(1 = 1),
is called the expected first hitting time (EFHT) starting from
& = z. If & is drawn from a distribution mo, E[[7 | & ~ mo] =
> wcx To(x)E[T | £ = ] is called the EFHT of the Markov
chain over the initial distribution 7. Thus, the expected
running time of the (1+1)-EA starting from &, ~ 7o is equal
tol+2-E[r| & ~ mo], where the term 1 corresponds to
evaluating the initial solution, and the factor 2 corresponds
to evaluating the offspring solution z’ and reevaluating the
parent solution z in each iteration. Note that we consider
the expected running time of the (1+1)-EA starting from a
uniform initial distribution in this paper.

In the following, we give three drift theorems that will be
used to derive the EFHT of Markov chains in the paper.

LEMMA 2.5 (ADDITIVE DRIFT [12]). Given a Markov chain
{&}55 and a distance function V (), if for anyt > 0 and any
& withV (&) > 0, there exists a real number ¢ > 0 such that

E[V(&) = V(&) [ &] 2 ¢,
then the EFHT satisfies thatE[r | &] < V(&) /c.

LEMMA 2.6 (SIMPLIFIED DRIFT [15][16]). Let X, ¢t > O,
be real-valued random variables describing a stochastic pro-
cess. Suppose there exists an interval [a, b] C R, two constants
d,¢ > 0 and, possibly depending on!l := b — a, a functionr(l)
satisfying 1 < r(l) = o(l/log(l)) such that for allt > 0 the
following two conditions hold:

1. ]EIIXt — Xt+1 ‘ a < Xt < b]] S —€,

, r(l
2. P(|Xt+1—Xz‘ 2]|Xt >a) S (1_5_25)]

Then there is a constant ¢ > 0 such that for T := min{t > 0 :
X: <a|Xo>b}itholds P(T < 2¢V/m() = 9=2/r(),

forj € No.

LEMMA 2.7 (SIMPLIFIED DRIFT WITH SELF-LOOPS [20]).
Let X¢, t > 0, be real-valued random variables describing a
stochastic process. Suppose there exists an interval [a,b] C R,
two constants 6, ¢ > 0 and, possibly dependingonl :=b — a,

GECCO '17, July 15-19, 2017, Berlin, Germany

a function r(l) satisfying1 < r(1) = o(l/log(l)) such that for
allt > 0 the following two conditions hold:

1. Va<i<b : E[Xt*Xt+1|Xt :ZH S —€ - P(Xt+1 #Z|Xt :’L)7
2.Vi>a,j€Np:

. . r(1) . .
P(|Xi1—X¢| 27| Xe=1)< —%= - P(X Xi=1).
(| X 41 | > 7| Xe=1)< (1+0) (Xep1 #4| X =1)
Then there is a constant c > 0 such that for T := min{t > 0 :
X; < a| Xo>b}itholds P(T < 2¢V/7(D) = 9=¢/r())

3 THE ONEMAX PROBLEM

In this section, we analyze the running time of the (1+1)-
EA on OneMax under bit-wise noise. Note that for bit-wise
noise (1, ¢), it has been proved that the maximal value of ¢
allowing a polynomial running time is log n/n?, as shown in

Theorem

THEOREM 3.1. [11)] For the (1+1)-EA on OneMax under bit-
wise noise (1, q), the expected running time is polynomial if
q = O(log n/n?) and super-polynomial if ¢ = w(logn/n?).

For bit-wise noise (p, <), we prove in Theoremsand
that the maximum value of p allowing a polynomial running
time is log n/n. Instead of using the original drift theorems,
we apply the upper and lower bounds for the (1+1)-EA on
stochastic OneMax in [I1]. Let 2* denote any solution with
k number of 1-bits, and f"(z"*) denote its noisy objective
value, which is a random variable. Lemma [3.2]intuitively
means that if the probability of recognizing the true better
solution by noisy evaluation is large, the running time can be
polynomially upper bounded. On the contrary, Lemma|3.3
shows that if the probability of making a right comparison is
small, the running time can be exponentially lower bounded.
Both of them are proved by applying standard drift theorems,
and can be used to simplify our analysis.

LEMMA 3.2. [11] Suppose there is a positive constant ¢ <
1/15 and some2 < | < n/2 such that

Yk <n:P(f"(z") < ff@) > 1 - %;
Wk <L P((ER) < ) 21— e k

then the (1+1)-EA optimizes f in expectation in O(nlogn) +
n2°W iterations.

LEMMA 3.3. [LI] Suppose there is somel < n/4 and a

constant c > 16 such that
n—k

Vn—1<k<n:P(f"(z") < M) <1-¢ —

then the (1+1)-EA optimizes f in 2V iterations with a high
probability.

THEOREM 3.4. For the (1+1)-EA on OneMax under bit-wise
noise (p, 1), the expected running time is polynomial ifp =
O(logn/n).

PROOE. We prove it by using Lemma[3.2} For any positive
constant b, suppose that p < blog n/n. We set the two param-
eters in Lemma(3.2|as ¢ = min{ s, b} and | = 221°e™ ¢ (2, 2],



GECCO '17, July 15-19, 2017, Berlin, Germany

Forany k < n, f™(z*) > f™(z"') implies that f™(z*) >
k+1or f"(z"!) < k, either of which happens with proba-
bility at most p. By the union bound, we get

< 2blogn _ lc

P(f*(z") > fr(=") < 2p <

3|~

non
For any k < n — [, we easily get

PR 2 ) < < ok

n

By Lemma|3.2] we know that the expected running time is
O(nlogn) 4+ n2°0@esn/e) j e polynomial. 0

THEOREM 3.5. For the (1+1)-EA on OneMax under bit-wise
noise (p, 1), the expected running time is super-polynomial
ifp = w(logn/n) N1 — w(logn/n) and exponential if p =
1—O(logn/n).

PROOE. We use Lemma [3.3]to prove it. Let ¢ = 16. The
case p = w(logn/n)N1—w(logn/n) is first analyzed. For any
positive constant b, let I = blog n. For any k > n — [, we get

P(f*(z") > f* (=) > P(f"(a") = k) - P(f" (") < k).

To make f"(2*) = k, it is sufficient that the noise does not
happen, i.e., P(f"(z*) = k) > 1 — p. To make f"(z"**) < k,
it is sufficient to flip one 1-bit and keep other bits unchanged
by noise, i.e., P(f"(z"**') < k) >p- £ (1~ )"~ Thus,

P ) 2 @) > (1-p)-p" L = wlogn/m).
Since ¢k < ¢l = <logn the condition of Lemma
holds. Thus, the expected running time is 2*¢*1>=™) (where b
is any constant), i.e., super-polynomial.

For the case p = 1—-O(logn/n), let] = y/n. We use another
lower bound p(1—2)" for P(f" (z*) = k), since itis sufficient
that no bit flips by noise. Thus, we have

1

en

= Q(1).

Since ¢~k < Y% the condition of Lemmaholds. Thus,
the expected running time is 2°(V™, i.e., exponential. d

4 THE LEADINGONES PROBLEM

In this section, we first analyze the running time of the (1+1)-
EA on LeadingOnes under bit-wise noise (p, =) and bit-wise
noise (1, ¢), respectively. Then, we transfer the analysis from
bit-wise noise (p, 1) to one-bit noise; the results are comple-
mentary to the known ones recently derived in [11].

4.1 Bit-wise Noise (p, 2)

For bit-wise noise (p, 1), we prove in the following three
theorems that the expected running time is polynomial if
p = O(logn/n?) and super-polynomial if p = w(logn/n).
Their proofs are accomplished by applying additive drift
analysis, the simplified drift theorem with self-loops and
the simplified drift theorem, respectively.

C. Qian et. al.

THEOREM 4.1. For the (1+1)-EA on LeadingOnes under bit-
wise noise (p, 1), the expected running time is polynomial if
p = O(logn/n?).

PROOE. We use Lemma[2.5]to prove it. For any positive
constant b, suppose that p < blogn/n?. Let LO(x) denote
the true number of leading 1-bits of a solution x. We first con-
struct a distance function V' (x) as, for any z with LO(z) =1,

c\" c\*
V= (1+32) - (1+3)"
where ¢ = 4blogn + 1. It is easy to verify that V(z € A" =
{1"})=0and V(z ¢ X*) > 0.

Then, we investigate E[V (&) — V (§i+1) | & = «] for any
z with LO(z) < n (i.e, z ¢ X*). Assume that currently
LO(z) =i, where 0 < i < n — 1. We divide the drift into two
parts: positive E and negative E~. That is,

E[V(&) — V(&) | & =2] =E" —E~.
For the positive drift, we need to consider that the number
ofleading 1-bits is increased. By mutation, we have

P(LO(') > i+ 1) = (1 - l)i 1 (1)

n n
since it needs to flip the (¢ + 1)-th bit (which must be 0) of
x and keep the i leading 1-bits unchanged. For any =’ with
LO(') > i+ 1, f*(2') < f™(z) implies that f*(z') <i—1
or f"(z) > i+ 1. Note that,

P(f"(x')ﬁi—l)-p(l—(1—711)1>, )

since at least one of the first i leading 1-bits of 2’ needs to be
flipped by noise; _
PU@ i =p(1-1) - ®

n n

since it needs to flip the first 0-bit of z and keep the leading
1-bits unchanged by noise. By the union bound, we get

P(f*(a’) > ["(2)) =1 = P(f" (&) < f"(2))

i+1 . (4)
21p<1<11) )zlp”lz;,
n n

where the last inequality is by p = O(log n/n?). Furthermore,
for any 2’ with V(z') > i + 1,

/ c\itt c\' ¢ c\?
V(z)-V(z) > (147) - (Hﬁ) =2 (HE) .
By combining Egs. (1), (4) and (5), we have
b (L)L L e ey e (g ey
£ 2<1 n)n 2 n(1+n)26n2(1+n)’

where the last inequalityisby (1— 2)" > (1—-1)*~* > 1 > 1,
For the negative drift, we need to consider that the number

ofleading 1-bits is decreased. By mutation, we have

n

P(LO(z"Y<i—-1)=1- (171)1, (6)

since it needs to flip at least one leading 1-bit of z. For any
x’ with LO(z') < i — 1 (wheres > 1), f*(z') > f™(z) implies
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that f*(z’) > ior f*(x) < i — 1. Note that,

P(f*(z') > i) <p (1 - 1)1_ 1 @)

n n

since for the first 4 bits of 2/, it needs to flip the 0-bits (whose
number is at least 1) and keep the 1-bits unchanged by noise;

P(f"(rr)ﬁil)—p<1 <1i)> ®)

since at least one leading 1-bit of  needs to be flipped by
noise. By the union bound, we get

Ptz @) <pp (1-2) (1-1) <ot

Furthermore, for any 2’ with LO(z') < i — 1,
’ c\*
V(') - V(z) < (1 + E) ~1 (10)
By combining Egs. (6), (9) and (10), we have

E” < (1 (171) ) L <(1+3)l€1)
n n n
<(1-1 ~p~(1+7) < (1+ )
- e n 3 )
Thus, by subtracting £~ from E*, we have
BIV(E)-Vier) | & =l 2 (1+5) (55 - %) av

6
> (1+ E)Z (4blogn+1 2blogn> S 1
n

6n2  3n2 ) = 6n2?’

where the second inequality is by ¢ = 4blogn + 1 and p <
blogn/n®. Note that V(z) < (14 £)" < e° = ¢*Plent! =
en®. By Lemmal2.5| we get

E[7 | &] < 6n” - en® =

O(’I’L4b+2)7

i.e., the expected running time is polynomial. O

THEOREM 4.2. For the (1+1)-EA on LeadingOnes under
bit-wise noise (p, 2), ifp = w(logn/n) N o(1), the expected
running time is super-polynomial.

PROOE. We use Lemma[2.7)to prove it. Let X; = |z|o be
the number of 0-bits of the solution z after ¢ iterations of the
(1+1)-EA. Let ¢ be any positive constant. We consider the
interval [0, clog n], i.e., the parameters a = 0 (i.e., the global
optimum) and b = clogn in Lemma

Then, we analyze the drift E[X; — X¢41 | Xy =] for1 <
i < clogn. As in the proof of Theorem[4.1} we divide the drift
into two parts: positive E* and negative E~. That s,

E[X: — Xe41 | Xe =il = BT —E~.

For the positive drift, we need to consider that the number
of 0-bits is decreased. For mutation on = (where |z|o = ),
let X and Y denote the number of flipped 0-bits and 1-bits,
respectively. Then, X ~ B(i, 2) and Y ~ B(n — i, ), where
B(-,-) is the binomial distribution. Let Py, (z, ') denote the
probability of generating =’ by mutating z. To estimate an
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upper bound on ET, we assume that the offspring solution
x’ with |z'|o < i is always accepted. Thus, we have

EY < 3" Puula,a’)i—|2'lo) = > k- P(X-Y =k)

x|z o<t k=1
=Y k> PX=4)P(Y =i~k
=3 > kP(X =)
< ijly P(X =j)=—

For the negative drift, we need to consider that the number
of 0-bits is increased. We analyze the n — i cases where only
one 1-bit is flipped (i.e., |z'|o = i + 1), which happens with
probability (1 — 1)"~'. Assume that LO(z) = k < n —i.
If the j-th (where 1 < j < k) leading 1-bit is flipped, the
offspring solution z’ will be accepted (i.e., f™*(z') > f"(z)) if
f™(z") > j—1and f*(z) < j — 1. Note that,

P(Y =j—k)

1

j—1 .
P(f"(:r')zj—l)=1—p+p(1—ﬁ) >1-pl—>2, (12)

1
n 2
where the equality is since it needs to keep the j — 1 leading
1-bits of 2’ unchanged, and the last inequality is by p = o(1);

P(f"(x) <j—1) :p<1— <1—i>j> (13)
() (k) )=t

where the equality is since at least one of the first j leading
1-bits of z needs to be flipped by noise. Thus, we get

P(f"(@) 2 f"(@) = L. (14)
If one of the n — i — k non-leading 1-bits is flipped, LO(z') =
LO(z) = k. We can use the same analysis procedure as Eq.
in the proof of Theorem[d.I|to derive that

PO 2 e z1-p 2 2 as)

where the second inequality is by p = o( ). Combining all
the n — i cases, we get

__1 1 (& pj n—i—k
> (1.2 . LA (i1 —4

J— y — 2 — 7 —
Zi pk(k+1)+n i—k 2pk: n—1 k,
en 12n 2 36n2 6n
By subtracting £~ from E*, we get
i pk® n—i—k
E[X: — X X = < - — - —
[Xe = Xoa [ Xo =1] 36n2 6n

To investigate condition (1) of Lemma we also need to
analyze the probability P(X¢4+1 # i | Xt = 4). For X¢41 # 4,
it is necessary that at least one bit of z is flipped and the
offspring =’ is accepted. We consider two cases: (1) at least
one of the k leading 1-bits of «x is flipped; (2) the & leading 1-
bits of z are not flipped and at least one of the last n — & bits is
flipped. For case (1), the mutation probabilityis 1 — (1 — 1)*
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and the acceptance probability is at most pt1 by Eq. @) For
case (2), the mutation probability is (1—2)*(1—(1-1)"*) <
2=k and the acceptance probability is at most 1. Thus,

When k£ < n — np, we have
E[[Xt_XH”Xt:i]]Si_m (18)
n 6n
7_n—k B np/2—7clogng_n—k S—i p+n—k 7
12n 6n 12n 24 n

where the second inequality isbyn — k > npand i < clogn,
the third inequality is by p = w(logn/n) and the last is by
n — k > np. When k > n — np, we have

) i k2
E[X: — X1 | Xe =] < = - :ﬁsnz (19)
Sclogn_LS_Lg_i p+n—k 7
n 144 288 576 n

where the second inequality is by p = o(1) and i < clogn,
the third is by p = w(logn/n) and the lastis by n — k < np.
Combining Egs. (17), and (19), we get that condition (1)
of Lemmal2.7/holds with e = -

For condition (2) of Lemmaf2.7, we need to show P(| X¢1—
Xe| 25| Xe = i) < g5 - P(Xep1 # 0| Xe = i) fori > 1.
For P(X:+1 # 7 | X+ = i), we analyze the n cases where
only one bit is flipped. Using the similar analysis procedure
as £, except that flipping any bit rather than only 1-bit is
considered here, we easily get

> pk(k+1) n-— k.
36n2 6n
For | X:4+1 — X¢| > j, itis necessary that at least j bits of = are
flipped and the offspring solution z’ is accepted. We consider
two cases: (1) at least one of the k leading 1-bits is flipped; (2)
the k leading 1-bits are not flipped. For case (1), the mutation
probability is at most £ ("~ }) —L+ and the acceptance prob-
ability is at most pkil by Eq. @) For case (2), the mutation
probability is at most (1 — 1)*("~*)-L- and the acceptance

J
probability is at most 1. Thus, we have

P(|Xer1 — Xe| > j | Xe =) @)

k{n—1 1 k—l—l IN* (n—k\ 1
< — - J—
- n(jl) ni—1 LA +<1 n) ( j )ni

< pk(k+1) 4 n—k 2 < (pk(k+1) @) 144
- n? 27 n 20~ 36m2 6n 25
By combining Eq. with Eq. (2I), we get that condition (2)

of Lemmal[2.7]holds with § = 1 and r(1) = 144.

Note thatl = b — a = clog n. By Lemma|[2.7} the expected
running time is 2°(¢!°¢™) where ¢ is any positive constant.
Thus, the expected running time is super-polynomial. O

P(Xt+1 757, | Xt = Z) (20)

THEOREM 4.3. For the (1+1)-EA on LeadingOnes under bit-
wise noise (p, 1), the expected running time is exponential if

p=Q(1).
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PROOE. We use Lemma[2.6)to prove it. Let X, = i be the
number of 0-bits of the solution x after ¢ iterations of the
(1+1)-EA. We consider the interval i € [0,n'/2]. To analyze
the drift E[X; — X;41 | X: = i] = ET — E~, we use the same
analysis procedure as Theorem[4.2] For the positive drift, we
have EJr < L = o(1). For the negatlve drift, we re-analyze
Egs. (1 and (15). From Egs. and (I3), we get that
P(f"(x )z;—n > p(1 - = 1)andP(f”( y<j—1)> B
Thus, Eq. becomes

ng s n P’j Jj—1
Pz @)z 5 (1- 1) e
For Eq. (15), we need to analyze the acceptance probability
for LO(z") = LO(z) = k. Since it is sufficient to keep the first
(k + 1) bits of x and =’ unchanged in noise, Eq. becomes

2(k+1) 2
Pz @z (1-5) 2 (155 e

By applying the above two inequalities to Eq. (16), we have
2 k. . . 2
__p jn—j3+1)  (n—i—k)(n—1—k)
E >— =Q(1
(oo, ),

n2

where the equality is by p = Q(1). Thus, BT — E~ = —Q(1).
That is, condition (1) of Lemma[2.6/holds.
Since it is necessary to flip at least j bits of , we have

jini — gl — " 237

which implies that condition (2) of Lemma 2.6 holds with
§ = 1and r(l) = 2. Note that | = n'/2. Thus, by Lemmal[2.6|
the expected running time is exponential. O

P Xtz — Xe| > | Xp > 1) < (’?)1_<,1<2-1.

4.2 Bit-wise Noise (1, q)

For bit-wise noise (1, ¢), we prove in the following three
theorems that the expected running time is polynomial if
g = O(logn/n®) and super-polynomial if ¢ = w(logn/n?).
The proof idea is similar to that for bit-wise noise (p, 1). The
main difference led by the change of noise is the probability
of accepting the offspring solution, i.e., P(f"(z’) > f"(x)).

THEOREM 4.4. For the (1+1)-EA on LeadingOnes under bit-
wise noise (1, q), the expected running time is polynomial if

= O(logn/n®).

PROOE. The proof is very similar to that of Theorem
The change of noise only affects the probability of accept-
ing the offspring solution in the analysis. For any positive
constant b, suppose that ¢ < blogn/n>.

For the pos1t1ve drift E*, we need to re-analyze P(f"(z) >
() (i.e., Eq. (@) in the proof of Theorem- [4.1) for the parent
x with LO(z) = ¢ and the offspring =’ with LO(z') > i + 1.
By bit-wise noise (1, ¢), Egs. (2) and (3) change to

P(f" (@) <i—1)=1-(1—q)'; P(/"(x)>i+1)=(1-q)'q
Thus, by the union bound, Eq. (4) becomes
P(f"@) > (@) 2 1-(1- (1= +(1 -0 q) @8
=(1-9" 21-qli+1)21/2,
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where the last inequality is by ¢ = O(log n/n?).

For the negative drift £, we need to re-analyze P(f"(z')>
f™(z)) (e, Eq. (9) in the proof of Theorem[4.1) for the parent
x with LO(z) = i (where i > 1) and the offspring z’ with
LO(z') < i — 1. By bit-wise noise (1, q), Egs. (7) and
change to

P(f"(2')>i)<q(1-q)'"", P(f"(z)<i—1)=1-(1—q)".
Thus, by the union bound, Eq. (9) becomes
P(f"(z') > f"(@)) <q(1-q)' " +1—-(1—¢q) 25)
=1-(1-¢)" " (1-2¢) <1-(1—-(i=1)g)(1~29) < (i+1)q,
where the second inequality is by (1 — ¢)"™' > 1 — (i — 1)q
and 1 — 2¢ > 0 for ¢ = O(log n/n’

By applying Eq. and Eq. (25) to ET and E~, respec-

tively, Eq. changes to
c 2q(i—|—1))

E[V(&) -V (&r1) | & =2] > (1+%)i (6?_ :

> (1+ E)i <4b10gn+1 2bnlogn> > 1
n

6n> 303 ) T 6n?
That is, the condition of Lemmastﬂl holds with 5. Thus,
the expected running time is polynomial. O

THEOREM 4.5. For the (1+1)-EA on LeadingOnes under
bit-wise noise (1, q), if¢ = w(logn/n?) No(1/n), the expected
running time is super-polynomial.

PROOE. We use the same analysis process as Theorem[4.2}
The only difference is the probability of accepting the off-
spring solution due to the change of noise. For the positive
drift, we still have E* < %, since we assume that ' is always
accepted in the proof of Theorem[4.2]

For the negative drift, we need to re-analyze P(f"(z') >
f"(x)) for the parent solution = with LO(z) = k and the
offspring solution z’ with LO(z’) = j — 1 (where 1 < j < k+
1). For j < k, to derive a lower bound on P(f"(z') > f"(z)),
we consider the j cases where f™(z) = [ and f"(z’') > 1

for0 <! < j — 1. Since P(f"(z) = 1) = (1 — ¢)'¢q and
P(f*(Y>)=(1- q)’, Eq. changes to
P )2 @) 2 Y- (1) > T )

1 2j q \” 2 4J qj
_ > J > 4
2(1 Q) ((1 + 1 1> (1 Q) 1 =9

where the last inequality is by (1 — ¢)?/ > 1 —2qj > 1/2 since
g=o0(1/n).Forj = k+1 (i.e.,, LO(z’) = LO(z) = k), we can
use the same analysis as Eq. (24) to derive a lower bound 1/2,
since the last inequality of Eq still holds with p = o(1/n).
Thus, Eq. also holds here, i.e.,

P(f"(2') = f"(x)) 2
By applying Egs. (26) and (27) to E—, Eq. (16) changes to
gk? n—i—k

E_12+ 6n

27)

l\)\r—t
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Thus, we have
- =i|l=FEt—-E < - -1 _
]E[[Xt Xt+1 ‘ Xt ’L]] E E >0 121 6n
For the upper bound analysis of P(X;1 # ¢ | X; = ¢) in the
proof of Theorem[4.2} we only need to replace the acceptance
probability p®tL in the case of LO(z') < LO(z) with (k+1)q
(i.e., Eq. (25)). Thus, Eq. changes to
P(Xi1 #i| Xe=14) < (k+1)q
To compare E[X; — X;y1 | X¢ = i] with P(X¢41 # 4 | X¢ =
i), we consider two cases: k < n — n’gand k > n — n’q.
By using ¢ = w(log n/n?) and applying the same analysis
procedure as Egs. (18) and (19), we can derive that condition
(1) of Lemma holds withe = 15.
For the lower bound analysis of P(Xt41 #1| X¢ =1), by
applying Eqgs. and (27), Eq. (20) changes to
gk(k+1) n—k
P(Xt+1 Z|X )_ 12 —+ 6n .
For the analysis of | X:+1 — X¢| > j, by replacing the accep-
tance probability pt! in the case of LO(2") < LO(z) with
(k +1)q, Eq. changes to
) _ k(k+1) 4 -k 2
P(| X1 — Xo| >4 | X, =) < 5T (n+ ) ~?+L

. (qk:(k:+1) +n—k> 48

—k

n 27

12n 6n 25"

That is, condition (2) of Lemmal2.7Jholds with § = 1,r(l) =
48. Thus, the expected running time is super-polynomial. O

THEOREM 4.6. For the (1+1)-EA on LeadingOnes under bit-
wise noise (1, q), the expected running time is exponential if

=Q(1/n).

PROOE. We use Lemma[2.6to prove it. Let X; = i be the
number of 0-bits of the solution x after ¢ iterations of the
(1+1)-EA. We consider the interval i € [0,n'/2]. To analyze
the drift E[X; — X¢+1 | X¢ = ], we use the same analysis
procedure as the proof of Theorem[4.2]

We first consider ¢ = 2(1/n)No(1). We need to analyze the
probability P(f"(z") > f™(z)), where the offspring solution
x' is generated by flipping only one 1-bit of z. Let LO(z) =
For the case where the j-th (where 1 < j < k) leading 1-bit is
flipped, as the analysis of Eq. (26), we get

P () > fi(a) > L= 0”

2
If(1-¢)¥ <4, ﬂ > L; otherwise, (1 — ¢)* ;2L
Thus, we have
P(f"(a") = f"(x)) > min{1/4,q5/2}.
For the case that flips one non-leading 1-bit (i.e., LO( N =
LO(z) = k), to derive a lower bound on P(f"(z') > f™(x)),
we consider f*(x) = land f™(z') > lfor0 < [ < k. Thus,

2(1fq)2j%

aj
>4

P(f"(z") > f"( >Z(1 9'¢(1-q)' +(1-¢" " (1-9)"

=0
1-(1—¢)** 1 or (1 1
> — — i >
5 T (5-aq) 23,

1—g)2F 1 —
> 5 +(1-9)
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where the last inequality is by ¢ = o(1). By applying the above
two inequalities to Eq. (16), we get

Ifk > g,zﬁzl min{1, ¥} = Q(n) since ¢ = Q(1/n). If
k< Z,2==k = Q(n) since i < \/n. Thus, E~ = Q(1).

For ¢ = (1), we use the trivial lower bound ¢ for the
probability of accepting the offspring solution ’, since it is

sufficient to flip the first leading 1-bit of 2 by noise. Then,

5> Ligrm—i-me = O —0n)

Thus, for g = Q(1/n), we have
E[X; — X1 | Xe =i =Bt —E~ < % —Q(1) = -Q(1).

That is, condition (1) of Lemma[2.6 holds. Its condition (2)
trivially holds with § = 1 and r(I) = 2. Thus, the expected
running time is exponential. O

4.3 One-bit Noise

For the (1+1)-EA on LeadingOnes under one-bit noise, it has
been known that the running time is polynomial if p < -
and exponential if p = 1 [I1]. We extend this result by prov-
ing in Theorem that the running time is polynomial if
p = O(logn/n?) and super-polynomial if p = w(logn/n).
The proof can be accomplished as same as that of Theo-
remsandfor bit-wise noise (p, 2 ). This is because
although the probabilities P(f™(z') > f™(z)) of accepting
the offspring solution are different, their bounds used in the
proofs for bit-wise noise (p, 1) still hold for one-bit noise.

THEOREM 4.7. For the (1+1)-EA on LeadingOnes under
one-bit noise, the expected running time is polynomial ifp =
O(logn/n?), super-polynomial if p = w(logn/n) N o(1) and
exponential ifp = Q(1).

PROOE. Were-analyze P(f"(z') > f™(z)) for one-bit noise,
and show that the bounds on P(f"(z’) > f"(z)) used in the
proofs for bit-wise noise (p, 1) still hold for one-bit noise.

For the proof of Theorem[4.1} Egs. (2) and (3) change to

PUME) Si-1=pt,  PUN@ Zi+ ) =p,

and thus Eq. () still holds; Egs. (7) and (8) change to
n , 1 n , i
and thus Eq. (9) still holds.
For the proof of Theorem[4.2} Egs. and change to
nye I . j—1 n . ]
P(f"(2') >j-1) =1 —pjT, P(f"(x) <j-1) =p%,
and thus Eq. still holds.

For the proof of Theorem [4.3} Eq. still holds by the
above two equalities; Eq. still holds since the probability
of keeping the first (k + 1) bits of a solution unchanged in
one-bitnoiseis 1 — pEtl > p(1 — £y, O

C. Qian et. al.

5 CONCLUSION

In this paper, we theoretically study the (1+1)-EA solving
OneMax and LeadingOnes under bit-wise noise. We derive
the ranges of noise parameters for the running time being
polynomial and super-polynomial, respectively. The previ-
ously known ranges for the (1+1)-EA solving LeadingOnes
under one-bit noise are also improved. In the future, we shall
improve the currently derived bounds on LeadingOnes, as
they do not cover the whole range of noise parameters.
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