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Methodology

Reductionism£��Ø¤: a complex system can be
understood by reducing it to a combination of separate
parts.

Whether can a complicated system be studied by
reducing it into the basic components?

For a causal path T → S → Y ,
to understand the causal mechanism of T and Y ,
whether can we reduce it into two small mechanisms,
one is for T and S, the other is S and Y ?
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Reducible example

For a causal network (causal DAG),
the full set V is separated into A,B,C.
Suppose A B|C. Then for the structural learning on
(A,B,C) can be separated into those on (A,C) and (B,C):

1.
a c|S, for a ∈ A, c ∈ A ∪ C, S ⊂ V

⇐⇒ a c|S′, for S′ ⊂ A ∪ C.

2.
c1 c2|S, for c1, c2 ∈ C, S ⊂ V

⇐⇒ c1 c2|S
′, for S′ ⊂ A ∪ C or B ∪ C.
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�5�.

Y = αS + βT + ǫy,

S = γT + ǫs.
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Y = (αγ + β)T + ǫ′y.

βµ TéY����^¶
αγµTéY�m���^¶
(β + αγ)µTéY�o�^"
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XJ^�ÕáT Y |S§�o§β = 0§Ïd§TéYvk���^"éuÓ´pÉ�Y²<+§Øáë�<¬káë±	��Ï��pÉ�§ù
�Ï�U´%É+;¾��xÏ�"XJ���áë�<k�Ó�%É+;¾�U5§�o§áëATkpÉ�±	��³"
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Ǒ
?�Ú`²DÚ�{�¯K§Ú\ÏJ�Vgµ
wL«�N¶*ÿ(Jµ

T (w)µ�Nw�?n¶

S(w)µ�Nw�¥mCþ¶
Y (w)µ�Nw�(JCþ¶d3(J:
Yt(w)§

St(w)§

Yts(w)"
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Causal effects

Individual causal effect of T on S:

ST=1 − ST=0.

Average causal effect (ACE) of T on S:

ACE(T → S) = E(ST=1 − ST=0).

Distributional causal effect (DCE) of T on S:

DCE[T → (S > s)] = P (ST=1 > s) − P (ST=0 > s).

Similarly

ACE(T → Y ) = E(YT=1 − YT=0),

ACE(S → Y |s, s′) = E(Ys − Ys′).
– p. 8/42



Ì©�����^Úm��
R̂ubin�½Âæ^Yt§Øæ^Yts:

1. Ì©�µ Q(w) = {St(w), t ∈ T } = (S1(w), S0(w))Ì©�Q = q¥��^§ Yt�Yt∗�'�"
2. Ì©����^µ�St = St∗�Ì©�§kYt 6= Yt∗§�o¡TéYkÌ©����^"
3. Ì©�m��^µXJP (Yt − Yt∗ |Q = q)�qk'§�o¡TéYkÌ©�m��^"½ö§XJP (Yt − Yt∗|St = s, St∗ = s′)�s½s′k'§�o¡TéYkÌ©�m��^"=§UC¥mG�(St, St′)§(JYtÚYt′)��OòCz"�Ì©�m��^LyǑ§Ø+NoUC¥mÏ��ê�(s, s′)ÑØKǑ(JY"
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DÚ�^�Ì©��^��O

¼¢Wµ$Jþ1,pJþ2¶�x�¼S(w)µpH,$L¶)�Yµ)1§k0¶Ì©�LHµ$¼¢W = 1§k$�¼S(1) = L¶p¼¢W = 2§kp�¼S(2) = H.b½HLØÎÜ�Æ¿Â" Table 3¥k3�Ì©�"
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Ì©��^�¯K

ÏǑS(1)ÚS(2)�U*	���§ØU(½z��Náu=�Ì©�§Ïd§Ì©�����^Úm��^�£OI��õ�b½"oÏJ�^ØU^Ì©�����^Úm��^L«"²þÌ©���ÏJ�^: éuSt = St∗�Ì©�Q = q§

E(Yt − Yt∗|Q = q).²þÌ©�m��^µ
E(Yt − Yt∗|Q = q1) − E(Yt − Yt∗|Q = q2).ÏǑQ = q1ÚQ = q2�U´ØÓ�oN§ù�½Â´ØÓoN�m�'�©
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Ì©��^�£O

½ÂÌ©�ÏJëêµ

θy|qt = P (Y (t) = y|q) = P (y|q, t).5¿q = (s(1), s(0))Ø�*ÿ"Ì©�����^µ
E(Y (1) − Y (0)|q) = θy|q1 − θy|q0.Ú\��óäCþB§�ÏýÿÌ©�"b½üN5S(T = 1) ≥ S(T = 0)"b½B (Y, T )|Q.
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Ì©��^�£O

£OÌ©��©Ùπq|bµÏǑS(1) = 0 ⇒ S(0) = 0,
S(0) = 1 ⇒ S(1) = 1§¤±§

P (Q = (0, 0)|b) = P (S(1) = 0|b, T = 1) = P (S = 0|b, T = 1),

P (Q = (1, 1)|b) = P (S(0) = 1|b, T = 0) = P (S = 1|b, T = 0),

P (Q = (1, 0)|b) = 1 − P (Q = (0, 0)|b) − P (Q = (1, 1)|b).
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Ì©��^�£O

£OÏJëêθy|qt: dB (T, Y )|Q,

P (S = 0, y|T = 1, b) = π(0,0)|bθy|(0,0)1,

P (S = 1, y|T = 0, b) = π(1,1)|bθy|(1,1)0,

P (S = 1, y|T = 1, B = 1) = π(1,1)|1θy|(1,1)1 + π(1,0)|1θy|(1,0)1,

P (S = 1, y|T = 1, B = 2) = π(1,1)|2θy|(1,1)1 + π(1,0)|2θy|(1,0)1,

P (S = 0, y|T = 0, B = 1) = π(0,0)|1θy|(0,0)0 + π(1,0)|1θy|(1,0)0,

P (S = 0, y|T = 0, B = 2) = π(0,0)|2θy|(0,0)0 + π(1,0)|2θy|(1,0)0.
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������^Úm��^
Pearl�½Âæ^Yts:

1. �����^ (Control Direct Effect)µ
CDEt,t∗(s) = Yts − Yt∗s.

2. ��m��^ (Control Indirect Effect)µ
CIEs,s∗(t) = Yts − Yts∗ .

3. o�^TEµ
Yt − Yt∗ = Ytst

− Yt∗st∗
= Ytst

− Ytst∗
+ Ytst∗

− Yt∗st∗

= CIEst,st∗
(t) + CDEt,t∗(st∗).
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g,����^Úm��^
1. g,���^µ

NDEt,t∗(t
′) = YtS

t′
− Yt∗S

t′
.

NDEt,0(0) = YtS0
− Y0S0

.

2. g,m��^µ

NIEt,t∗(t
′) = Yt′St

− Yt′St∗
.

3. o�^TEµ
Yt − Yt∗ = YtSt

− Yt∗St∗
= YtSt

− YtSt∗
+ YtSt∗

− Yt∗St∗

= NIEt,t∗(t) +NDEt,t∗(t
∗).
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g,�^Ú���^��O
Petersen et al. (2006)

(A)�����^¶(B)g,���^
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g,�^Ú���^��O

�Ä� ¾<��=��ÉT£��§�Ñ^Ci��S¶¿�éù ¾<£�Tk����=�Ñ^Ci��S"éuù�¾<§k������^§ÏǑ�±Ñ^Ci����¹e§£�´k��µ
YT=1,S=1 − YT=0,S=1 > 0.�´§vkg,����^§ÏǑ�±Ci��3�?n�"Y²�§£�´���
YT=1,S0=0 − YT=0,S0=0 = 0.

– p. 18/42



£O�����^�^�

-CǑ·,Cþ�8Ü"

�����^�£O^�µ
Yts T |C.

Yts S|(T,C).
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£Og,���^�^�

g,���^�£O�I�^�µ

ST T |C,Ú���^b½

E(Yts − Y0s|S0 = s, C) = E(Yts − Y0s|C).
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���^�m�'X
VanderWeele (2008)XJvkg,���^NDEt,t∗(t

∗)(w) = 0, ∀w,�o§TvkéY�Ì©����^£'�tÚt∗¤"XJvk�����^CDEt,t∗(s)(w) = 0, ∀s, w,�o§TvkéY�Ì©����^£'�tÚt∗¤"�Ì©����^§��Uk��Úg,���^©�Ì©�m��^§��Ukg,m��^"kÌ©�m��^§��U�g,m��^"
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Ø�*ÿ·,Ï�U�.

Yst = b1s+ b2t+ φ(U, εY ),

St = ψ(t, U, εS).Ù¥φ(·)Ú ψ(·)´��¼ê.
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ÏJ�^�.

ÏJ�^µ

TEt,t′ = E(Yt − Yt′) = b1[E(S|t) − E(S|t′)] + b2(t− t′),

CDEt,t′(s) = E(Yts − Yt′s) = b2(t− t′),

NDEt,t′(t
′) = E(Yt,S

t′
− Yt′) = b2(t− t′).Ïd§CDEt,t′(s) = NDEt,t′(t

′) = DEt,t′.

IE(t, t′) = TEt,t′ −DEt,t′ = b1[E(S|t) − E(S|t′)],ÏJ�^�£OÒ´ëêb1Úb2�£O"

Yst = b1s+ b2t+ φ(U, εY ).ÏǑS��*ý�U�'§��ëêØ�£O"
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No statistical direct effect

Prentice’s Conditional independence criterion:

Y T |S.

Then

p(y|t) =

∫
p(y|s, t)p(s|t)ds =

∫
p(y|s)p(s|t)ds.

CE(T → S) = 0 =⇒ CE(T → Y ) = 0.
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No principal strata direct effect

Rubin (2004): No principal strata direct effect means
an effect of T on Y can occur
only if an effect of T on S has occurred.

That is, for each s, comparison between two sets

{Yi(1) : Si(1) = Si(0) = s} & {Yi(0) : Si(1) = Si(0) = s}

results in equality.
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No controlled or natural direct effect

p p p
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T S Y

U

where U is an unobserved variable.

No causal effect of T on S
=⇒ no causal effect of T on Y .

No controlled direct effect implies no principal strata
direct effect.

But these conditions cannot qualitatively predict
CE(T → Y ) with CE(T → S) and CE(S → Y ).
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Numerical example

T : treatment (T = 1 treated, T = 0 untreated),

S: Correction of irregular heartbeat (S = 1 corrected,
S = 0 not),

Y : the survival years.

Assume

1. all effects of the treatment T on the survival Y are
through the intermediator S, that is,
Y (t, s) = Y (t′, s) = Y (s),

2. correction of the heartbeat can increase the survival
time for every patient, that is, for all i

yi(S = 1) > yi(S = 0).
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Numerical example (continued)

Group No. S(T = 0) S(T = 1) Y (S = 0) Y (S = 1) Y (T = 0) Y (T = 1)

1 20 0 0 9 10 9 9

2 40 0 1 6 7 6 7

3 20 1 0 5 8 8 5

4 20 1 1 3 5 5 5

ACE(T → S) =
40 + 20

100
−

20 + 20

100
=

20

100
> 0,

but

ACE(T → Y ) =
9 × 20 + 7 × 40 · · ·

100
−

· · · + 5 × 20

100
= 6.6 − 6.8 < 0.

Even if yi(S = 1) > yi(S = 0) for every individual,
we cannot use the effect of T on S
to predict the sign of T on Y .
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=�vkÚO����^§vk������^§vk������^§vkÌ©����^§�âDCE(T → S)ÚDCE(S → Y )Ø�ýÿ DCE(T → Y )��K"
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Conditions based on Causation

Suppose that the causal diagram holds:

p p p

p
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��	T S Y

U

By the results in Ju and Geng (2010, JRSSB), we have

Theorem 1. Suppose that U∗ is a subset of U that blocks
all back-door paths from S to Y . Then the sign of
DCE(T → Y ) is predictable by the signs of
DCE(T → S) and DCE(S → Y ) if
(1) the DCE of S on Y conditional on U∗ = u∗ has the
same sign for all u∗, and
(2) the DCE of T on S conditional on U∗ = u∗ has the
same sign for all u∗.
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Comments on conditions

Condition 1 means that S is a risk factor to Y
conditionally on U for the treatment group or the control
group.

Condition 2 means a distribution monotonicity of S
with respect to the treatment T conditional on U .

Since U is not observed, conditions of Theorem 1 are
untestable.

There is no direct effect of T on Y .
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Signed directed acyclic graphs

A signed DAG (VanderWeele and Robins, 2010):

T

S Y

U
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⊕

⊕⊕

T⊕ → S: a positive effect of T on S: for all pa∗S = U ,

P (S > s|pa∗S , t1) ≥ P (S > s|pa∗S , t2), ∀t1 ≥ t2,

where pa∗S are the parents of S other than T .
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Condition based on the signed DAG

By VanderWeele and Robins (2010), we have
If the sign of every directed path from T to Y is positive,
then DCE[T → (Y > y)] ≥ 0.

Comments
The condition requires a complete causal diagram,
Since U is not observed, the condition

P (Y > y|u, t, s) ≥ P (Y > y|u, t, s′)

is untestable.
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Conditions based on Association

Theorem 2. Suppose that
1. P (Y > y|s, T = 1) or P (Y > y|s, T = 0) monotonically

increases as s increases, and
2. P (Y > y|s, T = 1) ≥ P (Y > y|s, T = 0) for all s.
Then T has a non-negative DCE on Y if T has a
non-negative DCE on S.

The conditions required in the result are testable since
P (Y > y|s, t) is the distribution of observed variables.
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Necessary and sufficient conditions

The one-parameter exponential family has its density

p(x; θ) = C(θ) exp{Q(θ) · x}h(x),

where Q is strictly monotonic.

Theorem 3. Suppose that
1. Prentice’s criterion Y T |S holds,
2. P (Y > y|s) > P (Y > y|s′) for s > s′, and
3. S is from the one-parameter exponential family

conditional on T .
Then ACE(T → S), DCE(T → S), ACE(T → Y ) and
DCE(T → Y ) have the same sign (null, positive, or
negative).
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For generalized models

Consider the generalized model for a binary T

h[E(Y |S = s, T = t)] = a(s) + bt+ c.

Corollary 1. Suppose that
1. a(s) strictly monotonically increases as s increases,
2. b ≥ 0 .

If T has a positive DCE on S, then T has a positive
ACE on Y .
Further if Y given S and T is from the one-parameter
exponential family, then T has a positive DCE on Y .
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Necessary and sufficient conditions

Corollary 2. Suppose that
1. Prentice’s criterion Y T |S holds,
2. a(s) strictly monotonically increases as s increases,

and
3. S given T and Y given S are from the one-parameter

exponential family.
Then DCE(T → S) and DCE(T → Y ) have the same
sign (null, positive, or negative).
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Comments on conditions

No direct effects ensure only

DCE(T → S) = 0 ⇒ DCE(T → Y ) = 0.

Some causation-based and association-based
conditions ensure the implication relations:

DCE(T → S) = 0 ⇒ DCE(T → Y ) = 0,

DCE(T → S) > 0 ⇒ DCE(T → Y ) > 0,

DCE(T → S) < 0 ⇒ DCE(T → Y ) < 0.
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Comments on conditions

Additional conditions of the generalized model and the
one-parameter exponential family ensure the
equivalence relations:

DCE(T → S) = 0 ⇔ DCE(T → Y ) = 0,

DCE(T → S) > 0 ⇔ DCE(T → Y ) > 0,

DCE(T → S) < 0 ⇔ DCE(T → Y ) < 0.
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Thank you!

This is a joint work with my students:
Peng Ding, Ping He, Zhenguo Wu, Wei Yan.
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