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The Topology of Real
Networks:Empirical Result
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The Topology of Real
Networks:Empirical Result
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Graph model selection using
maximum likelihood (ICML

* 2006)
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i Ranking Graph Models

= A model P assigns a probability p(G) to
every graph G.

= The quantity P(G) is called the
likelihood. We score a model by the log-
likelihood -log(P(G))

= The Maximum Likelihhood Estimate
prefers the model with the largest
likelihood.
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i Preliminaries

= Directed graph G =(V,E)
= V: vertex set
= E: edge set
= n=|V| isthe number of vertices
= m=|E| isthe number of edges
= For a node v,
is its outdegree.

BSOS BLARE IR &

in(V) is its indegree; out(V)
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i Graph Models

= Erdos-Renyi Random model (ER)
= Power-law Random model (PRG)
= Preferential Attachment model (PA)

= Small-world model (SW)
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Erdos-Renyi Random model
(ER)
= For every pair of vertices u, v and edge

from u to v appears independently with
probability p<[0,1]
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Power-law model (PRG)

= Power-law exponents:g,, B, p(k) = k=7
= Cutoffs: C;, Cg

= Generate the indegrees and outdegrees
of each of the n vertices independently
according to the power-law distribution.

= Connect the vertices randomly.
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i PRG Sketch Map
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Preferential Attachment model
(PA)

= Start with a single vertex.

= In each iteration i=2,...,n a random
vertex “appears”.

= With probability p an edge from the
new vertex is created and the other
end-point v is chosen with probability
proportional to in(v)+y

= With probability 1-p-q the process stops
and new iteration.is1.begins. 52

i PA Sketch Map
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i Small-world model (SW)

= The basic idea is to add random links to
an underlying well-structured graph, in
our case the grid.

= For every pair of vertices u, v, an edge
from u to v is added with probability

axdist(u,v)fﬂ
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i ER Algorithm

= N: the number of nodes
= m: the number of links
= n(n-1)-m: the number of non-edges

= The probability that the ER model
generates G is

i PRG Algorithm

= In the PRG model a vertex gets
assigned an indegree d e{0,....c,}
with probability
diﬁin /Zin i = Zmzld_ﬂm

out? () =[{j: j<in(v.7)<El

m’ = i(ini”(zk) +y)= i(out{’(m)w)

) . (in(v)) "
Pr(6)= ppp)*" i
= 1 .
P n(n-1) Pr(G) = Rn&utmnvevln(v)!out(v)!
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* PA Algorithm PA Algorithm
U4 i (z)+y out’ (7;)+7 Pr(z,G) _Pr(G|z)Pr(r)
Glz)=]]d., )" L . - -
r(Glz) 1‘[ i ra‘;{,[)ip m (H)q m Pr(r|G) PrG) Pr(G)
in.”(v):‘{j Ci<in(mv)e E}‘ PI(G) = Pr(G| z)Pr(z) _ Pr(G|x)
' : Pr(z|G)

n!H Pr(z, |G, 7, 75,y )

i=1

PA(G,p,q,v.T)
e Let 0 be the permutation of vertices sorted by the total
degree in{v) + out(wv) in decreasing order.

d_ (i) =in’,(v)+out”,(v) r=1-p—q « return Pr(Gla)
nlTIi_ Self —iter(G,o,i,p,q,7,T)
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Self-iter(G, 0,1, p, q,7,T) / estimates Pr(c;|G,o1...0i-1).
« Ti=0
o est:=0 SW Algorithm
e fort=1to 1
— v := random vertex from {o;,0,11,...,0,} = If we know the initial grid alignment
- a[j] == Pr(G|Shift(m, v, 5)) for j € {i,i+1,...,n} _ _
— choose j at random from {i, ..., 7} with probability Pr(G|g)= H adist(u,v)™” H [1— adist(u,v) ]

alj]/ > p_,; alk].
— @ = Shift(m, v, j)  / random walk step
— b[j] := Pr(G|Shift(r,a;, ) for j € {i,i+1,...,n}
— est = est +b[i]/ Y [_, blk] // estimation step

est

e rEturn T

Shift(m, v, 7) is the permutation obtained from 7 by inserting
v at position j.

(u,v)eE (u,v)eE

dist(u,v) =|u? —v?

9 _ 9
+|ug v

Pr(G) = %Z“Pr(G |g) < max Pr(G|g)
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SW(G, o, 3,To, R, 0)  // Finds max, Pr(G|g).
) T:=Ty / temperature
2) g := random 1mtial assignment to the grid.
3) repeat: /! until convergence of Pr(Gl|g).
a) 1:=0 // step counter
b) Let u and v be two vertices on grid g. Let ¢’ be
the grid ¢ with w and v swapped.

s\ 1T
¢) with probability max {1, (P'(G‘Q )) } do:

Pr(Glg)
. g=g’
eTi=r+1
o ifr >R thenr:=0,T:=T(1-94)

i Experiments

= Snapshots of the AS-level Internet
topology
= 1997: 3,117 vertices 6,024 edges
= 1999: 6,266 vertices 13,681 edges
= 2001: 11,080 vertices 25,485 edges
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The results of the simulated
annealing on the 2001 Internet

i snapshot _ -

65

The results of simulated
annealing on a grid graph

RIRORSE LAY 0T & 66

11



*

Thank you

FIRURSE La IO £

67

12



