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Methodology

- .

# Reductionism (& /7 ) : a complex system can be
understood by reducing it to a combination of separate
parts.

# Whether can a complicated system be studied by
reducing it into the basic components?

#® ForacausalpathT — S —Y,
to understand the causal mechanism of 7"and Y/,
whether can we reduce it into two small mechanisms,
one is for 7" and S, the otheris S and Y?
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Reducible example

-

For a causal network (causal DAG),

the full set V' is separated into A, B, C.

Suppose AlLB|C. Then for the structural learning on

(A, B,C') can be separated into those on (A, C) and (B, C):

1.

=

alle|S, forae A, ce AUC, SCV

< allc|S’, for 8" c AuC.

cillcs|S, forcy,co € C, SCV

> c1lles|S’, for " c AuC or BUC.

-p. 3/<



3AE ) Ao [8) 3AF

AN

ARAR AR 2R T A AR, B S AibAA
A ARt A RIS R BRI LH P R K E

RIA-FE g, EBBF 3 AL, §|A S R,
g L & T S R plag A 2

EFEFHRBYHMT, LaEHZ KA,
k9B SR ) IEARS, 70 [ &) IT AR S*F 3% Jm 1A I7 2L
Bl iz T RRY BIVE R AR % K2

ST LI F TR R B4 AR A A i) e Af R 5 AR ? J

-p. 4/




AE LR T i
fzﬂﬁ%ﬂ

Y = a5+ [T + ¢y,
S = AT + ;.
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AT H—F WAL LT EGFE , FIAER A _T
& wER T/

X Xﬂuiﬁ“]% .

T(w): A thwid 232
S(w): ANMRweg F 18] ;
Y(w): MMRwhy s ;

-p. 7/<



¥

Causal effects

Individual causal effect of 7" on S:

ST=1 — ST=0-

Average causal effect (ACE) of T on S

ACE(T — S) = B(Sy—1 — Sr—o).

Distributional causal effect (DCE) of T on S

DCE[T — (S > S)] — P(ST:1 > 8) — P(ST:() > 8).

Similarly

ACE(T —»Y) = E(Yr=1 — Yr—),

ACE(S —Yls,s') = E(Y; — Yy).

-

-p. 8/<
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1. 20/ Qw) ={S(w), t € T} = (S1(w), So(w))
ENEQ=qF® H, Y, BY#HE.

2. Ik F: 88 =Sut§EZ455, Yi#Ye,
AT Y E4Hk A .

3. 4 &) S PY;-YQ=q)5q %, 4
wr Y E45 & A .
B P(Y; =Yy |S: = 5,5 =5 )hsks X, 4
HTr Y E45 & A .
B, B P IERE (S Sy) Y, Yi)#ERE .

LESER A WA, A B2k FREE @
{8 (s, s') AR TS ) Y.
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awW =2, HEES(?2)=H.
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Display 3. Two examples of the presence and absence of direct effects

1, &5 2;
= H, fkL;

Potential outcomes . =
Observed data (Sope Yobs)

Surrogates Survival % given treatment assignment

Principal stratum
(equal sized) S(1) S(2) ¥(1) ¥Y(2) Wops = 1 Wops = 2

a. Case where there 1s a direct causal effect of W on Y given S(1), S(2), but W, and Y,
are conditionally independent given Sy

L L 0 20 L. 20

L H 40 60

i H 80 100 11, 80 H, 80

b. Case where there 1s no direct causal eflect of W on Y given S(1), S(2), but W,ps and Yaue
are conditionally dependent given S, us

L : i am

Ll D

L H 40 60

1 i 80 80 ikl

o

ol g
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°

Oyt = P(Y (1) = ylg) = P(ylg. ).

A g=(s(1),s(0)) R @,

i) A
E(Y(l) — Y(O)‘Q) — 9y|q1 - 9y|q0'

ZIIA= ITH B, #HEHFN
#498 S(T=1)>S(T=0).
BI(Y,T)|0Q.



RA B Ay, BAS(1)=0= S(0) =0, -
S(0)=1=S(1) =1, Firk,

( ) ,
P(Q = (1,1)|b) = P(S(0) = 1|b,T = 0) = P(S = 1|b, T = 0),
(@ =(1,0)|b) =1— P(Q = (0,0)[b) — P(Q = (1,1)[b).
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1= 4]
fPearléﬂj L Yis: T
1. =4 f (Control Direct Effect):
CDE¢+(s) = Yis — Yirs.
2. =48] /A (Control Indirect Effect):
ClEs s (t) = Yis — Yise.
3. FITE:

Y;E — Y;E* — Y;Est — Y;E*St* — Y;fst — Y;fst* + Y;fst* — Y;f*st*
— C[Est,st* (t) -+ CDEtjt* (St*)

o -

—p. 15/
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f1. B A A T

NDEt,t* (t/) — YtSt/ o Yt*St/ .

NDEt,O(O) — }/%So T YOS()'
2. B /RIH] B

NIE4+(t') = Yys, — Yis,..
3. FTE:

Yi =Y = Yis, — Yis,. = Yig, — Yis,. + Yig. — Yisg,.
— NIE;4+(t) + NDEy 4 (t%).

o -

—p. 16/
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Petersen et al. (2006)
A.

Exposure A) ———————————— » Qutcome (Y)

Ty,

Intermediate (£)

P I

Covariate (W1) Covariate (W2) Covariate (W3)

- = = . Direct causal effect

Exposure (A) }— ———————————

Outcome (Y

o
Intermediate (Z)

M\

| Covariate (W1) | | Covariate (W2)| | Covariate (W3) |

= = = . Direct causal effect

(A) ;5 (B) A i
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Yr—1,5=1 — Yr—05=1 > 0.

o 12 | A B, BEAKRIF Ik S &)
LTI 5 i, 4 %

Yr—1 5,=0 — Yr—0,5,=0 = 0.

— p. 18/



N

C 3 iR 2e

RS

J &g 12 A

Y, LT|C.

Yis ILS|(T,, ©).

&

F



J &) 12 A

SrUT|C,
JH

E(Y;fs — YOS‘SO — S, O) — E(Y;ﬁs — YOS’C)'
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fVanderWeeIe (2008)

9o é] JF NDEt’t* (t*)(UJ) = 0, Yw,
2, T Y 4 A (et tr) .
o FCDE;4+(s)(w) =0, Vs, w,
2, T Y 4 A (et tr) .
s I A, E]
7 ] A, T ) J .
] A, * Xg I J .
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f-’ A T

TEy = EY:;—Yy)=0[E(S|t) — E(S|t)] + b2t — )
CDEt,t’(S) — E(}/%S — Y;E’S) = bQ(t — t,),
NDEt,t/(t,) = E(Y; g, — Y%/) = bg(t — t/).

Ht., CDE;y(s)=NDEy(t') = DE; .
[E(t,t') = TEyy — DEyy = bi[E(S|t) — E(S]t')],
r J 69125 3k by bet1iRA,
Yo = bis+bat + (U, ey).

L A A S5 M aqU , AEAF AT IRAY . J
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No statistical direct effect

-

#® Prentice’s Conditional independence criterion:
YIT|S.

® Then
pylt) = / pyls, Dp(slt)ds = / p(yls)p(slt)ds.

CE(T —S)=0= CE(T —Y)=0.



-

No principal strata direct effect

# Rubin (2004): No principal strata direct effect means

an effect of 7'on Y can occur
only if an effect of 7" on S has occurred.

# That is, for each s, comparison between two sets
{Yi(1) : Si(1) = 5i(0) = s} & {Yi(0) : 5i(1) = 5i(0) =

results in equality.

s}

=



No controlled or natural direct effect

- . .

T S /\Y

where U Is an unobserved variable.

® No causal effectof T on S
— no causal effectof T on Y.

# No controlled direct effect implies no principal strata
direct effect.

# But these conditions cannot qualitatively predict
CE(T —Y)with CE(T — S)and CE(S —Y).

o -

—p. 271



Numerical example
f.o T treatment (7' = 1 treated, T' = 0 untreated),

# S: Correction of irregular heartbeat (S = 1 corrected,
S = 0 not),

# Y the survival years.

Assume

1. all effects of the treatment 7" on the survival Y are
through the intermediator S, that is,
Y(t,s) =Y (', s)=Y(s),

2. correction of the heartbeat can increase the survival
time for every patient, that is, for all ;

yi(S = 1) > yz-(S = O).

o

— p. 28/



Numerical example (continued)

. N

Group No. S(T'=0) S(T=1) Y(S=0 YIS=1 YT=0 Y(T=1)

1 20 0 0 9 10 9 9
2 40 0 1 6 7 6 7
3 20 1 0 5 8 5
4 20 1 1 3 5 5
ACE(T — $) — 4011(;020 B 20145020 _ 12000 o
but
ACE(T — V) = 2% QOJ;(?OX 0 ---+1§0>< 2 66-68<0.

Evenif y;(S=1) > y;(S = 0) for every individual,
we cannot use the effectof 77on S
Lto predict the sign of T on Y. J

—p. 29/
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Conditions based on Causation

- .

#® Suppose that the causal diagram holds:

T ;p/\y

|-
|

By the results in Ju and Geng (2010, JRSSB), we have

#® Theorem 1. Suppose that U* is a subset of U that blocks
all back-door paths from S to Y. Then the sign of
DCE(T — Y) Is predictable by the signs of
DCE(T — S)and DCE(S - Y) if
(1) the DCE of S on Y conditional on U* = v* has the
same sign for all «*, and
(2) the DCE of T on S conditional on U* = u* has the

L same sign for all u*. J

— p. 31/4



Comments on conditions

=

Condition 1 means that S is a risk factor to Y
conditionally on U for the treatment group or the control

group.
Condition 2 means a distribution monotonicity of S
with respect to the treatment 7" conditional on U.

Since U Is not observed, conditions of Theorem 1 are
untestable.

There is no direct effect of 7T on Y.

—p. 32/



Signhed directed acyclic graphs

- .

# A signed DAG (VanderWeele and Robins, 2010):

o T® — S: apositive effect of 7" on S: for all pag = U,
P(S > S‘pag,tl) > P(S > S’pag,tg), Vi1 > to,

where pay are the parents of S other than 7.

o -

—p. 33/«



Condition based on the signed DAG

f.’ By VanderWeele and Robins (2010), we have T
If the sign of every directed path from 7' to Y is positive,
then DCE[T — (Y > y)] > 0.

# Comments
» The condition requires a complete causal diagram,

# Since U iIs not observed, the condition
P(Y > ylu,t,s) > P(Y > ylu,t,s)

IS untestable.

— p. 34/



Conditions based on Association
- o

#® Theorem 2. Suppose that

1. P(Y >yl|s, T =1)or P(Y > y|s,T = 0) monotonically
Increases as s increases, and

2. P(Y >yls,T=1)> P(Y > y|s, T =0) for all s.

Then T has a non-negative DCEon Y if T has a
non-negative DCE on S.

# The conditions required in the result are testable since
P(Y > y|s, t) Is the distribution of observed variables.

—p. 35/



Necessary and sufficient conditions

- .

# The one-parameter exponential family has its density

p(x;0) = C(0) exp{Q(0) - z}h(z),
where () Is strictly monotonic.

#® Theorem 3. Suppose that
1. Prentice’s criterion Y 1L.T'|.S holds,
2. P(Y >y|s) > P(Y > y|s) for s > ¢, and
3. S'is from the one-parameter exponential family
conditional on T.

Then ACE(T — S), DCE(T — S), ACE(T — Y) and
DCE(T — Y) have the same sign (null, positive, or
negative).

o -

— p. 36/



For generalized models

- .

# Consider the generalized model for a binary T
hlEY|S=sT=1t)] = a(s)+bt+ec.

# Corollary 1. Suppose that
1. a(s) strictly monotonically increases as s increases,
2. b>0.
s If T has a positive DCE on S, then T' has a positive
ACEonY.

s Furtherif Y given S and T’ is from the one-parameter
exponential family, then 7" has a positive DCE on Y.

o -

—p. 37/



Necessary and sufficient conditions

-

# Corollary 2. Suppose that
1. Prentice’s criterion Y 1LT'|.S holds,

2. a(s) strictly monotonically increases as s increases,
and

3. Sgiven T and Y given S are from the one-parameter
exponential family.

Then DCE(T — S) and DCE(T — Y) have the same
sign (null, positive, or negative).

—p. 38/



Comments on conditions

-

# No direct effects ensure only
DCE(T — S8)=0= DCE(T —Y)=0.

® Some causation-based and association-based
conditions ensure the implication relations:

DCE(T — S)=0 = DCE(T —Y)=0,
DCE(T - S)>0 = DCE(T —Y)>0,
DCE(T — S)<0 = DCE(T—Y)<NO.

— p. 39/



Comments on conditions

- .

# Additional conditions of the generalized model and the
one-parameter exponential family ensure the
equivalence relations:

DCE(T - S)=0 < DCE(T —Y)=0,
DCE(T —- S5)>0 < DCE(T—-Y)>0,
DCE(T — S)<0 & DCE(T—Y)<NO.
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Thank youl!

This is a joint work with my students:
Peng Ding, Ping He, Zhenguo Wu, Weli Yan.
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