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Generalization

A fundamental problem in machine learning

Generalization: model should predict the unknown data well, 
not only for the training data

Unknown 
data

ModelTraining 
data

learn predict
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 VC theory [Vapnik & Chervonenkis 1971; Alon et al. 1987; Harvey et al. 2017]

 Cover number [Pollard, 1984; Vapnik, 1998; Golowich et al. 2018]

 Rademacher complexity [Koltchinskii & Panchenko 2000, Bartlett et al. 2017]

 ∙∙∙

Generalization theoretical analysis

Given model/hypothesis space ℋ, the generalization error of 
model ℎ ∈ ℋ can be bounded by

Pr
𝒟𝒟

[𝑦𝑦𝑦 𝑥𝑥 < 0] ≤ Pr
S
𝑦𝑦𝑦 𝑥𝑥 < 0 + 𝑂𝑂

model complexity
𝑛𝑛

generalization error empirical error
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Model complexity

Simple 
model

Complex
model

Deep
model

Big
data

137 billion parameters

Deep neural network [Shazeer et al. 2017]

Large
data

Small
data

Challenges:

• Hard to analyze complexity

• Complexity maybe very high

• Generalization: loose
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Consistency

Another important problem in learning theory

Consistency(一致性): model should converge to the Bayes  
optimal model when training data size 𝑛𝑛 → ∞

Big
data

Large
data

Small
data

Stump Decision 
tree Deep tree Bayes optimal

 Training data size 𝑛𝑛 → ∞ → big data

 Model: deep or not deep
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 Background on consistency

 On the consistency of nearest neighbor with noisy data
Clean data ⟶ Noisy data

 On the consistency of pairwise loss
Univariate loss ⟶ Pairwise loss

Outline
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 Instance space 𝒳𝒳 and label space 𝒴𝒴
 Unknown distribution 𝐷𝐷 over 𝒳𝒳 × 𝒴𝒴 unknown data

 Training data 𝑆𝑆 = 𝑥𝑥1,𝑦𝑦1 , 𝑥𝑥2,𝑦𝑦2 , … , 𝑥𝑥𝑛𝑛,𝑦𝑦𝑛𝑛 (i.i.d. 𝐷𝐷)

 Cost function 𝑐𝑐(ℎ(𝑥𝑥),𝑦𝑦) w.r.t. model ℎ and (𝑥𝑥,𝑦𝑦)

The expected risk of model ℎ is defined as
𝑅𝑅(ℎ) = 𝐸𝐸 𝑥𝑥,𝑦𝑦 ∼ 𝐷𝐷 𝑐𝑐 ℎ 𝑥𝑥 ,𝑦𝑦

Unknown 
data

ModelTraining 
data

learn predict

Settings
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Bayes risk:
𝑅𝑅∗ = inf

ℎ
𝑅𝑅(ℎ) = inf

ℎ
𝐸𝐸 𝑥𝑥,𝑦𝑦 ∼ 𝐷𝐷 𝑐𝑐 ℎ 𝑥𝑥 ,𝑦𝑦

Bayes classifier:
ℎ∗ = arg inf

ℎ
𝑅𝑅(ℎ) (𝑅𝑅 ℎ∗ = 𝑅𝑅∗)

where the infimum takes over measure functions.

Bayes risk and consistency

A learning algorithm 𝒜𝒜 is consistent if 

𝑅𝑅 𝒜𝒜𝑆𝑆 → 𝑅𝑅∗ as training data size  𝑛𝑛 → ∞
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 Partition algorithms                             1951 ~ today

– Decision tree, 𝑘𝑘-NN

 Binary classification                             1998 ~ today

− Boosting, SVM…

 Multi-class learning                              2004 ~ today

– Boosting, SVM…

 Multi-label learning                              2011 ~ today

− Boosting, SVM…

Previous studies on consistency
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Partition algorithms

 Partition instance space 𝒳𝒳 into disjoint cell 𝐴𝐴1,𝐴𝐴2, … ,𝐴𝐴𝑛𝑛, …

 Majority vote for each cell 

𝒳𝒳Examples

– Decision tree [Devroye et al. 1997]

– Random forest [Breiman 2000;Biau et al. 2008]

– Nearest neighbor [Fix & Hodges 1951; Cover & Hart 1967]

Partition algorithms

How about the consistency of partition algorithms?
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Stone theorem [Stone 1977]

A partition algorithm is consistent if, as data size 𝑛𝑛 → ∞, 
 the diameter of each cell → 0 (in probability)
 the size of train examples in each cell → ∞ (in probability)

𝑘𝑘-nearest neighbor is consistent if 

𝑘𝑘 = 𝑘𝑘 𝑛𝑛 → ∞ and 𝑘𝑘(𝑛𝑛)/𝑛𝑛 → 0 as 𝑛𝑛 → ∞
Random forest [Biau 2012] is consistent if 

the tree depth 𝑡𝑡 = 𝑡𝑡 𝑛𝑛 → ∞ and 𝑡𝑡(𝑛𝑛)/𝑛𝑛 → 0 as 𝑛𝑛 → ∞

Deep forest is consistent

Consistency on partition algorithms
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 Training data 𝑆𝑆 = 𝑥𝑥1,𝑦𝑦1 … 𝑥𝑥𝑛𝑛,𝑦𝑦𝑛𝑛
 Real-valued model ℎ: 𝑦𝑦 = 1 if ℎ 𝑥𝑥 ≥ 0; otherwise 𝑦𝑦 = −1
 The classification error is given by

�
𝑖𝑖=1

𝑛𝑛 𝐼𝐼 𝑦𝑦𝑖𝑖ℎ 𝑥𝑥𝑖𝑖 < 0
𝑛𝑛

Binary classification

O

1

𝑦𝑦𝑖𝑖ℎ 𝑥𝑥𝑖𝑖
Minimizing such problem is NP-hard (vitally et al. 2012)



http://lamda.nju.edu.cn/gaow/

http://lamda.nju.edu.cn

Hinge

O

1

Exponential

• Boosting: 𝜙𝜙 𝑡𝑡 = 𝑒𝑒−𝑡𝑡

• SVM: 𝜙𝜙 𝑡𝑡 = max(0,1 − 𝑡𝑡)

• Logistic regression: 𝜙𝜙 𝑡𝑡 = ln(1 + 𝑒𝑒−𝑡𝑡)

• …

Convex relaxation: 𝜙𝜙 is a convex and
continuous surrogate loss 

�
𝑖𝑖=1

𝑛𝑛
𝜙𝜙(𝑦𝑦𝑖𝑖𝑓𝑓 𝑥𝑥𝑖𝑖 )/𝑛𝑛

Surrogate 
loss0/1 loss 

Convex relax.

Consistency?

𝑦𝑦𝑖𝑖𝑓𝑓 𝑥𝑥𝑖𝑖

Surrogate loss
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Theorem [Bartllet et al. 2007]

The surrogate loss 𝜙𝜙 is consistent if and only if it is calibrated

Consistency for surrogate loss

A convex surrogate loss 𝜙𝜙 is calibrated (配准) if it is differential 
at 0 with 𝜙𝜙𝜙 0 < 0.

• Boosting: 𝜙𝜙 𝑡𝑡 = 𝑒𝑒−𝑡𝑡

• SVM: 𝜙𝜙 𝑡𝑡 = max(0,1 − 𝑡𝑡)
• Least square: 𝜙𝜙 𝑡𝑡 = 1 − 𝑡𝑡 2

• Logistic regression: 𝜙𝜙 𝑡𝑡 = ln 1 + 𝑒𝑒−𝑡𝑡

• …
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Label space 𝒴𝒴 = 1,2, … , 𝐿𝐿 , model ℎ = (ℎ1, ℎ2, … , ℎ𝐿𝐿)

 One-vs-one method: ∑𝑖𝑖 ∑𝑗𝑗 𝜙𝜙 ℎ𝑦𝑦𝑖𝑖 𝑥𝑥𝑖𝑖 − ℎ𝑗𝑗 𝑥𝑥𝑖𝑖
 One-vs-all   method: ∑𝑖𝑖 𝜙𝜙 ℎ𝑦𝑦𝑖𝑖 𝑥𝑥𝑖𝑖 + ∑𝑗𝑗≠𝑦𝑦𝑖𝑖 𝜙𝜙 −ℎ𝑗𝑗 𝑥𝑥𝑖𝑖

Multi-class learning

Consistency for multi-class learning [Zhang 2004; Tewari and Bartlett, 2007]

• Boosting   𝜙𝜙 𝑡𝑡 = 𝑒𝑒−𝑡𝑡 consistent

• Logistic     𝜙𝜙 𝑡𝑡 = ln 1 + 𝑒𝑒−𝑡𝑡 consistent

• SVM          𝜙𝜙 𝑡𝑡 = max(0,1 − 𝑡𝑡) inconsistent

• …
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Multi-label learning

Multi-label learning predicts a set of labels to an instance

True loss 𝑳𝑳
• Ranking loss
• Hamming loss
• ∙∙∙

Surrogate loss 𝝓𝝓
• Hinge loss
• Exponential loss
• ∙∙∙

convex relax.

consistency?

 Boosting algorithm [Schapire & Singer 2000]

 Neural network algorithm BP-MIL [Zhang & Zhou 2006]

 SVM-style algorithms [Elisseeff & Weston 2002; Hariharan et al., 2010]

 ∙∙∙

How about the consistency for multi-label algorithms?

[Gao & Zhou, 2013] 



http://lamda.nju.edu.cn/gaow/

http://lamda.nju.edu.cn

Theorem [Gao & Zhou 2013]

The surrogate loss 𝜙𝜙 is consistent with true loss 𝐿𝐿 if and only if
argmin𝑓𝑓 𝜙𝜙 𝑓𝑓 𝑥𝑥𝑖𝑖 ,𝑦𝑦𝑖𝑖 ⊆ argmin𝑓𝑓 𝐿𝐿(𝑓𝑓 𝑥𝑥𝑖𝑖 ,𝑦𝑦𝑖𝑖)

argmin𝑓𝑓 𝜙𝜙(𝑓𝑓 𝑥𝑥𝑖𝑖 ,𝑦𝑦𝑖𝑖)
argmin𝑓𝑓 𝐿𝐿(𝑓𝑓 𝑥𝑥𝑖𝑖 ,𝑦𝑦𝑖𝑖)

Consistency on multi-label learning

[Gao & Zhou, 2013] 

 Boosting algorithm
 Neural network algorithm BP-MIL 
 SVM-style algorithms
 ∙∙∙
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Previous studies on consistency

 Partition algorithms

– Decision tree, 𝑘𝑘-NN

 Binary classification

− Boosting, SVM…

 Multi-class learning

– Boosting, SVM…

 Multi-label learning

− Boosting, NN…

Clean data
data

Univariate loss
loss

Noisy data

Pairwise loss
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 Background on consistency

 On the consistency of nearest neighbor with noisy data

 On the consistency of pairwise loss

Outline
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Lazy algorithm: classify by the majority vote of 𝑘𝑘 NNs

new instance
1-NN

5-NN

Consistency on NN [Cover & Hart 1967; Shalev-Shwartz & Ben-David 2014]

 𝑘𝑘-NN (const. 𝑘𝑘):                                  𝑅𝑅(𝑘𝑘-NN) → 𝑅𝑅∗ + 𝑂𝑂(1/ 𝑘𝑘)
 𝑘𝑘-NN (𝑘𝑘 = 𝑘𝑘 𝑛𝑛 → ∞,𝑘𝑘/𝑛𝑛 → 0):   𝑅𝑅(𝑘𝑘(𝑛𝑛)-NN) → 𝑅𝑅∗

Nearest neighbor (1-NN or 𝑘𝑘-NN)

decision boundary

Local
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In many real applications: 
we collect data whose labels may be corrupted by noise

Remains open for nearest neighbors with noisy data

Noisy labels
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Random label noise with rates
𝜏𝜏+ = Pr{ �𝑦𝑦 = −1|𝑦𝑦 = +1} and  𝜏𝜏− = Pr{ �𝑦𝑦 = +1|𝑦𝑦 = −1}

true label

+
+

-
observed label

with prob. 𝜏𝜏+

with prob. 1 − 𝜏𝜏+
-

+

- with prob. 1 − 𝜏𝜏−

with prob. 𝜏𝜏−true label

observed label

Random label noise

Symmetric noises: 𝜏𝜏+ = 𝜏𝜏− Asymmetric noises: 𝜏𝜏+ ≠ 𝜏𝜏−
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When 𝑛𝑛 → ∞ Symmetric noise data Noise-free data

For constant 𝑘𝑘 𝐸𝐸𝑆̂𝑆 𝑅𝑅 ℎ𝑆̂𝑆
𝑘𝑘 → 𝑅𝑅∗ + 𝑂𝑂

1
𝑘𝑘

𝐸𝐸𝑆̂𝑆 𝑅𝑅 ℎ𝑆̂𝑆
𝑘𝑘 → 𝑅𝑅∗ + 𝑂𝑂

1
𝑘𝑘

For 𝑘𝑘(𝑛𝑛) → ∞ and 
𝑘𝑘
𝑛𝑛

= 𝑘𝑘 𝑛𝑛
𝑛𝑛

→ 0 𝐸𝐸𝑆̂𝑆 𝑅𝑅 ℎ𝑆̂𝑆
𝑘𝑘 → 𝑅𝑅∗ 𝐸𝐸𝑆̂𝑆 𝑅𝑅 ℎ𝑆̂𝑆

𝑘𝑘 → 𝑅𝑅∗

Theorem For symmetric noise with rate 𝝉𝝉, let ℎ𝑆̂𝑆
𝑘𝑘 be the output of 

applying 𝑘𝑘-nearest neighbor to noisy data 𝑆̂𝑆. We have

𝐸𝐸𝑆̂𝑆 𝑅𝑅 𝒉𝒉�𝑺𝑺
𝒌𝒌 ≤ 𝑅𝑅∗ + 𝑂𝑂

𝑅𝑅∗

𝑘𝑘
+ 𝑂𝑂

𝝉𝝉
(𝟏𝟏 − 𝟐𝟐𝝉𝝉) 𝑘𝑘

+ 𝑂𝑂
𝑘𝑘1/(𝑑𝑑+1)

𝑛𝑛1/(𝑑𝑑+1)

𝒌𝒌-nearest neighbour is robust to symmetric noise for large 𝒌𝒌

Consistency of 𝑘𝑘-NN for symmetric noises

[Gao et al. ArXiv 2016]
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Theorem For asymmetric noise with rates 𝜏𝜏+ and 𝜏𝜏−, let ℎ𝑆̂𝑆
𝑘𝑘 be 

the output of k-nearest neighbor over 𝑆̂𝑆. We have
𝐸𝐸𝑆̂𝑆 𝑅𝑅 ℎ𝑆̂𝑆

𝑘𝑘 → 𝑅𝑅∗ + Pr 𝑥𝑥 ∈ ℬ0
for 𝑘𝑘 = 𝑘𝑘 𝑛𝑛 → ∞ and 𝑘𝑘/𝑛𝑛 → ∞ as 𝑛𝑛 → ∞

The set of instances whose labels corrupted 
by asymmetric noise

ℬ0 = 𝑥𝑥: 𝜂𝜂 𝑥𝑥 − 1/2 𝜂̂𝜂 𝑥𝑥 − 1/2 < 0
𝜂𝜂 𝑥𝑥 = Pr[𝑦𝑦 = 1|𝑥𝑥]

ℬ𝟎𝟎

Motivation: correct examples in ℬ𝟎𝟎

Inconsistency of 𝑘𝑘-NN for asymmetric noises

[Gao et al. ArXiv 2016]
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Relations between 𝜂𝜂 𝑥𝑥 and 𝜂̂𝜂 𝑥𝑥 :
𝜂̂𝜂 𝑥𝑥 − 1/2 = 1 − 𝜏𝜏+ − 𝜏𝜏− 𝜂𝜂 𝑥𝑥 − 1/2 + (𝜏𝜏− − 𝜏𝜏+)/2

pos.

neg.

pos.

neg.

 If  𝜏𝜏+ > 𝜏𝜏−, then we have

ℬ0 = 𝑥𝑥:
𝜏𝜏− − 𝜏𝜏+

2
< 𝜂̂𝜂(𝑥𝑥) −

1
2

< 0

 If 𝜏𝜏+ < 𝜏𝜏−, then we have 

ℬ0 = 𝑥𝑥: 0 < 𝜂̂𝜂(𝑥𝑥) −
1
2

<
𝜏𝜏− − 𝜏𝜏+

2

How to estimate 𝝉𝝉+ and 𝝉𝝉−?

Relation between ℬ0 and noise rates

[Gao et al. ArXiv 2016]
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The noisy conditional probability 𝜂̂𝜂 𝑥𝑥 = Pr[ �𝑦𝑦 = 1|𝑥𝑥]

The noise estimation [Liu & Tao 2016; Menon et al., 2015] can be given by

𝜏𝜏+ = min
𝑥𝑥∈𝑆̂𝑆

{𝜂̂𝜂 𝑥𝑥 } and   𝜏𝜏− = min
𝑥𝑥∈𝑆̂𝑆

{1 − 𝜂̂𝜂 𝑥𝑥 }

𝑘𝑘𝑘-nearest neighbor: estimate 𝜂̂𝜂 𝑥𝑥 and calculate 𝜏𝜏+ and 𝜏𝜏−

Noise estimation

[Gao et al. ArXiv 2016]
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Noise estimation

Classical k-NN

Update ℬ0

The RkNN algorithm

[Gao et al. ArXiv 2016]
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Compared method
IR-KSVM: kernel Importance-reweighting algorithm [Liu & Tao 2016]

IR-LLog: importance-reweighting algorithm [Liu & Tao 2016]

LD-KSVM: kernel label-dependent algorithm [Natarajan et al. 2013]

UE-LLog: unbiased-estimator algorithm [Natarajan et al. 2013]

AROW: adaptive regularization of weights [Crammer et al. 2009]

NHERD: normal (Gaussian) herd algorithm [Crammer & Lee 2010]

Datasets and compared methods

[Gao et al. ArXiv 2016]
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…         …         …           …           …            …            …           …            …

Experimental comparisons

Our RkNN is comparable to kernel methods
is significantly better than the others

[Gao et al. ArXiv 2016]
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 Background on consistency

 On the consistency of nearest neighbor with noisy data

 On the consistency of pairwise loss

Outline
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Univariate loss

Most previous consistency studies focus on univariate loss: 
defined on a single example.

true: 𝐼𝐼 𝑦𝑦ℎ 𝑥𝑥 ≤ 0 and     surrogate: 𝜙𝜙 𝑦𝑦𝑦 𝑥𝑥
− k-NN, decision tree
− Multi-class learning

− Binary classification
− Multi-label learning

Advantages: 
E 𝑥𝑥,𝑦𝑦 𝐼𝐼 𝑦𝑦ℎ 𝑥𝑥 ≤ 0 = E𝑥𝑥 𝜂𝜂 𝑥𝑥 𝐼𝐼 ℎ 𝑥𝑥 ≤ 0 + 1 − 𝜂𝜂 𝑥𝑥 𝐼𝐼 ℎ 𝑥𝑥 < 0

E 𝑥𝑥,𝑦𝑦 𝜙𝜙 𝑦𝑦𝑦 𝑥𝑥 = E𝑥𝑥 𝜂𝜂 𝑥𝑥 𝜙𝜙 ℎ 𝑥𝑥 + 1 − 𝜂𝜂 𝑥𝑥 𝜙𝜙 −ℎ 𝑥𝑥

Consistency analysis focuses on single example
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Pairwise loss

In real applications, we aim to optimize the losses, defined 
on two or multiple examples, such as AUC, F1, Recall, …

Challenge:
Consistency analysis for AUC focuses on the whole 
data distribution, rather than singe or two instances

Optimizing AUC is over the whole data, 
rather than single pairwise examples

AUC: rank positive instances higher than negative instances
+ -
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Sample: 𝑆𝑆𝑛𝑛 = 𝑥𝑥1+, +1 … 𝑥𝑥𝑛𝑛+
+ , +1 , 𝑥𝑥1−,−1 … 𝑥𝑥𝑛𝑛−

− ,−1
The AUC, w.r.t. score function ℎ, is defined by

O

1

Exponential

Hinge

 Exponential ℓ 𝑡𝑡 = 𝑒𝑒−𝑡𝑡 [Freund et al. 2003; Rudin & Schapire 2009]  

Hinge ℓ 𝑡𝑡 = max(0,1 − 𝑡𝑡) [Joachims 2006; Zhao et al. 2011]

 …

�
𝑖𝑖=1

𝑛𝑛+

�
𝑗𝑗=1

𝑛𝑛− 𝐼𝐼 𝑓𝑓 𝑥𝑥𝑖𝑖+ < 𝑓𝑓 𝑥𝑥𝑗𝑗− + 𝐼𝐼 𝑓𝑓 𝑥𝑥𝑖𝑖+ = 𝑓𝑓 𝑥𝑥𝑗𝑗− /2
𝑛𝑛+𝑛𝑛−

�
𝑖𝑖=1

𝑛𝑛+

�
𝑗𝑗=1

𝑛𝑛− ℓ 𝑓𝑓 𝑥𝑥𝑖𝑖+ − 𝑓𝑓 𝑥𝑥𝑗𝑗−

𝑛𝑛+𝑛𝑛−

surrogate loss

AUC definition

Surrogate 
lossAUC

convex relax.

consistency?
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Least square loss ℓ 𝑡𝑡 = 1 − 𝑡𝑡 2 is consistent with AUC

Proof sketch:  For                                     with margin probability       and 
conditional probability                            ,

• Based on sub-gradient conditions, we obtain n linear equations

• Solving those linear equations, we get a Bayes solution

where            is a polynomial in                      .
[Gao et al. 2013]

Least square loss

• Our goal is to minimize the expected risk over whole distribution
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O

1

hinge loss

O

1

absolute loss
Hinge loss and absolute loss are calibrated but not consistent with AUC

If a surrogate loss ℓ is consistent with AUC, then loss ℓ is 
calibrated (ℓ is convex with ℓ′ 0 < 0).

O

convex

ℓ′ 0 < 0

Necessary condition

[Gao & Zhou 2015]
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Exponential loss 
ℓ 𝑡𝑡 = 𝑒𝑒−𝑡𝑡

Logistic loss 
ℓ 𝑡𝑡 = ln(1 + 𝑒𝑒−𝑡𝑡)

q-norm hinge loss 
ℓ 𝑡𝑡 = max 0,1 − 𝑡𝑡 𝑞𝑞

Least square hinge loss 
ℓ 𝑡𝑡 = max 0,1 − 𝑡𝑡 2

…

A surrogate loss ℓ is consistent with AUC if it is calibrated, 
differential and non-increasing.

O

differential
non-increasing

convex and ℓ′ 0 < 0

[Gao & Zhou 2015]

Sufficient condition

Remain open for sufficient 
and necessary condition
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Optimize the pairwise loss

�
𝑖𝑖=1

𝑛𝑛+

�
𝑗𝑗=1

𝑛𝑛−

ℓ 𝑓𝑓 𝑥𝑥𝑖𝑖+ − 𝑓𝑓 𝑥𝑥𝑗𝑗− /𝑛𝑛+𝑛𝑛−

 Store all data
 Scan data many time

By using the hinge loss, online 
AUC optimization with a buffer 
size [Zhao et al., ICML’ 2011]

− hinge loss is inconsistent

A simple idea: use a buffer 

+
++ -

-
-

+
+
+

+
+
+

-
-
-

-
-
-

Large-scale AUC optimization
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Least square loss ℓ 𝑡𝑡 = 1 − 𝑡𝑡 2 is consistent with AUC

square loss

SGD optimizes
ℒ 𝑤𝑤 =

𝜆𝜆
2
𝑤𝑤 2 +

∑𝑖𝑖=1𝑡𝑡−1 𝐼𝐼 𝑦𝑦𝑖𝑖 ≠ 𝑦𝑦𝑡𝑡 1 − 𝑦𝑦𝑡𝑡 𝑥𝑥𝑡𝑡 − 𝑥𝑥𝑖𝑖 ⊤𝑤𝑤 2

2|{𝑖𝑖 ∈ 𝑡𝑡 − 1 :𝑦𝑦𝑖𝑖𝑦𝑦𝑡𝑡 = −1}|

For 𝑦𝑦𝑡𝑡 = 1 (similarly for 𝑦𝑦𝑡𝑡 = −1)

neg. mean

neg. covariance

Store the mean and 
covariance

neg. mean neg. mean

𝛻𝛻𝛻 𝑤𝑤𝑡𝑡−1 = 𝜆𝜆𝜆𝜆 − 𝑥𝑥𝑡𝑡 �
𝑖𝑖:𝑦𝑦𝑖𝑖=−1

𝑥𝑥𝑖𝑖
𝑛𝑛𝑡𝑡−

+ 𝑥𝑥𝑡𝑡 − �
𝑖𝑖:𝑦𝑦𝑖𝑖=−1

𝑥𝑥𝑖𝑖
𝑛𝑛𝑡𝑡−

𝑥𝑥𝑡𝑡 − �
𝑖𝑖:𝑦𝑦𝑖𝑖=−1

𝑥𝑥𝑖𝑖
𝑛𝑛𝑡𝑡−

⊤

𝑤𝑤

+ �
𝑖𝑖:𝑦𝑦𝑖𝑖=−1

𝑥𝑥𝑖𝑖𝑥𝑥𝑖𝑖⊤

𝑛𝑛𝑡𝑡−
− �

𝑖𝑖:𝑦𝑦𝑖𝑖=−1

𝑥𝑥𝑖𝑖
𝑛𝑛𝑡𝑡−

�
𝑖𝑖:𝑦𝑦𝑖𝑖=−1

𝑥𝑥𝑖𝑖⊤

𝑛𝑛𝑡𝑡−
𝑤𝑤

[Gao et al. 2013, 2016]

Least square loss
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O(d)

O(d) O(d×d)

Storage: O(d×d), independent  to data size
Scan data only once

O(d×d)

[Gao et al. 2013, 2016]

OPAUC
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OPAUC 
significantly 
better:
 Consistency
 buffer

[Gao et al. 2013, 2016]

Results: Existing online methods
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OPAUC
highly 
competitive

OPAUC:
• scan once
• store statistics

Batch:
• scan many times
• store whole data

[Gao et al. 2013, 2016]

Results: Existing batch methods
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 Clean data ⟶ Noisy data (𝑘𝑘-nearest neighbor)

 𝑘𝑘-NN is consistent for symmetric noise

 𝑘𝑘-NN is biased by asymmetric noise ⟶ R𝑘𝑘NN algorithm

 Univariate loss ⟶ Pairwise loss (AUC)

 Least square loss is consistent ⟶ OPAUC algorithm

 Necessary/sufficient condition for AUC consistency

Conclusions

Open problems

 Sufficient and necessary condition for AUC optimization

 Consistency of deep models
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Thanks for your attention
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