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@ Causality

© Causal Graphical models
© Sampling from Markov equivalent causal graphical models
@ Counting the causal structures in an equivalence class

© Causal inference and Learning

@ Assumptions revisited
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Make a prediction or make a decision

N

30000 50000 70000

0 10000

FALTT VAT 40N A8 2

9 =
REHBILT AR = /%45()\
°
8
e
°
8
2
<
& 8
£ g
2
5
g
o s
T T T T T T T T T T T T T
0 5000 10000 15000 20000 25000 30000 0e+00 2e+04 4e+04 Be+04 8e+04 1e+05
i 179N
5 3R e o A [ R AL AL 5 /55



Make a prediction or make a decision
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Causality

e Counterfactuals (Lewis, 1973),Potential Outcomes
(Rubin, 1974)

@ Intervention (Pearl, 2000)

@ Invariance (Hausman & Woodward, 1999; Woodward,
2015a; Peters et al., 2016)
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1974)

.

o THEMRMWBRALTE (R3Z) Tc{ABL YHAMEHERE
=, Ye{0,1}
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o REBAT, MAEARKERALRTIRANG, Mm-FHEREZE
E(Yg) — E(Ya)™T At At 17 A
o BHEHIAT:
P(YB) * P(Y = l\T = B).
o TAMMER, MEARTFRMLE—I,HETLEB, JF—3oET
W3EA. BA TI{Ya Tg}, A (Rubin, 1974)
E(Yg) = P(Y =1|T = B)

o MEF ) ikttt HRBE(YR) — E(Ya)(Athey & Imbens, 2016;
Pierre & Jean, 2017), &8 T L{Ya, Tg}XTF,

E(Yg|X)=P(Y =1|T = B, X)

E(YalX) = P(Y =1|T = A, X)
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Intervention
o £, FM
e ARX%, P(Y|do(T = A)) # P(Y|do(T = B)) (Pearl, 2000)
o ilF P(Y|do(T = A)#P(Y|T = A)
@ Intervention and causation

Woodward (2015b)

C causes E if and only if it is possible to intervene to change
the value of C, in such a way that if that intervention were to
occur, the value of E or the probability distribution of E would
change.

@ Types of interventions

e hard intervention do(T := A)
o soft intervention do(T := X),X £—ANHMNEE
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Invariance

o AE (F#M) —AMEZMWARXAE, T2ATACETENRRXZR
(Hausman & Woodward, 1999)

o MBI ZNFIRKBEE, RARFFETHHE, ARNERGATHE
47 B R AW

e Causal inference by using invariant prediction (Peters et al., 2016,
2017)

|dea(Peters et al., 2016)

“If we consider all “direct causes’ of a target variable of interest,
then the conditional distribution of the target given the direct causes
will not change when we interfere experimentally with all other
variables in the model except the target itself."

@ The Principle of Independent Mechanisms (Peters et al., 2017),
W RT =Y, MNAE f(T), FEEE F(Y|T),
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Outline

© Causal Graphical models
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Causal Graphical Models

A causal Graph + Statistical model

@ Vertices represent random variables (processes); an arrow indicates the
direction of causation.

e Causal graphical models of DAGs (Causal Bayesian network)

() %)
I / \\\
o &\ o s .
O Xi = f(paj,ei), i=1,---,n

Nt

S .

@ X[ i, independent

& m

e Data generation mechanism; deterministically with omitted variables
(Woodward, 2003).

@ Compare to potential outcomes, Yx=g, Yx=a.
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Causal Graphical models of DAGs

@ Simple statistical analyses.(Spiegelhalter & Lauritzen, 1990; Lauritzen
& Spiegelhalter, 1988)
o Causal Markov: Conditional on its parents, every variable is
(probabilistically) independent of every other except its descendants.
o Convenient recursive factorizations of their joint probability density

functions
p(X) = H P (Xv|Xpa(v))

veVv

P(G,S,R) = P(G|S,R)P(S|R)P(R
@ (6.5.R) = P(GIS. R)P(SIR)P(R)
S R P(G=T,R=T)
F F |00 10 P R: T = T =

T |08 02 ( |G ) P(G = T)

13
T F oo o1
T T | 099 o001
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DAG and joint distribution—Markov property

e G a DAG over X = {Xi,---,X,}; f, a probability distribution of
random variables X,

e Conditionally independence: Xj1l.X|X3

@ A probability distribution f satisfies the local Markov property w.r.t.

a DAG G

Burglary
B

Vi, Xill{nd(X;) \ pa(X;)}|pa(Xi)

e BILE,
o (B,E)IL(J, M)|A
o JIIM|A

7% (Peking University) 5 R e o Ao [ R AL AL 17 / 55




DAG and joint distribution
—Faithfulness Assumption

@ A distribution P is faithful to a DAG G if no Conditional Independent
relations other than the ones entailed by the Markov property are

present
@ @ B AAH 4o T
o BILE
D, o

o (B,E)LL(J, M)A

Cop) g o JlLmiA

o it b, BEMARTMATAIBE A0,

o AFJEHAMMIRZMIEAT, Uhler et al. (2013) #F % T Gaussian
B RAGERNE, STEMOENE, RTELHARERGE
7o
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Dependencies can not identify all causations
—Markov equivalent DAGs

A fundamental problem
Different DAGs may determine the same statistical model J
@ Different DAGs may encode the same conditional independencies
Examples
DAGs Independencies
(with faithfulness assumption)
Xy, Xy xPy

Xy 2z

x—=y—z |xllz|y, x/ vy vy z x)/z

X+—y—>z

v

@ Two DAGs are Markov equivalent iff they entail the same conditional
independencies.
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Markov equivalence class

Markov equivalence class J

A Markov equivalence class contains all Markov equivalent DAGs.

e Example 1,
XY, Xy

@ Example 2 the set of independencies:

{ull(x, z, v)ly, zlL(y, u)|x, x1L(u, v)|(y, 2), }
X /X /X X
YQZ y zy z sz
u v u v u v u v
Go Gy Go G3
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Representation of Markov equivalence class

o Essential graph, (Andersson et al. (1997),A0S)
o Example 1,

O—0 O—0 OO

@ Example 2

X X X X
NFNENTN
u v u v u v u v
G G Gs3 Ga

X
. represent y z
Markov equivalence class =
recover u v
{ G17 G27 G37 G4} (no v-structure and cycle)

essential graph
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Data = Causal graph

@ How to learn (search, estimate) an optimal causal graph from the
space of causal structures based on observational data? Non-Bayesian

or Bayesian methods

Probabilistic DAGs Identifiable
dependencies (with several assumptions) eqUiValence C|aSS
xlLy yll z, xll z X y z X y z
xALy X—y z X—y z
Xy z
xllzly, x)ly, yhz,x)z | x<+y<z X—y—2z
X—=y—z
X4y —z
5 R e o Ao [ R AL AL 22 / 55
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Bayesian network structure learning

Expert knowledge
Constrained-based learning,  [PC algorithm, Spirtes et al. (2000)]

o BILE,
o (B,E)LL(J, M)A =
o JILM|A

@ Score-based algorithms [Chickering (2002)]
e data D, DAG G, score, space of DAGs S

e Scoregpey (G, D) = log H (ri—1)ai H

o G*= argmaxGeSScore(G,D)
Hybrid algorithms, MMHC algorithm Tsamardinos et al. (2006)
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Two spaces-DAGs vs Classes

@ Space of DAGs

e The space of DAGs with p vertices contains all DAGs with p vertices,
denoted by B,
e B, is composed of three DAGs:

X1 Xo, X1 — X2, X1 < X2

@ Space of Markov equivalence classes

o The space of Markov equivalence classes contains with p vertices
contains all Essential graphs with p vertices, denoted by &,
o & is composed of two essential graphs:

X1 X2, X1 — X2
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Two types of model spaces

Table: Graphical models based on DAGs or Markov equivalence classes, (Gillispie
& Perlman, 2002; Robinson, 1973, 1977; Steinsky, 2003; Gillispie, 2006)

TEAH  AFDAGE AR L  23FMH LT ALK o5

1 1 1 1.00000
2 3 2 0.66667
3 25 11 0.44000
4 543 185 0.34070
5 29281 8782 0.29992
6 3781518 1067825 0.28238
7 1138762420 312510571 0.27443
8 783705491725 212133402500 0.27068
9 1213426273025934 326266056291213 0.26888
10 4175163455710941184  1118902054495975141 0.26799
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Main problems

@ The properties of causal graphical model space
@ Estimate causal effects or the bound of causal effects from
observational data or interventional data,eg.
o Model averaging of causal Bayesian networks
e Overall, direct, indirect causal effects
@ Learn causal structures from observational data or interventional
data,eg.
o Learn Markov equivalence class from observational data

e Learn causal DAG from observational data and interventional data
o Active learning of causal DAG from interventions
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Some works about causal learning

Sampling
@ He Yangbo, Jia Jinzhu, and Yu Bin. Reversible MCMC on Markov equivalence classes of sparse
directed acyclic graphs. The Annals of Statistics, 41(4), 1742-1779, 2013.(He et al., 2013)

Counting
@ He, Yangbo and Jia, Jinzhu and Yu, Bin. Counting and Exploring Sizes of Markov Equivalence
Classes of Directed Acyclic Graphs. Journal of Machine Learning Research, 16, 2589-2609,
2015.(He et al., 2015)
o Formulas for Counting the Sizes of Markov Equivalence Classes of Directed Acyclic Graphs,
Working paper.

Causal Inference and Learning
@ Liu Yue, He Yangbo and Geng zhi, Causal inference of direct and indirect effects from
observational data, working paper.
@ He Yangbo, Geng Zhi. Active learning of causal networks with intervention experiments and
optimal designs. Journal of Machine Learning Research, 9, 2523-2547, 2008.(He & Geng, 2008)
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Sampling from Markov equivalent causal graphical models
.
Outline

© Sampling from Markov equivalent causal graphical models
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Sampling from a space of Markov equivalence
classes

Motivations
@ Understanding the model space,

@ Bayesian learning of graphical models

How many DAGs in an equivalence class? (Size)
How many undirected edges?

How many undirected subgraphs in the class?

Posterior distribution of Markov equivalence classes or
posterior probability of a given causal structure

@ Bayesian model average among Markov equivalence
class models
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Sampling from Markov equivalent causal graphical models

Challenges of Sampling
@ Hard to calculate the sampling distribution

@ Complexity for Markov equivalence classes with
(hundreds) thousands of vertices

Our Method
@ Introducing a finite, reversible, and irreducible Markov
chain on Markov equivalence classes of interest.

@ Moving among classes via choosing local operators
carefully.
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Operators and the conditions

@ Let C be a completed PDAG. six types of operators on C:

@ inserting an undirected edge, X Y=X-Y

@ deleting an undirected edge, X—-Y=X Y

@ inserting a directed edge, X Y=X—=Y

Q deleting a directed edge, X—=Y=X Y

© making a v-structure, X—-Y—-Z=X=>YZ
@ removing a v-structure, X=>Y—Z=X-Y-Z

@ Four conditions of operators
@ Validity

@ Distinguishability
© Reversibility
Q Irreducibility
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Sampling from Markov equivalent causal graphical models
MCMC on &3

Markov equivalence classes with 3 vertices, 11 EGs
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MCMC on S4, 185 EGs

4 s
e =8 A
RSB TR A
e - ,@'g@,-%'%
‘M%@.-@
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Sampling from Markov equivalent causal graphical models

(Sampling) Size distributions, & and &

p=10, Time: 2 x 1073

p=6, Steps=10°, Time:6 x 10~*s Steps=10° Steps=10°
Sizev GP-value : mean(std) Size mean(std) mean(std)
T hobser 028sea(0onsos) 1 027062(0.00499) 02716746(0.00202)

5 0.25858 0.25897(0.00299) 2 0.25931(0.00406) 0.2581884(0.00123)

3 oo 0'17078(0'00243) 3 0.16646(0.00306) 0.1656770(0.00161)

. o 4 0.11856(0.00288) 0.1182577(0.00115)

5 0.01613(0.00091) 0.0165379(0.00044)

gg ggg?é; g ggg;g%g 888(1)‘7? 6 0.04116(0.00128) 0.0416083(0.00061)
2 0:00236 0.00238(0.00017) 7 0.00009(0.00006) 0.0000861(0.00003)
36 0.00052 0.00053(0.00008) 8 0.04765(0.00157) 0.0478519(0.00063)
3 000034 000035(000004) O ©0000B4(000015) 0.0008667(0.00006)
40 0.00118 0.00120(0.00010) 10 0.03128(0.00141) 0.0317196(0.00035)
© 000051 000052000009 12 001173(000068) 00115082(0.00030)
48 0:00013 0.00013(0.00004) 13 0.00602(0.00045) 0.0060431(0.00013)
50 000034 000034(000007) 14 000718(000053) 00072707(0.00017)
50 0:00017 0.00018(0.00003) 15 0.00085(0.00015) 0.0007971(0.00004)
5 000017 000016000004 10 000458(000032) 0.0045318(0.00013)
60 0:00019 0.00020(0.00004) 17 0.00085(0.00015) 0.0008279(0.00003)
72 0.00006 0.00006(0.00002) 18 0.00187(0.00021) 0.0018126(0.00006)
88 0:00004 0.00004(0.00001) 19 0.00010(0.00004) 0.0000899(0.00001)
144 0.00009  0.00009(0.00003) 20 0.00308(0.00029) 0.0031347(0.00011)
156 0:00006 0.00006(0.00003) 21 0.00005(0.00003) 0.0000601(0.00001)
216 0.00001 0.00001(0.00002) 22 0.00049(0.00010) 0.0004869(0.00004)
- 23 0.00002(0.00001) 0.0000134(0.00000)

24 0.00142(0.00021) 0.0013617(0.00009)

Table: Size distributions and their estimations for p = 6 and 10. Time is the
seconds used in each step.
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Proportion of directed edges
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Figure: Directed edges in the spaces of Markov equivalence classes with sparsity
constraints.
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Sampling from Markov equivalent causal graphical models

WM B AR R T AR IR AL KRB R X R

% (Peking University) 5 R e o Ao [ R AL AL 36 / 55



Counting the causal structures in an equivalence class
Outline

@ Counting the causal structures in an equivalence class
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Counting the causal structures in an equivalence class

Size of a Markov equivalence class

@ The size of a Markov equivalence class is the number of DAGs in the
class.

@ The size only depends on the undirected subgraphs (chain
components) of essential graph

X
y z Markov equivalence class Size=4
u % {Gl,G27G37G4}
essential graph
@ Example
13 nodes, 60 edges, size= 13 nodes, 73 edges,

size=
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Counting the causal structures in an equivalence class

Size of a Markov equivalence class

@ The size of a Markov equivalence class is the number of DAGs in the
class.

@ The size only depends on the undirected subgraphs (chain
components) of essential graph

X
y z Markov equivalence class Size=4
u % {Gl,G27G37G4}
essential graph
@ Example
13 nodes, 60 edges, size=768,240 13 nodes, 73 edges,

size=
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Counting the causal structures in an equivalence class

Size of a Markov equivalence class

@ The size of a Markov equivalence class is the number of DAGs in the
class.

@ The size only depends on the undirected subgraphs (chain
components) of essential graph

X
y 4 Markov equivalence class Size=4
u v {61, G2, G3, G4}
essential graph
@ Example

13 nodes, 60 edges, size=768,240 13 nodes, 73 edges,
size=52,980,480
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Counting the causal structures in an equivalence class
. .
Motivations

Why Size important?
@ Size measures the “uncertainty" or “complexity" of the
learning of DAG models

@ Used in causal structure learning and causal effect
inference (Maathuis et al., 2009; Chickering, 2002)
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Counting equivalent DAGs

@ Two approaches: Traversal methods or formulas-based methods
o (Gillispie & Perlman, 2002) lists all DAGs with up to 10 vertices.
e Robinson (1973, 1977) provide recursive formulas to count DAGs given
the number of vertices.
@ Counting equivalent DAGs in a class:

e Listing all might be impractical,
1 < size < p!,(10! = 3628800, 20! > 108), for a class with p vertices,
o Hard to get general size formulas

Proposed method
Traverse subclasses + formulas for counting subclass J
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Counting the causal structures in an equivalence class

Counting methods
@ Partition a class into smaller rooted sub-classes
recursively until the sizes of all sub-classes can be
obtained via five closed-form formulas. (He et al.,
2015)

@ Size Formulas by Symbolic Computations (He & Yu,
2016)
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Counting the causal structures in an equivalence class

Formulas for counting the sizes of Markov
Equivalence Classes

id (n,p) K f(K,m)/m! || id (n,p) K f(K, m)/m!
1 (12 o2m+1) 9 (45) N 24m+ (m+4)---(m+1)
2 @3y m4+5m+2 | 10 (54) / ) : 2 Tm 2
363 ' ) 3m+1 |11 (55) Z’ 2m3 + 11m? + 20m + 10
4 (34) Z 3m2 +7m+4 | 12 (55) IZ m3 + 10m? + 19m + 10
5 (34) A m +6m?+17m+6 || 13 (5.5) Z m3 4 10m? + 19m + 10
6 (44) / / 4m? +12m+4 | 14 (5,6) W. m* + 14m? + 55m? + 82m + 40
ey /T 2m? 48m+3 | 15 (56) R&- (m + 1)(2m + 3)(m + 7m + 16)
8 (45 L7 (m+Dm+aCn+3) |16 (56) @ . 120m + (m +5)- - (m + 1)
fTi#3 (Peking University) B R e A R AR 42 /55




(Counting) Example

@ Example

Figure: p=50, n=250, size=90,334,615,633,920
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Counting the causal structures in an equivalence class

0.2689

\

0.016
0.014
0.012

0.010

Proportions

0.008
0.006
0.004
0.002

0.000

Sizes
20

Figure: The surface displays the distribution of the Markov equivalence classes

with 20 vertices. Two rescaled marginal distributions are shown in the planes.

The black dashed line is the size distribution and the black solid line is the edge

distribution of Markov equivalence classes.
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(Counting) larger p with a sparsity constraint

Table: The average size of Markov equivalence classes and average counting time
are reported based on 10° samples from U™, where p ranges from 15 to 100.

p 15 20 30 40 50 60 70 80 90 100
7363 6.98e4 4.74e6 6.94e8 1.9e10 1.2e12 1.2el4 1.5el15 1.8el7 2.6el9
3.0e5 3.3e6 1.1el0 7.1el2 4.4el5 8.6el8 1.3e21 6.1e23 1.4e27 9.1e27
2.7e6 5.4e8 6.7e12 2.8el6 3.5e19 5.9e22 5.8e25 1.3e29 1.3e38 1.5e34
49e7 6.7¢9 8.3el4 5.4el18 1.1e24 2.8e26 2.3e30 4.8e33 5.6e40 3.8e40
3.2e-3 5.7e-3 1.2e-2 2.3e-2 0.028 0.037 0.059 0.074 0.090 0.15
Time 1.7e-2 3.8e-2 8.8e-2 0.15 0.17 027 042 053 075 0.86
(sec.) 0.19 043 072 137 151 216 335 364 614 903

289 7.07 791 1749 50.43 8299 90.37 9554 127.25 213

Size

R WO~ WN S
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Causal inference and Learni
Outline

© Causal inference and Learning
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Motivation of Active Learning

e The different DAGs in a Markov equivalence class cannot be
distinguished from observational data (GGM,BN),

e Experiments with external interventions are needed
e Find optimal designs of experiments

e To minimize the number of manipulated variables and the set of
candidate structures.
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Interventional essential graph

e Candidate pre-intervention structures can be represented by
essential graph

e Given the information from additional interventions, the number
of candidate structures become smaller, and the corresponding
subclass can be represented by a post-intervention essential
graph.

e An essential graph of DAGs. There are 12 DAGs in this Markov
equivalence class

X3

X1 X5
X4

X2
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Post-intervention subclasses and essential graphs

post-intervention number of post-intervention
No of subclass :
result on xq DAGs essential graphs
(i) X2 < X1 — X3 2 X1 <F‘-—>-
V' (a)
(Il) Xo — X1 — X3 1

(III) Xo — X1 < X3 8 X1 '®_O

(iv) Xp — X1 X3 1
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Optimization for sequential interventions

e Let M is the number of all possible orientations of edges adjacent
to x obtained by manipulating x,

e /; denotes the number of possible DAGs with the ith orientation
obtained by manipulating v,

o L=>1I; Imax = max/;

e Minimax criterion.
We choose the variable x that minimizes /.y

e The maximum entropy criterion.
We choose a variable x such that the following entropy is
maximized for any x
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A simulation

@ Underlying pre-intervention essential graph

X3
X1 X5
X4
X2
@ Simulation
m*
Design 1 2 3 4

Random 268 475 202 55
Minimax 437 563 0 0
Entropy 441 559 0 O

m* denotes the number of manipulated variables

Table: The frequencies of the numbers of interventions
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Assumptions revisited and a real data example

No hidden variables, all common causes are observed

A variable is determined by its direct causes and a noise,

The causal graph is acyclic

The distribution of observational data is faithful to the underlying DAG

A real data example
PC algorithm FCI algorithm PC(domain knowledge)
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@ Causality

© Causal Graphical models
© Sampling from Markov equivalent causal graphical models
@ Counting the causal structures in an equivalence class

© Causal inference and Learning
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Assumptions revisited

Thanks!

5 R e o Ao [ R AL AL 55 / 55



Andersson, S. A., Madigan, D., & Perlman, M. D. 1997. A characterization

of Markov equivalence classes for acyclic digraphs. The Annals of
Statistics, 25(2), 505-541.

Athey, S, & Imbens, G. 2016. Recursive partitioning for heterogeneous
causal effects. Proceedings of the National Academy of Sciences of the
United States of America, 113(27), 7353.

Chickering, D. M. 2002. Learning equivalence classes of Bayesian-network
structures. The Journal of Machine Learning Research, 2, 445-498.

Gillispie, S. B. 2006. Formulas for counting acyclic digraph Markov
equivalence classes. Journal of Statistical Planning and Inference,
136(4), 1410-1432.

Gillispie, S.B., & Perlman, M.D. 2002. The size distribution for Markov
equivalence classes of acyclic digraph models. Artificial Intelligence,
141(1-2), 137-155.

Hausman, DM, & Woodward, J. 1999. Independence, invariance and the
causal Markov condition. The British Journal for the Philosophy of
Science, 50(4), 521-583.

7% (Peking University) 5 R e o Ao [ R AL AL 55 / 55




He, Y., & Yu, B. 2016. Formulas for Counting the Sizes of Markov

Equivalence Classes of Directed Acyclic Graphs. ArXiv e-prints, Oct.

He, Yangbo, & Geng, Zhi. 2008. Active learning of causal networks with
intervention experiments and optimal designs. Journal of Machine
Learning Research, 9, 2523-2547.

He, Yangbo, Jia, Jinzhu, & Yu, Bin. 2013. Reversible MCMC on Markov
equivalence classes of sparse directed acyclic graphs. The Annals of
Statistics, 41(4), 1742-1779.

He, Yangbo, Jinzhu, Jia, & Yu, Bin. 2015. Counting and Exploring Sizes of
Markov Equivalence Classes of Directed Acyclic Graphs. Research
Reports, No 175,Center for Statistical Science, Peking University.

Lauritzen, Steffen L, & Spiegelhalter, David J. 1988. Local computations
with probabilities on graphical structures and their application to expert
systems. Journal of the Royal Statistical Society. Series B
(Methodological), 157-224.

Lewis, D. 1973. Counterfactuals. Oxford: Blackwell.

Maathuis, M. H., Kalisch, M., & Biihlmann, P. 2009. Estimating

7% (Peking University) 5 R e o Ao [ R AL AL 55 / 55




References

high-dimensional intervention effects from observational data. The
Annals of Statistics, 37(6A), 3133-3164.

Pearl, J. 2000. Causality: Models, Reasoning, and Inference. Cambridge
Univ Pr.

Peters, Jonas, Peter, Biihimann, & Meinshausen, Nicolai. 2016. Causal
inference by using invariant prediction: identification and confidence
intervals. Journal of the Royal Statistical Society, 78(5), 947-1012.

Peters, Jonas, Janzing, Dominik, & Bernhard, Schélkopf. 2017. Elements
of causal inference: foundations and learning algorithms. MIT press.

Pierre, Gutierrez, & Jean, Yves Gerardy. 2017. Causal Inference and Uplift
Modelling: A Review of the Literature. Pages 1-13 of: Hardgrove,
Claire, Dorard, Louis, Thompson, Keiran, & Douetteau, Florian (eds),
Proceedings of The 3rd International Conference on Predictive
Applications and APls. Proceedings of Machine Learning Research, vol.
67. Microsoft NERD, Boston, USA: PMLR.

Reichenbach, H. 1956. The direction of Time. University of California
Press, Berkeley, CA.

7% (Peking University) 5 R e o Ao [ R AL AL 55 / 55



Robinson, R. 1973. Counting labeled acyclic digraphs. New Directions in

the Theory of Graphs, 239-273.
Robinson, R. 1977. Counting unlabeled acyclic digraphs. 28-43.

Rubin, D. B. 1974. Estimating causal effects of treatments in randomized
and nonrandomized studies. Journal of Educational Psychology, 66(5),
688-701.

Spiegelhalter, David J, & Lauritzen, Steffen L. 1990. Sequential updating
of conditional probabilities on directed graphical structures. Networks,
20(5), 579-605.

Spirtes, Peter, Glymour, Clark N, & Scheines, Richard. 2000. Causation,
prediction, and search. Vol. 81. MIT press.

Steinsky, B. 2003. Enumeration of labelled chain graphs and labelled
essential directed acyclic graphs. Discrete mathematics, 270(1-3),
266-277.

Tsamardinos, loannis, Brown, Laura E, & Aliferis, Constantin F. 2006. The

max-min hill-climbing Bayesian network structure learning algorithm.
Machine Learning, 65(1), 31-78.

7% (Peking University) 5 R e o Ao [ R AL AL 55 / 55




]
Uhler, Caroline, Raskutti, Garvesh, B t himann, Peter, & Yu, Bin. 2013.

Geometry of the faithfulness assumption in causal inference. Annals of
Statistics, 41(2), 436-463.

Woodward, James. 2003. CRITICAL NOTICE: CAUSALITY BY JUDEA
PEARL. Economics & Philosophy, 19(2), 321-340.

Woodward, James. 2015a. Normative Theory and Descriptive Psychology
in Understanding Causal Reasoning: The Role of Interventions and
Invariance.

Woodward, James. 2015b (August). Normative Theory and Descriptive
Psychology in Understanding Causal Reasoning: The Role of
Interventions and Invariance.

November 3, 2018 55 / 55



	Causality
	Causal Graphical models
	Sampling from Markov equivalent causal graphical models
	Counting the causal structures in an equivalence class
	Causal inference and Learning
	Assumptions revisited

