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* The structured sparsity-inducing l; ,-norm plays an important role in jointly Algorithm 1 Semismooth Newton Algorithm for £ o.-norm Ball Projection

sparse models wh1ch. select OT remove 31mu.ltaneously. all the variables forming L Input: A € R*™ 0> 0.¢>0,t=0.
a group. However, its result.mg problem 1s more difficult to solve than the > if | Al1.00 < C then
conventional [,-norm constrained problem. 3 W= A and return.
* The main contribution i1s that we develop an efficient semismooth Newton 2 end if
method for computing the [; ,,-norm ball projection at most 0(dm) iterations. 5. Initialize 0¥ € [0, max; >, Aij] and compute 1! to satisfy the equation (5).
6: repeat
_ (%) (t)
»  Define the [y o -norm: [|W/||, o, = Y=, max;|W ;| & Update Z(p; ") = {] | A” Z i 51 E g}'
. The Euclidean projection with respect to 4 onto the [; o -norm ball can be cast o.  Compute F(z'") via (6).
e 1. Compute v'? via (12)-(15).
min —HW Al%,  s.t. Zmax Wil <C 1. Update 2t = 2(® 4 4@
w 1 122 t=1t+1

13: until stopping criterion is satisfied, i.e., ||[v\?]| < e.
14: p = max(u,0).

min l“ W — A”%, 15: Wi,j — min(A,,;,j, ,uz) for all 2, ).
Wp 2 16: Output: W

d
_ i=1

e Obtain the primal optimal . L. . . .
P P * Build a univariate equation from the equality constraint

Reformulate the projection problem as

W;; = min (max (A4;;,0), ;) = min (A; 4, 1) . ¢
%] ( ( LI ) s i) ( LI i) s(0) = Z[M(O) - C0=0
*  Rewrite the problem as where
S ieziuy Ani—0
333 (s sy - { S <o <E T A
== 0, if 6 >3 Ay
-:C, >0, 'i:l,,d .
;l‘z = Z(pe) =4 | Aig 2 pij=1,....,mj
e Derive the KKT conditions * Equivalent variant of Algorithm 1
e ~ () jez(ul?) Aiy=0t"
Zmax (Aij— 14,0) =60, p; >0, for all <. Compute f1;(07) = IIz(“(t))l
- - - T (t++1) — p(®) 8(9(”)2 (t+1) _ E ez A0
Semismooth equations with x = (uq, 1, 41, 0) Update 6 =0 5 (0®) and i, I}(Mgt))l
Zj max{A1;— p11,0} — 0 * Convergence theorem in finite steps
:
F(x) = ' =0
Zj max{ A dj— Hd O} — 0 Suppose 89 Jies between two breakpoints, i.e., (Y (©rj-11, Opl-

Assume s(©y;) > 0. There holds

—H1 —p2 — ... — pg+ C

00 < 0y < o+,

* To find the Newton direction, we solve the equation — 0 in O(dm) steps at

Algorithm 2 converges to the root of equation s(6)

t t most.
J(m( ))'v _ —F(a:( )),
t [ ) [ ) [ ) [ ]
where J(x (%)) is an arbitrary element of the generalized Jacobian
. t
matrix of F(x (),
—1Z(uy)] 0 0 1 * Projection onto the /; ,-norm ball
. Table: Running times (s) and accuracy on a 10,000 x 10,000 matrix A. 40 -
0 | I( ) ‘ K : 1 Dy
2 . . c SBM NRFM PROPOSED SNA 2% 2% Lo som
AT, o
J( a‘:) — . . . . ' ErrOrR  TmME  ErRrROR  TIME SPEEDUP  ERROR  TIME SPEEDUP Ee £ 20
. . . 2 -
0 0.01  1.05x 107> 35.43 2.06 x 10~ 10.33 342 1.47x 10712 285 12.43 S 1 S 10}
0.05  855x10=6 35.06 2.06 x 10-11 10.71  3.30 3.18 x 10—12 3.53 9.91
0 0 — |I(/JJ d) | —1 0.1 640 x 1076 34.85 454 x 10712 10.99 316 1.18 x 10~11 483  7.21 - : i - : i
T 0.2 3.32 x 1076 33.87 1.27 x 1011 11.78 2.87 5.45x 10~ 548 6.17 10 ‘2 10 10 10 10
1 1 1 0 0.3 1.54 x 107 33.36 5.63 x 10~11 1231  2.71  3.82 x 10711 4.60 7.25 m
_ - — 0.4 6.32 x 10~7 32.95 1.81 x 10~11 1298 253 945 x 10~11 375 8.78  Figure: Time versus data dimensions and tasks. The left figure displays the result

0.5 2.26 x 1077 32.61 2.54 x 10~11 13.70 2.38 6.54 x 10~11 3.25 10.03  for varying dimensions and fixed tasks m = 1000. The right figure displays the
result for varying tasks and fixed dimensions d = 1000.

e The LU factorization J=LU, where

= : 00y (~1ZwOl - 0 -1 * Application to multitask Lasso problem
I : . . . | v 0 - 0 : min L( W) _ l Z ”yz o Xz'ibz”% Table: Projection times (s) on dataset School.
0 . 0 1 0 e T ()] 1 . 2 i—1 ¢/a SBM NRFM OUR SNA
\m m . m 1) \ 0 . 0 >y m ) S.T. || Mh,oo < C TiMe TIME  SPEEDUP TIME  SPEEDUP
. . . 0.01 0017 0.002 8755  0.002 7,688
with projected gradient method o b BhL oty
*  We take the linear time complexity O(dm) to compute the Newton step Wit = P, (Wi — \iVL( W) O S e O R

y via forward substitution and back substitution, 1.e.,

Lz=—-F, Uv=z * Source code is available at https://github.com/djchu/projontollinf




