
Error Bounds of Imitating Polices and Environments

Setup and IL algorithms: 

Theorem 1: Given an expert policy 𝜋! and an imitated policy 𝜋"# with
(which can be achieved BC), we have 

that

Error Bounds of Imitating Polices
Behavioral Cloning: 

Background
• Reinforcement learning (RL) learns from delayed feedback and may 

be not sample-efficient.
• Imitation learning (IL) learns from expert demonstrations and 

enjoys a good sample efficiency.

Learn from expert
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• Infinite-horizon discounted MDP  
• 𝑆 and 𝐴 are finite state and finite action space
• 𝑀∗ is the transition function
• 𝑅 is the reward function bounded by 𝑅%&'
• 𝛾 is the discounted factor and 𝑑( is initial state distribution

• Policy π: S ⟶ ∆(𝐴), policy value:
• Effective planning horizon: !

!"#
• State distribution 𝑑$ and state-action distribution 𝜌$
• The focus of IL: policy value gap 𝑉$! − 𝑉$

V⇡ = E[
P1

t=0 �
tr(st, at)|d0,⇡,M⇤]
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BC: minimize the divergence between policy distributions

min⇡2⇧ Es⇠d⇡E
[DKL(⇡E(·|s),⇡(·|s))]
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GAIL: minimize the divergence between state-action distributions

min⇡2⇧ DJS(⇢⇡E , ⇢⇡)<latexit sha1_base64="lWbGr4CtDd/RkZw9nc5NJtFBLS0="></latexit>

⇡(a|s)
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(s, a) ⇠ ⇡E
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Agent Expert  dataset

⇡(a|s)
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Agent Delayed reward
r ⇠ R(s, a)
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⇡(a|s)
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(s, a) ⇠ ⇡E
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Agent Expert  dataset

⇡(a|s)
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Agent Delayed reward
r ⇠ R(s, a)
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Learn from reward

Es⇠d⇡E
[DKL(⇡E(·|s),⇡BC(·|s))]  ✏
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V⇡E � V⇡BC  2
p
2Rmax

(1��)2
p
✏
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• The error bound of BC has a quadratic dependency on the effective horizon, 
verifying the issue of compounding errors from theoretical view.  

• The proof is based on the following coherent error-propagation analysis:

Policy Distribution Discrepancy
DTV(⇡,⇡E)
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State Distribution Discrepancy State-Action Distribution Discrepancy

DTV(⇢⇡, ⇢⇡E)<latexit sha1_base64="iIGXvrWIWjtUiTC3W33jUjgdebg="></latexit>

Policy Value Gap
V ⇡E � V ⇡
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BC

Corollary 1: Suppose that 𝜋% and 𝜋"# are deterministic and the provided 
function class Π satisfies realizability. ∀ 𝛿 ∈ (0, 1), w.p. ≥ 1 − 𝛿 , we have 
that

V⇡E � V⇡BC  2
p
2Rmax

(1��)2
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1
m log(|⇧|) + 1

m log( 1� )
�
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The following example shows that the quadratic dependency of BC is 
unavoidable in the worst case.

Generative Adversarial Imitation Learning: 

4 Bounds on Imitating Policies

4.1 Imitating Policies with Behavioral Cloning

It is intuitive to understand why behavioral cloning suffers from large compounding errors [48, 40]
as that the imitated policy, even with a small training error, may visit a state out of the expert demon-
strations, which causes a larger decision error and a transition to further unseen states. Consequently,
the policy value gap accumulates along with the planning horizon. The error bound of BC has
been established in [48, 40] under a finite-horizon setting, and here we present an extension to the
infinite-horizon setting.
Theorem 1. Given an expert policy ⇡E and an imitated policy ⇡I with
Es⇠d⇡E

[DKL(⇡E(·|s), ⇡I(·|s))]  ✏ (which can be achieved by BC with objective Eq.(1)),
we have that V⇡E � V⇡I 

2
p

2Rmax
(1��)2

p
✏.

The proof by the coherent error-propagation analysis can be found in Appendix A. Note that Theorem
1 is under the infinite sample situation. In the finite sample situation, one can further bound the
generalization error ✏ in the RHS using classical learning theory (see Corollary 1) and the proof can
be found in Appendix A.

Corollary 1. We use {(s(i)
⇡E , a(i)

⇡E )}m
i=1 to denote the expert demonstrations. Suppose that ⇡E and ⇡I

are deterministic and the provided function class ⇧ satisfies realizability, meaning that ⇡E 2 ⇧. For
policy ⇡I imitated by BC (see Eq. (1)), 8� 2 (0, 1), with probability at least 1 � �, we have that

V⇡E � V⇡I 
2Rmax

(1 � �)2
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Moreover, we show that the value gap bound in Theorem 1 is tight up to a constant by providing an
example shown in Figure 1 (more details can be found in Appendix A.3). Therefore, we conclude
that the quadratic dependency on the effective planning horizon, O(1/(1 � �)2), is inevitable in the
worst-case.

s0 s1s2
0
a1

0
a2
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Figure 1: A “hard” deterministic MDP corresponding to Theorem 1. Digits on arrows are correspond-
ing rewards. Initial state is s0 while s1 and s2 are two absorbing states.

4.2 Imitating Policies with GAIL

Different from BC, GAIL [23] is to minimize the state-action distribution discrepancy with JS
divergence. The state-action distribution discrepancy captures the temporal structure of Markov
decision process, thus it is more favorable in imitation learning. Recent researches [35, 18] showed
that besides JS divergence, discrepancy measures based on a general class, f -divergence [30, 16],
can be applied to design discriminators. Given two distributions µ and ⌫, f -divergence is defined
as Df (µ, ⌫) =

R
µ(x)f(µ(x)

⌫(x) )dx, where f(·) is a convex function that satisfies f(1) = 0. Here, we
consider GAIL using some common f -divergences listed in Table 1 in Appendix B.1.
Lemma 1. Given an expert policy ⇡E and an imitated policy ⇡I with Df (⇢⇡I , ⇢⇡E)  ✏ (which can
be achieved by GAIL) using the f -divergence in Table 1, we have that V⇡E � V⇡I  O

�
1

1��

p
✏
�
.

The proof can be found in Appendix B.1. Lemma 1 indicates that the optimality gap of GAIL grows
linearly with the effective horizon 1/(1 � �), multiplied by the square root of the f -divergence error
Df . Compared to Theorem 1, this result indicates that GAIL with the f -divergence could have fewer
compounding errors if the objective function is properly optimized. Note that this result does not
claim that GAIL is overall better than BC, but can highlight that GAIL has a linear dependency on
the planning horizon compared to the quadratic one in BC.

4

A ``hard’’ deterministic MDP for BC. Digits on arrows are corresponding 
rewards. Initial state is 𝑠& while 𝑠! and 𝑠' are two absorbing states.  

Policy Distribution Discrepancy
DTV(⇡,⇡E)
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State Distribution Discrepancy State-Action Distribution Discrepancy
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Policy Value Gap
V ⇡E � V ⇡
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GAILBC

Error Bounds of Imitating Environments

Lemma 3: Given a learned transition model 𝑀) by BC with
, for an arbitrary bounded 

divergence policy 𝜋 with                                                            , we have

Imitate Environments via BC:

min✓ E(s,a)⇠⇢M⇤
⇡D

⇥
DKL

�
M⇤(·|s, a),M✓(·|s, a)

�⇤
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E(s,a)⇠⇢M⇤
⇡D

⇥
DKL

�
M⇤(·|s, a),M✓(·|s, a)

�⇤
 ✏m
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maxs DKL

�
⇡(·|s),⇡D(·|s)

�
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Imitate Environments via GAIL:
min✓ DJS(µM✓ , µM⇤

)
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⇡(a|s)
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Agent Expert  dataset
(s, a, s0) ⇠ M⇤(·|s, a)
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By treating environment transition model as 
dual agent, learning the transition function can 
also be treated by imitation learning.  

|V M⇤

⇡ � V M✓
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Lemma 4: Given a learned transition model 𝑀) by GAIL with
, under the same assumption of lemma 3, we haveDJS(µM✓ , µM⇤

)  ✏m
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Learning the environment transition with GAIL-style learner can 
mitigate the model-bias when evaluating policies.

Experiments:

Experiments:

As 𝛾 → 1, the effective planning horizon increases, BC is worse than GAIL, and 
other adversarial-based methods.

Theorem 2: Given an expert policy 𝜋! and an imitated policy 𝜋*+ with
(which can be achieved GAIL), w.p.

≥ 1 − 𝛿, we have that

V⇡E�V⇡GA  krkD
1� �

✓
inf
⇡2⇧

dD(⇢̂⇡E , ⇢̂⇡)
| {z }

Appr(⇧)

+2R̂(m)
⇢⇡E

(D) + 2R̂(m)
⇢⇡GA

(D) + 12�

r
log(2/�)

m| {z }
Estm(D,m,�)

+✏̂

◆
,

<latexit sha1_base64="H6zNuCNL6uuXDdZF+ioXlYdRmxc="></latexit>

dD(⇢̂⇡E , ⇢̂⇡GA)� inf⇡2⇧ dD(⇢̂⇡E , ⇢̂⇡)  ✏̂
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• Compared to BC, GAIL enjoys a linear dependency on the effective horizon.
• Moreover, theorem 2 suggests seeking a trade-off on the complexity of 

discriminator class 𝓓

In IL, there are two famous methods: behaviorial cloning (BC) [1] and 
generative adversarial imitation learning (GAIL) [2].

• BC reduces IL to supervised learning and suffers from the issue 
of compounding errors.

• GAIL achieves better empirical performance than BC, but its 
theoretical understanding needs further studies.


