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RIS Model: ERII

R0 P={N(@6,1,):0¢c 0O} .

.......... where [, is the p-dimensional identity matrix and © C RP. Equivalently,

] X=0+2  Z~N(0,1,),0€6CR". R
e p = 1: scalar case
RN e p > 1: vector case AR

.......... We also encompass matrix case: By arranging a p?>-dimensional vector into a p X p matrix. |

In this case ©® C RP*P,
Objective: Examples of the objective include T'(0) = 6, (0|2, Omaz = mi;]cei, where [p] =
.......... ic

RN {1,--- ,p}. SRS



BENNNN Parameter space: Examples of the parameter space include the following: N
BB a) © = RP: unstructured. SRR
b) © = {all k-sparse vectors} = {# € R : ||0||o < k}, where ||]|o = |{i : ; # 0}| denotes the Bohe
RO size of the support. -
'''''''''''''' 1 n . . . .
CRORMOO © = lg-norm balls, 0 < ¢ < oo, where |0, = (D (6:]7)«. -
BENNEN c) Matrix case: low-rank matrices: © = {6 : rank(6) < r}. BN
Note that by definition, more structure (smaller paramater space) always leads to smaller risk; g
SR but it need not simplify the computation issue. DO




'''''''''' Testing: We have two scenarios and based on the observed data X, we want to determine which I

L one is the true scenario.
x Simple Hypothesis:

RIS Hy: 6=6p L

'''''''''' H]_: 6:01

RIESEIRE For instance 6y could be the all zero vector and 6; could be all one vector. Then this BEREK

----- corresponds to sending a single bit repeatedly in Gaussian noise.

DOROE parameter space = © = {6,601} = © = decision space i

1(6,0) = Ligsiy’ This is Hamming loss (zero-one loss).




P The stochastic block model is a family of distributions over graphs, =

oo parametrized by integers n (the number of vertices) and k£ (the oo

oo number of communities), and probabilities p;, (internal edge o

- probability) and p,,; (external edge probability). S

RIS » One samples G ~ G(n, k, pin, Pout) as follows: RSP

DEENN 1. ldentify the vertex set V(G) with [n]. e

DONNNS 2. Sample a uniform partition of [n] into k sets or “communities” of il

IR equal size. Let X € {0,1}™** represent this partition, with SRR

RS Xi.c.= 1] vertex i € community ¢. RIS

DENSERS 3. For each pair i # j € [n] independently, add edge (i,j) to E(G)

ERIRSIS with probability pi, if ¢, 7 are in the same community, and with R

DR probability Pout Otherwise.

= » Our goal: Recovery: given G ~ G(n, k, pin, Pout), recover X (either
0 exactly or approximately). St
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Cnmmini Regrai=E Ay i@ — el = b ) f(we) — gl | o
el e e L e t=1 t=1 el e e L e e e
" +proper: the learner picks fi € F 1 Improper: the leamner can pick arbitrary f
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~ Discovering faster matrix multiplication
~ algorithms withreinforcementlearning

- Alhussein Fawzi'***, Matej Balog'?, Aja Huang'?, Thomas Hubert'?,
..~ Bernardino Romera-Paredes'?, Mohammadamin Barekatain', Alexander Novikov', SRS NN N
~- Francisco J. R. Ruiz', Julian Schrittwieser', Grzegorz Swirszcz', David Silver', Demis Hassabis' - - -0
:::::::: & Pushmeet Kohl{' ::::::::::::::::::::::::::::::



--------------------------- Fig.1|Matrix multiplication tensorand algorithms. a, Tensor7, representing -0

~oeecccoo themultiplication of two 2 x 2matrices. Tensorentriesequaltolaredepicted oo
~ooooooooooinpurple, and Oentries are semi-transparent. The tensor specifieswhichentries -

fromtheinput matricestoread,and where towrite the result. Forexample,
oo ase=a b, + a,bs, tensorentries located at (a,, by, ¢,) and(a,, bs, ¢,) aresettol. o






B Algorithml SRR

(r)

BRI A meta-algorithm parameterized by {u”, v, w} _. for computing =l

R
VO, w_ for computing i

..................................... the matrix product C=AB. It is noted that R controls the number of =000 onon o

e multiplications between input matrix entries.
BRI NI R L
------------------------------------- Parameters: {u’”, v, w"} _;: length-n? vectors such that

o o =YR u @ v @ wh Ll

::::::::::::::::::::::::::::::::::::j Input:A,B: matrices of size nxn :::::::::::::::::::::::::::::::

] Output: C=AB P PP PSPPI

SULDIIIIn (ferr=l,... Rdo o
i (2) mye W ag+ - +ua ) (Vb +vib2)

e (3)fori=1,...,n2do L
s () g e wmy+ -+ w®mg R

BRRHNRMMNNII L o









- Apool of Kclients, in which the kth client has a local dataset consisting of iid samples -
L fromisome UNKROWR diStriBULION -

oo Algorithm 1 Local SGD S

-~ Input: functions {f}X |, initial point @, step size 19, communication set Z = {tg,t1," - }. NP
o Initialization: let @f = @ for all . NSO
Lo forround m=0to T — 1 do DRI RPN
Looscooo for iteration t =ty + 160 by do RO R

B for each device k =1 to K do B
::::::::::::::::::: a’f:mf—l_nmvfk(wf_1§§f;1)- #performEm:tm+1—tmstepsofloca,lupdat,es. ::::::::::::::::::::::::::::::::::::::

___________________ end for
e The central server aggregates: 3—3tm+1:2k1§=11)kmﬁn+1- e e e e e e

''''''''''''''''''' Synchronization: a:i:

i1 & @, forall k. s

--------- endfor

- end for P
................... . A_]. T _
Return: = 7> _ &,,. e e




et gk RO RO SRR R pg B, BT SR B8 4 AT elementwise/E T
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“.-The bias of the estimator should be negligible, whichmeans .. im nY2E(X,, — §) = 0.+~
1 Thisis true iff all eigenvalues of the matrix C' = I/2 — AB"have negative real parts. When the matrix A satisfies
- thecondition; the covariance of the asymptotic Narmal SUbjeCts to - - 1
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- Assumption 3.1. There exists a function V(z) : RY — R! such that for some A > 0, > 0,¢ > 0,L > 0,and all z,y € RV, - -

<1 the conditions V(z) > ofel’, |[VV(2) - VV(y)| S Ll -3y, V(&*)=0,VV(z - z*)"R(z) > 0 for & # z* hold true.

5 Moreover, VV (z— z*) R(z) 2 AV (z) forall |¢ — 2*| L e.

............. Assumption 3.2. There exists a matrix G € RV*¥ and K < 00,¢ > 0,0 < A £ 1 such that

S 8) |R(z) - Gl - 7)) € Kale — 2




.. ""The averaging method, simultaneously introduced by [Polyak 90] ‘and [Ruppert 91], is-an-asymptotic efficient - -0
GO
e = By — Yy Y= R(Teo1) &y
A RSP AP IEEPEPEPLPEPEPEPEP 1 &4 IR IR SR R R R PO P P L L PO PP L P PP PR EPEPL N EPEPEPEN P AP
fif151515151515151515151515i?ifif151515i?ififi?ififi?ifif”_”t:?;””" m € BY DD
Assumption 3.3. (£,),= is a martingale-difference process, defined on a probability -
o space (Q, §, &, P), ie., E(&|&-1) =0 almost surely, and for some K, RS
i E(&P|F 1) +|R(x- )P = Ko(1+]x,")  as. DL
00 Assumption 3.4. It holds that (v, — y,.1)/ v = 0(%,), ¥,> 0 for all t, S

o) L (14 2)/ 5 <o, o



... .THEOREM 2. If Assumptions 3.1-3.4 are satisfied, then Z; — z* almost surely, and "~ - - -7 -0
SRS EIR D Pt S PP L PRSP PE PSP P PP RRREPS
EERSEIEIRITe Vi(z: — z*) = N(0,V) IR IR IR RO R E PP PSP E RS PE PP PP RS PEPEPE PPN PSR P
o Here S AR REPE PP PP EPEPEPS
'''''''''''''''''' -1 _1T
EERSEIEIRITe V=67'5(G7) . [Polyak & Juditsky 92]
... e Without.complex computation, the average sequence can.be updated recursively.. .-~
e Step Size CaN be ChOSEN @s o1
sy L q) e
.............................................................. where o € (5, 1) il
:':':':':':Theorem3(Averaging,strongconvexity)Assume(Hl,H2‘,H3,H4,H6,H7).Then,for5n:%ZZ;&Okandae(0,1),Wehave::':':':':':':':':':':':':':':':':':':':'
BRI e 712 L
DR (B8 < [tr#"@) 'm0 G 1 MOP () (uop) eiel) RN PPN IEPE
BRI " S Jn LCVE plal2 9 a n L
::::::::::: ALCY2 oy o (n)V? 8A /1 2\ 1/2 ::::::::::::::::::::::::::::::::::::::::
----------- + proaln) 7 - <—+L)(50+U—2>
........... 2 n nu/2 C L
RIS o 1/2 L
........... 5MC2r N RS
SRR T g ASPRAEOY |t g T8 PSRRI
:::::::::::whereAisaconstantthatdependsonlyon,u,,C,Landa.



L A %Zv2f(wi—lag)a Sn 1= lva(mi—1>Ci)vf($i—1aCi)T::::::::::::::::::::::::::::::::::::::::::::::
1 i=1

n



e [Chenet al. 16] brought the batch-means estimator from Monte Carlo- [Glynn &0
oo Whitt 91 to stochastic.approximation procedures.
e Note the SA sequence is endowed some mixing property; which means-the: -0
nocorrelation between Xi and Xj decays rapidly when j<i:going to:infinity. .o
e gy v Beg by {Tayy e e By Fy v ey {Bsggy ooy ey eI
B Tt D Lstbatch  Methbatch ol
U e Once'the batch sizes are predetermined, we. can rewrite the batch-means estimataras
S (R — Kag) (B — oag) |
R N R R R = A N N NN N NN N N NN SN N NN
oo M o — 1 M\
Y VP +§}XMXL‘2<MZ«,D’°X )XLE;E;5;E;E;5;E;E;5;Egig5;Egig5;Egig5;Egig5;Egig5;5;5;5;Egig5;5;5;5;5;5;5;5;5;5;5
g AN g, 1§50 Batch-meanhasslower oo
RSRIEIRIEIRIRREIE ks OM T €0 iS5 i -approximate rate than



........................................................................................ [nr]
-:-:-:-:-:-:-:-:-:-:-:-:-:-:-:-:-:-:-:-:-:-:-:-:-:-:-:-:-:-:-:-:-:-:-:-:-:-:-:-:-:-:-:-:%Z(ﬂt—ﬂ*)=>T1/2W(r), P e [0, 1] e
t=1

...........................................................................

.- Theorem 1. Suppose rank(R) = £. Under Assumption 1 and Hy, 0000l

SRR n(RBn—C)'(RVnR’)_l(RBn—C) o

DO i)W(l)'(/olW(T)W(r)'dr)—IW(l) BB






e lterative algorithms of the form 0;1 = 0; — n:Z;11(0¢) to solve

o z(07) =0

“e Ziy1(0) is an unbiased random version of z(6)

e Focus on constant step size: 7 =17

©e Examples:

S o Solving Linear Equations A9 = b:

Oei1 = 0r = 0(Aciabe — bea), ElAcn] = A Elbea] =b
o Stochastic Gradient Descent (SGD):

R Ori1 =0 —nVfi1(0:), E[Vfii1(0:)] = VF(6,)

e TD-Learning, Q-Learning, ...



............... @ Online: such Cl should be updated easily in each iteration

SRR o Establishing FCLT SR

o Constructing a Cl via Random Scaling
S o Bounding Problem-Dependent Bias i

ol X e and - Z, NeurtPS 2022



@ We leverage tools in Markov chains literature SRR

2@ Under certain conditions, the iterates {6,}3°; (after scaling) S

converges weakly to a Brownian path: oo

| nt] RIS

% Z(@s —E.0) = ¥2B(t), tel0,1], S

where ¥ = lim,_ % cov(Sn), Sn =Y 7_1 0¢, and 7 is the limiting

stationary distribution of {6;}32,



e let U= iy (A0 - I LT}

" @ For any matrix R € R"*? of full row rank, we have

n(R(0, — Er0)) T (RV,R) Y (R(6, — E0))

—1

..... 1
o AT (/0 (B/(r)—r&(l))(&(r)—rB/<1)>Tdr) Bi(1)



o For linear stochastic approximation (LSA), Bias = 0

o For nonlinear problems, usually Bias = O(,/7) (problem-dependent)



oo Apoolof Koclients; inwhich the keth client has a local dataset consisting of i.i.d samples:....-.
L fromisome UNKROWR diStriBULION -

'''''''''''''''' Algorithm 1 Local SGD

-1+ Input: functions {fj} |, initial point xg, step size 19, communication set Z = {to,t1,---}. ol

-------- Initialization: letmgzmoforallk.

Ul forround m =0 to T — 1 do e
oo for dteration £ =ty + 160ty do L
TN for cach device k = 1 to K do R PP
BB xF = :cf_l —anfk(a:f_lgff_l). # perform E,, = t;,+1 — t,, steps of local updates. .70

........ endfor

........ The central server aggregates: i‘tm+1 — Z?:lpkmic,,l+1' L

R k., forall k. IR

................ Synchronization: x

........ t771+l
........ end for

-l end for R DU DR
........ . A_l T _
---------------- Return: z =7 | @,,-




Assumption 3.1 (Regularity of the objective) For each k € [K]|, we assume the objective function
Ll fr() is differentiable and strongly convex with parameter p > 0, i.e., for any x,y, BSOS

L
SN fu(®) 2 fi(y) + (Vfil(y),z —y) + Sllz = y]* s
BRI In addition, each fi(-) is L-average smooth, i.e., L

SRR \/]Eﬁkllvfk(w;é“k)—ka(y;é“k)llzSLIIm—YII G

............. for some L > 0. Finally, the Hessian matrix of the global f(-) exists and is Lipschitz continuous ina - -~

............. neighborhood of the global optimal x*, i.e., there exist some 51 > 0 and L' > 0 such that

SESRIRIRERS V2f(x) — V2f(z*)|| < L'||x — =*|| whenever |x —z*| < 6. PRI PEIE



------------- Assumption 3.2 (Regularized gradient noise) We assume the &y, on different devices are indepen- - - -

------------- dent, though they likely have different distributions. There exists some C > 0 such that for each - - .

o kelK] RS

HEﬁk(gk(fl’)sk(m)T) _SkH <Clle—=*| + ||z —=*|?]. @) oo

Assumption 3.3 (Slowly decaying effective step sizes) Define v, = E.,1im, as the effective step
L size, and assume it is non-increasing in m and satisfies (1) > oo_ 2, < 00; (i) Yoo Ym = 00;

SRR and(iii)%:o('ym). SO



- Assumption 3.4 (Slowly increasing communication intervals). The sequence { E,, } satisfies DL PSP PE P
;;;;;E;;;;;E;f(i){Em}iseitheruniformlyboundedornondecreasing,
f;f;f;f;f;f;f;(n)Thereex1stssome53>Osuchthat11msupT_>oo ol (ZT_ E1+53) (Zﬁ__OE 1+63) <00yl
() DL
S %T&F(ZE )(ZE ) =) B
o Wlmre - (S m) = Oand limr Y = Owheretr =SB



" Theorem 4.2 (Functional CLT) Let Assumptions 3.1, 3.2, 3.3 and 3.4 hold, and define

S -
TZ E— 2 E,n} for rc (0,1]

m=1"_" m=1

h(r,T) :max{nEZ,n>O

0 As T — oo, the following random function weakly converges to a scaled Brownian motion, i.e.,

h(r,T)
or(r) == g Z (&, —x*) = VG~ 1SV ?By(r)

m=1

o wheretp =S By &, = 3oy prxy , and By(-) is the d-dim standard Brownian motion.



Corollary 4.2 Under the same assumptions of Theorem 4.2 and assuming g(r.,) =< 7 for some
continuous function g on [0, 1], we have that

1 -1
ér (1) Tz r (1) 5 Ba(1) " UO (Ba(r)—g(r)Ba(1)) (Ba(r)—g(r)Ba(1))" d?“] By(1).

This corollary follows immediately from Theorem 4.2 and the continuous mapping theorem. It implies
o1 (1)T H;ld)T (1) is asymptotically pivotal and thus can be used to construct valid asymptotic
confidence intervals. Up to a constant factor, studentizing ¢ (1) via Il is equivalent to studentizing
yr = % Zz;zl &y, via Vi where




Corollary 4.3 Under the same conditions of Corollary 4.2, we have that

P ([gT,j - q%,g VT,jj < :B; < 'yT,j + Q%,g‘\/ VT,jj]) —1—a,

0 where qg g is (1 — /2)-quantile of the following random variable

B /([ (B - o(r)Ba(1)%r " 5)

. with B1(-) a one-dimensional standard Brownian motion.



oo Q-learning.  The synchronous Q-learning maintains a Q-

it function vector, Q€ RP, for all t > 0 and updates its
fffffffffffffff entries via the following update rule: f;f;f;f;f;f;f;f;f;f;f;f;f;f;f;f;f;f;f;

SRS Q: = (1 —n)Q¢—1 + ne(rs + ’ﬁQt_l) (3) orrrinirniiin

i where e € (0, 1] is the step size in the ¢-th iteration andﬁ Do

o RP — RP s the empirical Bellman operator constructed
0 by samples collected in the ¢-th iteration: TS

S (TiQ)(s.a) = ri(s,a) + ymax Q(se.a), @)
o withry(s,a) ~ R(s,a) and s, = s¢(s,a) ~ P(-|s,a) for
i each state-action pair (s,a) € S x A. In matrix form, ooooiiiiiiiinnn

. TiQi—1 = P,V;_, where V;_1(s) = max, Q;—1(s,a) is S



S (aesxa o

- Assumption 3.2, There exists m* € 117 such that for any Q- -

DRSS function estimator Q € RP, ||(P™@ —P™ )(Q—Q")||o < NIt

o L)Q — QF||A, where mo(s) r= argmaxae 4 Q(s,a) isthe

Loiiiin o greedy policy wort. Q. S

ciiiit Assumption 3.3, Assume (i) 0 < sup,n; < 1,1 | Oand  Ciiiinniiin i

S g 1 ooos (i) P = o) (i) ﬁzfzo e —> 0 LILLDIILIIIIn

S Jorallt > 1 (v) S < Cforall T > 1. B S T

~iiiih We now present the FCLT for averaged Q-learning under
the same conditions. Define the standardized partial-sum
oo processes associated with {Qy }4>( as follows: B IR



~ Theorem 3.1. Under Assumptions[3.1)3.2land[3.3| we have o
pr() % Varlf2Bp (), @ o
 where Varg € RP<P is the asymptotc variance
 Vag=U P NVa@UI P O
and Bp(-) € RP is the standard Brownian motion on [0, 1].



- Online Statisticsl Inference

LN Propesition 3.1, The continuous mapping theorem together oI

------------------- with Theorem 3. l|yields that with probability approaching i

Ll one, fol ¢1(r)pr(r) " dr is invertible and DD PPN

o er(D)! ('/01 ¢T(7‘)¢T(T‘)Td"“) B ¢ (1) B S S

DEBEBRSNS . _1 (10) Coiiiiiiiiininn i
oo S Bp(1)T (/ BD(?“)BD(?“)TdT) Bp(1). B R R s
IR 0 B e
The left-hand side of (I0) is a pivotal quantity involving

- samples and the unobservable parameter of interest Q™. -



.~ "Random Scale
.= == "Batch-mean.
= Plug-in. L




Ir=0.1, noise std=2

Llearning

Ir=0.1, noise std=2

Ir=0.1, noise std=2

10 - 10 - ~— random scaling
~—— spectral variance
08 08 ~—— batch means
1 -1
C o6 C o6 £
g g 2
e e 2
g 04 g 04 G
S S
—— random scaling — random scaling
02 —— spectral variance 0.2 ~——— spectral variance
~— batch means ~— batch means
00 ~— nominal 0.0 J ~ nominal
0 1000 2000 3000 4000 5000 0 1000 2000 3000 4000 5000 o 1000 2000 3000 4000 5000
number of iterations number of iterations number of iterations
Ir=0.2, noise std=2 Ir=0.2, noise std=2 Ir=0.2, noise std=2
10 10 ~ random scaling
—— spectral variance
08 08 ~ batch means
-] ]
C o6 C o6 £
) g 2
e e =
g 04 9 04 [#]
8 8
~— random scaling - random scaling
02 ~— spectral variance 02 ——— spectral variance
~— batch means —— batch means
0.0 ~— nominal 0.0 ~— nominal
0 1000 2000 3000 4000 5000 0 1000 2000 3000 4000 5000 0 1000 2000 3000 4000 5000
number of iterations number of iterations number of iterations
Ir=0.3, noise std=2 Ir=0.3, noise std=2 Ir=0.3, noise std=2
10 10 —— random scaling
~— spectral variance
08 08 ~— batch means
] ]
C ose C o6 £
@ Q g
g g g
g 0.4 g 04 O
S S
~—— random scaling ——— random scaling
02 ~—_spectral variance 02 ~— spectral variance
~ batch means ~= batch means
00 ~= nominal 0.0 ~ nominal
0 1000 2000 3000 4000 5000 0 1000 2000 3000 4000 5000 0 1000 2000 3000 4000 5000

number of iterations

number of iterations

number of iterations
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