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Spatial & Spectral GNNs

𝒇𝒇: Aggregation

Spatial GNNs

EVD

𝒈𝒈: Filtering

Spectral GNNs
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Spatial & Spectral GNNs

空域图神经网络
𝑓𝑓: 聚合函数

分解

图数据 谱域图神经网络
𝑔𝑔: 滤波函数
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Graph Signal Processing

GFT

IGFT

Smooth Low-pass

Spatial Domain Spectral Domain Filtering
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Eigenvalue Decomposition (EVD)

• 𝐿𝐿 = 𝐼𝐼 − 𝐷𝐷−
1
2𝐴𝐴𝐷𝐷−

1
2 is the normalized graph Laplacian matrix

• 𝐿𝐿 = 𝑈𝑈𝛬𝛬𝑈𝑈⊺, 𝜆𝜆𝑖𝑖 ∈ 0, 2 , 𝜆𝜆1 ≤ 𝜆𝜆2 ≤ ⋯ ≤ 𝜆𝜆𝑛𝑛

• 𝑢𝑢𝑖𝑖 ∈ ℝ𝑛𝑛∗1, 𝑢𝑢𝑖𝑖⊺𝑢𝑢𝑗𝑗 = �0, 𝑖𝑖 ≠ 𝑗𝑗
1, 𝑖𝑖 = 𝑗𝑗 Orthogonal & normalized

• 𝜆𝜆𝑖𝑖 = 𝑢𝑢𝑖𝑖⊺𝐿𝐿𝑢𝑢𝑖𝑖 = ∑(𝑝𝑝,𝑞𝑞∈𝐸𝐸)(𝑢𝑢𝑖𝑖 𝑝𝑝 − 𝑢𝑢𝑖𝑖(𝑞𝑞))2 Total variation (Frequency)



Graph Signal

 Given a graph 𝐺𝐺 = (𝑉𝑉,𝐸𝐸,𝑋𝑋)
• 𝑉𝑉 = 𝑛𝑛 nodes
• Each node 𝑖𝑖 has a scalar signal 𝑥𝑥(𝑖𝑖)
• Graph signal 𝑥𝑥 = [𝑥𝑥 1 , … , 𝑥𝑥(𝑛𝑛)]⊺

 Eigenvectors are special graph signals
• 𝑢𝑢𝑖𝑖 ∈ ℝ𝑛𝑛∗1

• 𝑢𝑢𝑖𝑖 is orthogonal and normalized
• 𝑢𝑢𝑖𝑖 has different frequencies (TV)

 Graph signal can be represented by 𝑈𝑈
• 𝑥𝑥 = ∑𝑖𝑖=1𝑛𝑛 𝛼𝛼𝑖𝑖 ∗ 𝑢𝑢𝑖𝑖
• 𝛼𝛼𝑖𝑖 =< 𝑥𝑥,𝑢𝑢𝑖𝑖 >
• Graph Fourier Transform (GFT)

𝛼𝛼1

𝛼𝛼2

𝛼𝛼3

GFT
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Graph Signal Processing

IGFT Graph Fourier TransformFiltering: 𝒈𝒈(𝝀𝝀)
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Motivation

𝜆𝜆1
𝜆𝜆2
𝜆𝜆3
𝜆𝜆4

𝜆𝜆1′

𝜆𝜆2′

𝜆𝜆3′

𝜆𝜆4′
𝜆𝜆′ = 𝑁𝑁𝑁𝑁(𝜆𝜆)

𝜆𝜆1
𝜆𝜆2
𝜆𝜆3
𝜆𝜆4

𝜆𝜆1′

𝜆𝜆2′

𝜆𝜆3′

𝜆𝜆4′
𝜆𝜆′ = 1 + 𝜆𝜆1 + 𝜆𝜆2 …

𝜆𝜆1
𝜆𝜆2
𝜆𝜆3
𝜆𝜆4

𝜆𝜆1′

𝜆𝜆2′

𝜆𝜆3′

𝜆𝜆4′
𝜆𝜆′ = 𝜃𝜃𝜃𝜃

Advanced Filter
e.g., LanczosNet

Polynomial Filter
e.g., ChebNet

Linear Filter
e.g., GCN

Scalar-to-Scalar Filter

 Taxonomy of Spectral GNNs

A Survey on Spectral Graph Neural Networks. Bo et al.
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Motivation

Spectral graph theory. Fan RK Chung and Fan Chung Graham

Algebraic
Connectivity

Diameter

Clusterability

Count(𝜆𝜆 = 0)

[
4
𝑛𝑛𝜆𝜆2

,
1

2𝑚𝑚𝜆𝜆1
]

𝜆𝜆2 − 𝜆𝜆1
(𝜆𝜆1 ≠ 𝜆𝜆2 ≠ 0)

Spectrum
Information Example Definition Scalar Input Set Input
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Motivation

Spectral graph theory. Fan RK Chung and Fan Chung Graham

Algebraic
Connectivity

Clusterability

Count(𝜆𝜆 = 0)

𝜆𝜆2 − 𝜆𝜆1
(𝜆𝜆1 ≠ 𝜆𝜆2 ≠ 0)

Spectrum
Information Example Definition Scalar Input Set Input
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Motivation

 Set-to-Set Graph Filter

𝜆𝜆′ = 𝑆𝑆𝑆𝑆𝑆𝑆 𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸(𝜦𝜦)
Permutation-invariant

𝜆𝜆2
𝜆𝜆3
𝜆𝜆1
𝜆𝜆4

𝜆𝜆2′

𝜆𝜆3′

𝜆𝜆1′

𝜆𝜆4′

Relative Information 𝑓𝑓(𝜆𝜆2) − 𝑓𝑓 𝜆𝜆1
= 𝑓𝑓(𝜆𝜆2 − 𝜆𝜆1)
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Specformer

Rethinking graph transformers with spectral attention. Kreuzer et al.

Eigenvalues are the coordinates on the frequency axis

Eigenvalue Encoding (Relative Information)
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Specformer

Transformer Encoder (Permutation-invariant)

Decoder (Non-local)
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Specformer

Multi-head
Attention

Add & Norm

Add & Norm
Feed Forward

Network

Eigenvalue
Representations

Node
Representations

Graph
Convolution

Eigenvalues

L×

Decoder

Residual

L×

Eigenvalue
Encoding

Linear

Filter
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Specformer

Generalizing univariate functions

Approximating multivariate functions

Fourier Series

Kolmogorov–Arnold Theorem

Deep sets. Zaheer et al.
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Experiment

BernNet: Learning Arbitrary Graph Spectral Filters via Bernstein Approximation. He et al.
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Experiment

Narrow Band

Darker Contrast
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Experiment
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Experiment
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Experiment
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