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Generative Models: why do we care ?

• A full, joint probability distribution aims to model all dependencies 
within high-dimensional data.

• It enables many applications
• Compression, storage, and transmission (telecommunication/5.5G)
• Sampling, generation, and editing (AIGC)
• Inference, reasoning, and discovery (AI for Math/Science) 

• Generative models: flows, VAE, GAN, autoregressive (GPT), diffusion
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iFlow: Numerically Invertible Flows for Efficient 
Lossless Compression via a Uniform Coder

NeurIPS 2021 Spotlight, Huawei Noah Ark’s Lab
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AI for Lossless Compression
Input Encoded bits

𝑥 𝑃 𝑥 𝑐

Higher 𝑃 𝑥 => shorter codesPredict 𝑃 𝑥 with probabilistic model

Probabilistic model Entropy Coder

• Shannon Theorem (optimal codelength)
𝐸𝑃 𝑥 − log2𝑃 𝑥 = 𝐻 𝑋

• Expected codelength

𝐸𝑃 𝑥 − log2 ෠𝑃 𝑥 = −෍

𝑥

𝑃 𝑥 log2 Ƹ𝑃 𝑥 = 𝐻 𝑋 + 𝐾𝐿(𝑃| Ƹ𝑃

• Better ෠𝑃 => higher compression ratio

• Entropy coders: AC/ANS. 

• Maximize data likelihood 𝐸𝑃 𝑥 log2 ෠𝑃 𝑥

• Minimize code length 𝐸𝑃 𝑥 − log2 ෠𝑃 𝑥

True 
prob

Prob with 
traditional 

Prob
with AI

A 0.8 0.5 0.7

B 0.05 0.15 0.05

C 0.01 0.1 0.05

D 0.14 0.25 0.2

length 0.94 1.25 1.00

𝑥′ ≈ 𝑥/𝑝 𝑠 . Expected codelength
log 𝑥′ − log 𝑥 = − log 𝑝 𝑠
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Lossless Compression with Flow Model
• Flow model

– Invertible neural network: 𝑓: 𝑥 →
𝑧; 𝑓−1: 𝑧 → 𝑥

– Probability mass: 𝑝𝑋 𝑥 = 𝑝𝑍 𝑧
𝑑𝑧

𝑑𝑥

• Lossless compression with flows

– Compression: convert 𝑥 to 𝑧 = 𝑓 𝑥 , 
compress 𝑧 with 𝑝𝑍 𝑧

– Decompression: decode 𝑧 with 
𝑝𝑍 𝑧 , recover 𝑥 with 𝑥 = 𝑓−1 𝑧

• Advantages

– Accurate density estimation

– High compression ratio

𝑥𝑎

𝑥𝑏

z𝑎

𝑧𝑏

=

ℎ

Θ

𝑧𝑏 = ℎ 𝑥𝑏
= Θ2 𝑥𝑎 ⋅ 𝑥𝑏 + Θ1 𝑥𝑎

𝑧𝑎 = ℎ 𝑥𝑎

𝑥 = 𝑥𝑎 , 𝑥𝑏 𝑧 = 𝑧𝑎 , 𝑧𝑏
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Lossless Compression with Flow Model
• Flow model

– Invertible neural network: 𝑓: 𝑥 →
𝑧; 𝑓−1: 𝑧 → 𝑥

– Probability mass: 𝑝𝑋 𝑥 = 𝑝𝑍 𝑧
𝑑𝑧

𝑑𝑥

• Lossless compression with flows

– Compression: convert 𝑥 to 𝑧 =
𝑓 𝑥 , compress 𝑧 with 𝑝𝑍 𝑧

– Decompression: decode 𝑧 with 
𝑝𝑍 𝑧 , recover 𝑥 with 𝑥 = 𝑓−1 𝑧

• Challenges: numerical errors

– Data must be discrete

– Flow models are usually not 
invertible due to numerical error

75 17 61 6 119 97 121 … 62 8
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Lossless Compression with Flow Model
• Flow model

– Invertible neural network: 𝑓: 𝑥 →
𝑧; 𝑓−1: 𝑧 → 𝑥

– Probability mass: 𝑝𝑋 𝑥 = 𝑝𝑍 𝑧
𝑑𝑧

𝑑𝑥

• Lossless compression with flows

– Compression: convert 𝑥 to 𝑧 =
𝑓 𝑥 , compress 𝑧 with 𝑝𝑍 𝑧

– Decompression: decode 𝑧 with 
𝑝𝑍 𝑧 , recover 𝑥 with 𝑥 = 𝑓−1 𝑧

• Related work
LBB (NeurIPS 2019)
• Any flow models with 

high compression ratio
• Encoding the numerical 

error is slow

IDF(++) (NeurIPS 2019, ICLR 
2021), iVPF (CVPR 2021)
• Invertible operations in 

integer flow model
• Inferior expressive power

Flow layer

Quantize

Flow layer

Quantize

Flow layer

Flow layer

IDF(++), iVPF LBB

𝐳

encoding

𝐳

𝐱

encoding

de/encoding

de/encoding

DequantdecodingDequantdecoding

𝐱

𝑧 = Φ ⋅ 𝑥 + Θ
(Φ = 1 or ∏Φ = 1)

𝑧 = 𝑓 𝑥

𝑥

𝑧

⌊Θ⌉

Φ ⋅ 𝑥
Direct/MAT

𝑥

𝑧
De 𝑁 0, 𝜎𝑓′ 2

𝑓 𝑥

𝑓−1 𝑧
En 𝑁 0, 𝜎2Direct: 𝑧 ← 𝑥 Φ = 1

MAT: 𝑧 ← Φ ⋅ 𝑥 ∏Φ = 1

Emiel Hoogeboom, Jorn W. T. Peters, Rianne van den Berg, Max Welling. Integer Discrete Flows and Lossless Compression. NeurIPS 2019.

Jonathan Ho, Evan Lohn, Pieter Abbeel. Compression with Flows via Local Bits-Back Coding. NeurIPS 2019.
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Dynamic Entropy Coders
– AI model captures all dependencies within data: 𝑝 𝑥1, 𝑥2 = 𝑝 𝑥1 𝑝 𝑥2 𝑥1

– Traditional models often use the same distribution for each dimension

– Dynamic entropy coder should be introduced in AI compression

• Related work: rANS. Coding with PMF 𝑙s/𝑚 and CDF 𝑏𝑠/𝑚

• Drawbacks: low compression bandwidth

– Many atomic operations

– Binary search in decoding
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iFlow: Contributions
• Numerically Invertible Flows (iFLow)

– MST: the fast and efficient numerically invertible flows
with bits-back coding

• Dynamic Entropy Coders

– UBCS: efficient dynamic entropy coder on uniform 
distribution for fast computation of iFlow

• Lossless compression with iFlow

– Coding with ANY types of flows

iFlow layer

iFlow layer

iFlow (Proposed)

𝐳

𝐱

encoding

Dequantdecoding

𝑧 = 𝑓 𝑥

𝑥ҧ𝑥𝑙 ҧ𝑥ℎ

𝑓 ҧ𝑥𝑙 𝑓 ҧ𝑥ℎ𝑧

MST

MST

MST

MST: 𝑧 ← 𝑎 ⋅ 𝑥 − ҧ𝑥𝑙 + 𝑓 ҧ𝑥𝑙 ,

𝑎 =
𝑓 ҧ𝑥ℎ −𝑓 ҧ𝑥𝑙

ҧ𝑥ℎ− ҧ𝑥𝑙
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iFlow: Numerically Invertible Flows
• iFlow pipeline

– Flow 𝑓: stacking flow layers 𝑓 = 𝑓𝐿 ∘ ⋯∘ 𝑓1

– iFlow ҧ𝑓 = ҧ𝑓𝐿 ∘ ⋯∘ ҧ𝑓1: each layer is numerically 

invertible 𝑦𝑙−1 = ҧ𝑓𝑙
−1 ҧ𝑓𝑙 𝑦𝑙−1

– Inputs/outputs of each layer is 𝑘-precision 
quantization: 𝑦 ← 2𝑘 ⋅ 𝑦 /2𝑘

• Coder may be involved in iFlow

– One discrete 𝑧 may correspond to multiple 𝑥′s

– Code for duplicate positions

– 𝑧 = ҧ𝑓 𝑥 with − log ҧ𝑓′ 𝑥 bits encoded

Flow layer 𝑓𝑙

Flow layer 𝑓𝐿

𝐳

𝐱

Flow layer 𝑓1

𝑦𝑙−1

𝑦𝑙 ෝ𝑦𝑙 ≠ 𝑦𝑙

ෟ𝑦𝑙−1 ≠ 𝑦𝑙−1

ො𝐱 ≠ 𝐱

iFlow layer ҧ𝑓𝑙

iFlow layer ҧ𝑓𝐿

𝐳

𝐱

iFlow layer ҧ𝑓1

𝑦𝑙−1

𝑦𝑙 𝑦𝑙

𝑦𝑙−1

C
o
d
e
r

encoding

MST

MST

MST

𝐿 = − log𝑝𝑍 𝑧

𝐿 = − log 𝑑𝑧/𝑑𝑥
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iFlow: Numerically Invertible Flows
• Numerically invertible linear flows

– 𝑧 = 𝑓 𝑥 = 𝑎 ⋅ 𝑥, 𝑎 → 𝑅/𝑆。MST algorithm

÷ 𝑆
𝑦 𝑧, 𝑟𝑒 (𝑟𝑒 < 𝑆)

× 𝑆 + 𝑟𝑒

× 𝑅 + 𝑟𝑑
𝑥, 𝑟𝑑 (𝑟𝑑 < 𝑅)

÷ 𝑅

𝑧 ≈ 𝑅/𝑆 ⋅ 𝑥 ≈ 𝑎 ⋅ 𝑥

Coder

Decode 𝑟𝑑 with 𝑈 0, 𝑅

Coder

Encode 𝑟𝑒 with 𝑈 0, 𝑆

Codelength: 𝐿𝑓 𝑥 = log 𝑆 − log𝑅 = − log𝑓′ 𝑥

𝑦 ÷ 𝑆 = 𝑧 mod 𝑟𝑒
𝑦 𝑧, 𝑟𝑒 (𝑟𝑒 < 𝑆)

𝑦 = 𝑧 ⋅ 𝑆 + 𝑟𝑒
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iFlow: Numerically Invertible Flows
• Numerically invertible non-linear flows

– Interpolating 𝑓, use MST on each interval Codelength: 𝐿𝑓 𝑥 = − log𝑅/𝑆 ≈ − log 𝑓′ 𝑥
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iFlow: Numerically Invertible Flows
• Numerically invertible coupling layer

– 𝑧 = 𝑧𝑎, 𝑧𝑏 = 𝑥𝑎, 𝑓 𝑥𝑏 。Use non-linear iFlow layer in 𝑧𝑏 = 𝑓 𝑥𝑏

• Numerically invertible 1x1 convolutional layer

• Lossless compression with iFlow

– Construct iFlow with iFlow layers

– Bits-back coding with dequantization

𝒙 𝑼𝒙 𝚲𝑼𝒙 𝑳𝚲𝑼𝒙 𝒛 = 𝑷𝑳𝚲𝑼𝒙

Upper triangular 𝑼：
Iterative 
computation

Diagonal 𝜦：𝒛 =
𝝀 ⋅ 𝒙: use MST

Lower triangular 
𝑳：Iterative 
computation

Permutation 𝑷：
permute elements

𝑼−𝟏：Iterative 
computation

𝜦−𝟏：𝒛 = 𝒙/𝝀，use 
inverse MST

𝑳−1：Iterative 
computation

𝑷−𝟏：permute 
elements inversely

iFlow layer

iFlow layer

𝐳

𝐱

encoding

Dequantdecoding

𝑧 = 𝑓 𝑥

MST

MST

Codelength: 𝐿𝑓 𝑥 = − log 𝑓′ 𝑥𝑏 = − log𝑑𝑧/𝑑𝑥

Codelength: 𝐿𝑓 𝑥 = −det Λ = − log𝑑𝑧/𝑑𝑥

Codelength: 𝐿𝑓 𝑥 =

− log𝑝 𝑧 − σ𝑙 𝐿𝑓𝑙 𝑦𝑙−1 = − log𝑝 𝑥



16

UBCS: Fast Dynamic Uniform Coder
• Related work: Range-based Asymmetric Numerical System (rANS)

• Proposed: Uniform Base Conversion System (UBCS)

– Coding with any uniform distribution: 𝑃 𝑠 =
1

𝑅
, 𝑠 ∈ 0,1, … , 𝑅 − 1

• Advantages 

rANS UBCS

Encoding bandwidth 21.6 MB/s 2075 MB/s

Decoding bandwidth 7.4 MB/s 552 MB/s

Encoding process One division, one mod, one 
multiplication, two additions

One multiplication, one 
addition

Decoding process Find s with binary search, 
one shift operation, one or 
operation, two additions

One division, one mod
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iFlow: Numerically Invertible Flows
• Discussions

– Coding with ANY flow: high compression ratio

– Fast uniform coder in MST: high bandwidth

iFlow LBB

Code Uniform distribution with UBCS Code Gaussian distribution with rANS

FAST SLOW
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Experiments: Coding Bandwidth
• UBCS: achieving high compression bandwidth

– 50x speedup compared with rANS, achieving 2GB/s
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Experiments: Lossless Compression
• iFlow achieves SoTA compression ratio and bandwidth

– The compression ratio achieves the theoretical upper bound

– Coding time only occupies 30% of the model inference time, which is no longer the 
bottleneck for lossless compression

– Coding bandwidth is 5x faster than LBB (as the coding time is 5x compared with 
LBB)

– Coding bandwidth is 30% faster than iVPF (as UBCS performs faster than MAT in 
iVPF)

Shifeng Zhang, Chen Zhang, Ning Kang, Zhenguo Li. iVPF: Numerical Invertible Volume Preserving Flow for Efficient Lossless Compression. CVPR 2021
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Experiments: Lossless Compression
• Achieving SoTA on benchmarking image datasets
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Experiments: Lossless Compression
• Achieving good generalization performance: SoTA compression ratio on real-

world high resolution images

– Train flow with Imagenet32/64 dataset

– Crop the image to 32x32/64x64 patches



PILC: Practical Image Lossless Compression with

an End-to-end GPU Oriented Neural Framework

CVPR 2022, Huawei Noah’s Ark Lab
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Type Performance # inference # transfer Entropy coder

Auto-Regressive Deep model; 1 network 
inference per symbol

1 transfer per symbol Special entropy coder 
required:
1. Dynamic
2. Distribution calculated 

for each symbol

AE Inferior 
compression ratio

Deep model required 1 transfer per latent 
layer

PILC: >100 MB/s AI Lossless Compression

• Principles for building real-time AI lossless codecs

– Inference time of AI model should be small
• Auto-regressive models achieve better compression ratio with smaller parameters

• AE models is faster and able to model global information

– AI codecs should not suffer from bandwidth issues

– PCIE transfer between AI chips and CPU should be reduced

Infer Infer

Tran Tran

Codec

AI Chips

CPU

PCIE

Codec

AI Chips for inference + CPU codec

Infer Codec Infer CodecAI Chips

AI Chips for inference & codec
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Type Performance # inference # transfer Entropy coder

Auto-Regressive Deep model; 1 network 
inference per symbol

1 transfer per symbol Special entropy coder 
required:
1. Dynamic
2. Distribution calculated 

for each symbol

AE Inferior 
compression ratio

Deep model required 1 transfer per latent 
layer

PILC: >100 MB/s AI Lossless Compression

Auto-Regressive + VQ-VAE

Parallel Auto-regressive decoding All process in AI accelerated chips

New distribution estimation

Semi-dynamic coder
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PILC: Result
• 30% better CR than PNG

• ~200 MB/s with single NVIDIA Tesla V100 chip

– 15x faster than L3C, comparable CR

BPD result on different datasets. The lower BPD value, the better Speed composition for each process

Compression ratio
PNG PILC

1.37

JPEG2000

1.54

1.89

PNG JPEG2000 PILC

3.52

50.7

187

Bandwidth（MB/s）

Bandwidth for dynamic entropy coder



26

Further References
• High AI compression bandwidth

– iFlow (NeurIPS 21 Spotlight): High-efficiency AI entropy codec with SoTA flows

– PILC (CVPR 22): 200MB/s bandwidth on single V100 GPU, 10-100x faster than 
previous AI compression model. 30% compression ratio improvement over PNG

– SHVC (CVPR 22): near SoTA compression ratio with 1/10 model size

• Other works

– DAMix (AAAI 23): Combining AI models for SoTA compression ratio on 
generalized data

– iVPF (CVPR 21): Achieving 5-15x speedup compared with LBB

– OSOA (NeurIPS 21): Dynamic AI model while compression, 47% compression 
ratio improvement on generation dataset

– NelLoc (NeurIPS 21): Theoretical generation ability analysis, 37% compression 
ratio improvement with 1/7 model size
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Outline
• Neural Compression

• Text-to-image Generation

• Neural Theorem Proving



PixArt-𝜶: Fast Training of  Diffusion Transformer 

for Photorealistic Text-to-Image Synthesis

https://arxiv.org/abs/2310.00426

Huawei Noah’s Ark Lab

https://arxiv.org/abs/2310.00426
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Background
• SoTA text-to-image (T2I) generative models: DALL·E 3, Imagen, Stable Diffusion 

• AIGC Applications: image editing, video generation, 3D assets creation, and many more.
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Background
• Challenges in advanced T2I models: enormous training costs/millions of GPU hours/CO2 emissions

• Can we develop a high-quality image generator with affordable resource consumption?
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PixArt-𝜶 – Low training cost, Powerful Synthesis Models

• PIXART-𝜶’s training speed markedly surpasses existing large-scale T2I models, far more affordable.

• PIXART-𝜶 only takes 10.8% of Stable Diffusion v1.5’s training time (∼675 vs. ∼6,250 A100 GPU days), 

saving nearly $300,000 ($26,000 vs. $320,000) and reducing 90% CO2 emissions.
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Problems with current popular generative training datasets

• Text-image misalignment 

• Deficient description

• Infrequent vocabulary

• Low image quality

Low density

High density
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PixArt-𝜶: three core designs

Training strategy decomposition Efficient T2I Transformer High-informative data
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State-of-the-art Results

• Our method has the following two advantages:

1. Better quality and alignment: PIXART-α excels in both higher fidelity and superior alignment.

2. Better controllability: PIXART-α demonstrated exceptional performance in attribute binding, object 

relationships, and complex compositions, achieving superior compositional generation ability.

T2ICompBench

User study on Ernie-vilg 2.0-300

OpenAI also uses T2ICompBench to evaluate DALLE. 3 !

Huang et al. T2I-CompBench: A Comprehensive Benchmark for Open-world Compositional Text-to-image Generation, NeurIPS 2023
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Compare with Midjourney Compare with Other Methods
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Compare with Midjourney Compare with Other Methods
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More Samples Style control with text
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Application 1: PixArt-𝜶 + DreamBooth
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Application 2: PixArt-𝜶 + ControlNet
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Further References
2D Generation

• DiffFit: Unlocking Transferability of Large Diffusion Models via Simple Parameter-efficient Fine-
Tuning, ICCV 2023 Oral

• Complexity Matters: Rethinking the Latent Space for Generative Modeling, NeurIPS 2023 Spotlight

• SA-Solver: Stochastic Adams Solver for Fast Sampling of Diffusion Models, NeurIPS 2023

• Diff-Instruct: A Universal Approach for Transferring Knowledge From Pre-trained Diffusion Models, 
NeurIPS 2023

3D Generation

• DiT-3D: Exploring Plain Diffusion Transformers for 3D Shape Generation, NeurIPS 2023

• DiffComplete: Diffusion-based Generative 3D Shape Completion, NeurIPS 2023

Generation Evaluation Benchmark

• T2I-CompBench: A Comprehensive Benchmark for Open-world Compositional Text-to-image 
Generation, NeurIPS 2023 Datasets and Benchmarks Track
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Outline
• Neural Compression

• Text-to-image Generation

• Neural Theorem Proving



LEGO-Prover: Neural Theorem Proving 

with Growing Libraries

https://arxiv.org/abs/2310.00656

Huawei Noah’s Ark Lab

https://arxiv.org/abs/2310.00656
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Automated Theorem Proving

Prover

Formal system

prove that 2 is irrational 

Problem statement

Assuming 2 ∈ ℚ, we have 2=𝑎/𝑏, and 𝑎, 𝑏 is
coprime. then have 2 = 𝑎2/𝑏2 and 2 × 𝑏2 = 𝑎2. thus,
we know 𝑎 is even, 𝑎 = 2𝑐. substitute a into previous
equation, we have 𝑏2 = (2 ∗ 𝑐)2. Thus, we know 𝑏 is
also even, and 𝑎, 𝑏 is not coprime. This is contradiction
to the origin assumption. ◼︎

Proof

- Verifiable
- Longer reasoning chain
- Data scarcity

…

goals: 1. sqrt 2 ∉ ℚ

goals: 1. sqrt 2 ∈ ℚ⟹ False

premise: sqrt 2 ∈ ℚ
goals:  1. sqrt 2 ∈ ℚ⟹ False

premise: sqrt 2 = real_of_int a / real_of_int b
coprime a b
b ≠ 0

goals: 1. sqrt 2 ∈ ℚ⟹ False

…

LM + Search (gpt-f OpenAI 2021, Thor Cambridge 2021,
DT-Solver Ours 2023):
• Language model suggests action given current state.
• Formal system executes action and updates state.
• Search algorithm finds correct action path.

LLM with ICL (DSP Cambridge 2022, Subgoal-based
HKU 2023):
• ChatGPT generates entire proof in one go.
• Use in-context learning to prompt the LLM
• Formal system verifies the proof

No goals !

Error: xxx

Automated theorem proving:
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Motivation
• Problems with existing provers:

– Each theorem is proved independently.

– Proven conjectures are not shared among problems.

– LLM struggles to generate correct long-chain proof (hallucination).

• Ideal provers:

– Extract & reuse useful lemmas during each theorem proving, to reduce reasoning length 

– Maintain & grow a library of proven theorems/lemmas (online & offline)

– Leverage the power of LLM (prover)

– Leverage the verification capability of formal systems (Lean, Isabelle)

– Imitate or surpass human proving process
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LEGO-Prover: prove theorem like building LEGO

LEGO-Prover consists of a prover, an evolver, and a growing skill library

+

Copy

Prove in a block-by-block manner
• Prove sub-goal lemmas 
• Prove theorem using sub-goal lemmas. 
• Sub-goal Lemmas: retrieved from skill library, or constructed online
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Three proof steps 
• Informal solver: produce an informal proof
• Decomposer: produce step-by-step informal proof and sub-goals lemma statements, which are used to retrieve 

useful lemma from the skill library. 
• Formalizer: prove theorem with step-by-step informal proof and retrieved lemmas block-by-block. 

LEGO-Prover: prover
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LEGO-Prover: prover

• System instructions

- You are strongly encouraged to create or use useful 
and reusable lemmas to solve the problem. 

- The lemmas should be as general as possible 
(generalizable), and be able to cover a large step in 
proofs (non-trivial). Please ensure that your proof is 
well-organized and easy to follow, with each step 
building upon the previous one.

Prompt text

In-context learning example:

Informal proof:
step1. introduce variables…
…

Formal statement:
theorem amc12a_2003_p24:

fixes a b :: real
…

Formal proof:
lemma am_gm: fixes x y :: real …

lemma am_gm_extenstion: fixes x y :: real …

theorem amc12a_2003_p24:
fixes a b :: real

• Special block-by-block structure in in-context learning
examples

How to prompt LLM to generate lemmas
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Transforms existing skills into a more general and 
reusable form, or directly solves requested 
subgoals proposed by the prover.

Different types of directional transformer

• Directional transformer evolves skill using
four type of specific direction

• Request solver directly solves the request
proposed by the decomposer.

LEGO-Prover: evolver
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Experiments

• Thor (Cambridge, NeurIPS 2022): LM + Search. LM trained on single step state-action pairs. Find proof with best first search.
• Thor + expert iteration (Google + Cambridge, NeurIPS 2022): LM + Search. Extend Thor with extensive data by Codex.
• DSP (Cambridge, ICLR 2023): LLM with ICL, use informal proof to guide Codex to generate formal sketch.
• Subgoal-Learning (HKU + Cambridge, NeurIPS 2023): LLM with ICL, extends DSP with step-by-step informal proof.
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Experiments: case study

lemma am_gm: For a real number 𝑥, 𝑥 > 0, prove that 𝑥 +
1

2x
≥ 2.

Proof. We have 𝑥 +
1

2x

2

≥ 0. Expanding the inequality,

we obtain 𝑥 +
1

2x
− 2 ∗ 𝑥 ∗

1

2x
≥ 0. From which we have 𝑥 +

1

2x
− 2 ≥ 0, and thus 𝑥 +

1

2x
≥ 2. ◼︎

lemma am_gm: For a real number 𝑥, 𝑥 > 0, prove that 𝑥 +
1

2x
≥ 2.

Proof. We have 𝑥 +
1

2x

2

≥ 0. Expanding the inequality,

we obtain 𝑥 +
1

2x
− 2 ∗ 𝑥 ∗

1

2x
≥ 0. From which we have 𝑥 +

1

2x
− 2 ≥ 0, and thus 𝑥 +

1

2x
≥ 2. ◼︎

theorem algrebra_amgm_faxinrrp: Given a real number 𝑥, 

prove that the expression 2 − 2 ≥ 2 − 𝑥 −
1

2𝑥
holds true for all

𝑥 > 0.

Proof. Using the proven lemma am_gm, we can show that 𝑥 +
1

2𝑥
≥ 2. Multiplying both sides with -1 and add 2, we obtain

2 − 2 ≥ 2 − 𝑥 −
1

2𝑥
. ◼︎

Retrieved skill:

Synthesized proof:

Case directly use:
• A verified lemma am_gm is retrieved from

skill libraries (with proof).

• Formalizer synthesized final proof using
retrieved skill directly.

1) Copy pasted the lemma am_gm in the
proof code directly.

2) Prove main theorem using the proven
am_gm lemma.

copy paste by LLM
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Experiments: case study

lemma prod_1n_4n: for a natural number 𝑛, prove that
∏1
𝑛 4 ∗ 𝑘 = 4𝑛 ∗ 𝑛!

Proof. Let’s prove by induction on 𝑛. For the base case we have
∏1
14 ∗ 𝑘 = 41 ∗ 1!, we have 4 = 4. For induction step, assuming

∏1
𝑗
4 ∗ 𝑘 = 4𝑗 ∗ 𝑗!, we prove that ∏1

𝑗+1
4 ∗ 𝑘 = 4𝑗+1 ∗ (𝑗 + 1)!.

Since ∏1
𝑗+1

4 ∗ 𝑘 = 4𝑗 ∗ 𝑗! ∗ (4 ∗ j + 1 ), thus ∏1
𝑗+1

4 ∗ 𝑘 =

4𝑗+1 ∗ (𝑗 + 1)!. ◼︎

lemma prod_frac_common_factor: for a natural number 𝑛 and

a real number 𝑎, prove that ∏1
𝑛 𝑎𝑘+𝑎

𝑎𝑘
= 𝑛 + 1

Proof. Let’s prove by induction on 𝑛. For the base case we have

∏1
1 𝑎𝑘+𝑎

𝑎𝑘
=

𝑎∗1+𝑎

𝑎∗1
= 1 + 1. For induction step, we have

∏1
𝑛+1 𝑎𝑘+𝑎

𝑎𝑘
=

𝑎∗ 𝑛+1 +𝑎

𝑎∗(𝑛+1)
∗ ∏1

𝑛 𝑎𝑘+𝑎

𝑎𝑘
=

𝑎∗ 𝑛+1 +𝑎

𝑎∗ 𝑛+1
∗ 𝑛 + 1 = 𝑛 +

1 + 1.◼︎

theorem amc12a_2008_p4: Prove that ∏1
501 4𝑘+4

4𝑘
= 502.

Proof. Using the proven lemma prod_frac_common_factor, we

can show that ∏1
501 4𝑘+4

4𝑘
= 501 + 1 = 502. ◼︎

Retrieved skill:

Synthesized proof:

Case propose lemma by imitation:
• A verified lemma prod_1n_4n is retrieved

from skill libraries (proof).

• Formalizer synthesized final proof by solving
the lemma imitating the retrieved skill.

1) Imitate the lemma prod_1n_4n. The
formalizer uses induction to prove
prod_frac_common_factor.

2) Prove main theorem using the proven
prod_frac_common_factor lemma.

Propose lemma by imitation
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Takeaway
• Generative models are a powerful and rewarding way to model data that 

enables various applications.

• AI is reshaping many fields: data compression, information communication, 
art generation, mathematical reasoning, science discovery, …
– Data is growing rapidly. Time to rethink how to store and transmit data.

– AIGC is on the way.

– Math is becoming a new area for AI.

• Fundamental challenges in generative AI 
– How to guide the generation towards desired objectives

– How to verify the generated contents

– Learning theory for generative AI
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