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Lecture 4
Markov Decision Process



Reinforcement learning

| a }
i 399 F {environment}

Agent’s goal: learn a policy to maximize the return

T

T 1 :

T-step: E Tt average: E r; discounted: E vy
- t=1



Markov Process

(finite) state space S, transition matrix P

a process $,si,-.-- is Markov if has no memory

P(St+1 ’ Sty veey SQ) — P(St+1 ‘ St) discrete S -> Markov chain

S

S C r

sunny | 02 | 07 | 0.

P = [:>cloudy 03 |03 | 04

rainy 02 | 05|03

Sii1 = StP = sy Pt



Markov Process

horizontal view

stationary distribution: s — sP
sampling from a Markov process:



Markov Reward Process

introduce reward function R

rainy
0.1/_1 0.3/-1

sunny

0.2/2
0.4/-1

Q_) cloudy

0.3/1

T
V(sunny) = E [Zt_l rt|sg = sunny]

= value function

V(sunny) = E[ZOO v'ri|so = sunny]

t=1



Markov Reward Process

horizontal view: consider T steps

recursive definition:

V (sunny) =P(s|s)[R(s) + V(s)] = Z P(s|sunny)(R(s) + V(s))
+ P(c|s)[R(c) + V(c)] s
+ P(r|s)[R(r) + V(1)]



Markov Reward Process

horizontal view: consider T steps

t = (O 1 2 T-1 T
backward |
calculation Vis)=0

........
__________



Markov Reward Process

horizontal view: consider discounted infinite steps

t = 0 1 2

<

backward
calculation repeat until converges

V(s) =) P(s'[s)(R(s") +7V ("))



Markov Decision Process

introduce (finite) actions A o

031

0202
o2 oML o, ,

\ e ~0.1/-1
— 0.7/1

04/-1 04/
09/2 071 04/-L 045/
0.45/2 * |

0091 F /0
T L /oo

- 03/2 :



Markov Decision Process

horizontal view

sunny
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horizontal view of the game of Go

Markov Decision Process
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Markov Decision Process

goal-directed

ot

stationary distribution

ol

ot



Markov Decision Process e

MDP <S,A,R,P> (often with y)

essential model for RL
but not all of RL

policy tabular representation

stochastic o | 03
S

m(als) = P(als) o
S— 0 | 0.6
deterministic Ny
m(s) = arg max P(als) o0 ol
a 1 0.9

| A|'"®! deterministic policies



Expected return

how to calculate the expected total reward of a policy?

similar with the Markov Reward Process T

MRP: e g
= 3" P(s'[s) (R(s') + V(s)) <

MDP:
ZT{' als ZP |sa 8&3)_|_V7T(8/))

expectation over actions
with respect to the policy



Q-function

state value function (3

T

V()= BT il
state-action value function (g
Q7 (s,a) = E[Z rt\s al ZP 'Is,a)(R(s,a,s") +V7(s"))

consequently,

= Z m(als)Q(s,a

Q-function => policy



Optimality

there exists an optimal policy 7

v, Vs, VT (s) > V™ (s)

optimal value function

Vs, V*(s) = V™ (s)
Vs, Va,Q*(s,a) = QW*(S, a)

0.3

0.7

0.6

0.4

0.1

= 1O |~ |O [~ |O

0.9




0.3

Bellman optimality equations

0.7

0.6

0.4

0.1

= 1O |~ |O [~ |O

V*(s) = max Q" (s, a)

0.9

from the relation between V and Q

Q*(s,a) = ZP(S’\S, a)(R(s,a,s’) +yV*(s"))

we have
Q*(s,a) = Z P(s'ls,a)(R(s,a,s") + Y max Q*(s',a))
V*(s) = mgxz P(s's,a)(R(s,a,s") +~V*(s"))

the unique fixed point is the optimal value function



Solve optimal policy in MDP

idea:
how is the current policy
improve the current policy

policy evaluation:  backward calculation

VT(s) = Zﬁ(a]s) ZP(S"S, a)(R(s,a,s") +~yV™(s"))

policy improvement: from the Bellman optimality equation

Vi(s) max Q" (s, a)



Solve optimal policy in MDP

policy improvement: from the Bellman optimality equation
V(s) < max Q" (s,a)
let 7’ be derived from this update
V7T(s) < Q7 (s, 7' (s))
=) P(s']s,7'(s))(R(s,7(5), ') + 7V (5))
<D bS] m(s))(R(s, (5),8) +7Q7(s", 7' (s)))

so the policy is improved



Solve optimal policy in MDP

Policy iteration algorithm:
loop until converges
policy evaluation: calculate V
policy improvement: choose the action greedily

mey1(s) = argmax Q™ (s, a)

converges: |mt+i(g) = V™t(s)

Qﬂt+1 S CL ZP |S CL S CL73’) +7max@7rt(3/7a))

recall the op’rlmal value function about Q



Solve optimal policy in MDP

embed the policy improvement in evaluation

Value iteration algorithm:

Vo=20

for t=0, 1, ...
for all S <- synchronous v.s. asynchronous
Vii1(s maXZP "|s,a)(R(s,a,s") +vVi(s))
end for

break if || Vi 1 - Vi||e is small enough

end for

recall the optimal value function about V



Solve optimal policy in MDP

sunny

Dynamic programming R. E. Bellman
1920-1984
Complexity

needs O(|S|-|A|) iterations to converge on deterministic MDP

[O. Madani. Polynomial Value Iteration Algorithms for Deterministic MDPs. UAI’02]

curse of dimensionality: Go board 19x19, |S|=2.08x10170

[https://github.com/tromp/golegal]


https://github.com/tromp/golegal%5D

