
Lecture 7

Policy Gradient



Policy degradation in value function based methods
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optimal policy: red

V*(2) > V*(1) > 0

as value function based method minimizes kV̂ � V ⇤k
results in w > 0

sub-optimal policy,  better value ≠ better policy

Policy Search

let V̂ (s) = w�(s), to ensure V̂ (2) > V̂ (1), w < 0

[Bartlett. An Introduction to Reinforcement Learning Theory: Value Function 
Methods.  Advanced Lectures on Machine Learning, LNAI 2600]



Policy search

environment

s, r

a
<latexit sha1_base64="RqLYK9b1B3V8uilxpm4Ac799j3s=">AAAB/nicbVC7SgNBFJ31GeMramkzGITYhF0RtTNgYxnBPCAbwuxkNhkzM7vM3BXCEvwEbbW3FFsLK//C1n+wd/IoTOKBC4dz7uXee4JYcAOu++UsLC4tr6xm1rLrG5tb27md3aqJEk1ZhUYi0vWAGCa4YhXgIFg91ozIQLBa0Lsc+rU7pg2P1A30Y9aUpKN4yCkBK1V96DIgrVzeLboj4HniTUj+4qPw8/ngH5VbuW+/HdFEMgVUEGManhtDMyUaOBVskPUTw2JCe6TDGpYqIplppqNrB/jQKm0cRtqWAjxS/06kRBrTl4HtlAS6ZtYbiv95jQTC82bKVZwAU3S8KEwEhggPX8dtrhkF0beEUM3trZh2iSYUbEBTWwI5yNpQvNkI5kntuOidFD3v2s2XTtEYGbSPDlABeegMldAVKqMKougWPaIn9OzcOy/Oq/M2bl1wJjN7aArO+y8Zd5nl</latexit>

✓

recall in Lecture 3, we use black box search

we are to use the MDP structure



Policy space

<latexit sha1_base64="RqLYK9b1B3V8uilxpm4Ac799j3s=">AAAB/nicbVC7SgNBFJ31GeMramkzGITYhF0RtTNgYxnBPCAbwuxkNhkzM7vM3BXCEvwEbbW3FFsLK//C1n+wd/IoTOKBC4dz7uXee4JYcAOu++UsLC4tr6xm1rLrG5tb27md3aqJEk1ZhUYi0vWAGCa4YhXgIFg91ozIQLBa0Lsc+rU7pg2P1A30Y9aUpKN4yCkBK1V96DIgrVzeLboj4HniTUj+4qPw8/ngH5VbuW+/HdFEMgVUEGManhtDMyUaOBVskPUTw2JCe6TDGpYqIplppqNrB/jQKm0cRtqWAjxS/06kRBrTl4HtlAS6ZtYbiv95jQTC82bKVZwAU3S8KEwEhggPX8dtrhkF0beEUM3trZh2iSYUbEBTWwI5yNpQvNkI5kntuOidFD3v2s2XTtEYGbSPDlABeegMldAVKqMKougWPaIn9OzcOy/Oq/M2bl1wJjN7aArO+y8Zd5nl</latexit>

✓

for parameterized differentiable models, we 
consider parameter space

for nonparametric / non-differentiable models, 
we consider function space



Parameterized policy

Discrete actions: Gibbs policy (logistic regression)

Continuous action: Gaussian policy

<latexit sha1_base64="RqLYK9b1B3V8uilxpm4Ac799j3s=">AAAB/nicbVC7SgNBFJ31GeMramkzGITYhF0RtTNgYxnBPCAbwuxkNhkzM7vM3BXCEvwEbbW3FFsLK//C1n+wd/IoTOKBC4dz7uXee4JYcAOu++UsLC4tr6xm1rLrG5tb27md3aqJEk1ZhUYi0vWAGCa4YhXgIFg91ozIQLBa0Lsc+rU7pg2P1A30Y9aUpKN4yCkBK1V96DIgrVzeLboj4HniTUj+4qPw8/ngH5VbuW+/HdFEMgVUEGManhtDMyUaOBVskPUTw2JCe6TDGpYqIplppqNrB/jQKm0cRtqWAjxS/06kRBrTl4HtlAS6ZtYbiv95jQTC82bKVZwAU3S8KEwEhggPX8dtrhkF0beEUM3trZh2iSYUbEBTWwI5yNpQvNkI5kntuOidFD3v2s2XTtEYGbSPDlABeegMldAVKqMKougWPaIn9OzcOy/Oq/M2bl1wJjN7aArO+y8Zd5nl</latexit>

✓
<latexit sha1_base64="U2M0kjaA+ayA85pPYd96kiZNZTw=">AAACAnicbVC7SgNBFJ31GeMramkzGITYhF3xBTYBG8sI5gGbJcxOZpMhszPLzF0hLOn8BVvt7cTWH7H1S5wkW5jEAxcO59zLvfeEieAGXPfbWVldW9/YLGwVt3d29/ZLB4dNo1JNWYMqoXQ7JIYJLlkDOAjWTjQjcShYKxzeTfzWE9OGK/kIo4QFMelLHnFKwEp+VDG3HRgwIGfdUtmtulPgZeLlpIxy1Luln05P0TRmEqggxviem0CQEQ2cCjYudlLDEkKHpM98SyWJmQmy6cljfGqVHo6UtiUBT9W/ExmJjRnFoe2MCQzMojcR//P8FKKbIOMySYFJOlsUpQKDwpP/cY9rRkGMLCFUc3srpgOiCQWb0tyWMB4XbSjeYgTLpHle9S6r7sNFuXaVx1NAx+gEVZCHrlEN3aM6aiCKFHpBr+jNeXbenQ/nc9a64uQzR2gOztcv6Y+XXQ==</latexit>

f(s; ✓)parameterized model

<latexit sha1_base64="zprV6/3R07Ovwu8guB0vo4b9XC0="></latexit>

⇡✓(a|s) =
exp(f(a|s; ✓))P
a0 exp(f(a0|s; ✓))

<latexit sha1_base64="U2M0kjaA+ayA85pPYd96kiZNZTw=">AAACAnicbVC7SgNBFJ31GeMramkzGITYhF3xBTYBG8sI5gGbJcxOZpMhszPLzF0hLOn8BVvt7cTWH7H1S5wkW5jEAxcO59zLvfeEieAGXPfbWVldW9/YLGwVt3d29/ZLB4dNo1JNWYMqoXQ7JIYJLlkDOAjWTjQjcShYKxzeTfzWE9OGK/kIo4QFMelLHnFKwEp+VDG3HRgwIGfdUtmtulPgZeLlpIxy1Luln05P0TRmEqggxviem0CQEQ2cCjYudlLDEkKHpM98SyWJmQmy6cljfGqVHo6UtiUBT9W/ExmJjRnFoe2MCQzMojcR//P8FKKbIOMySYFJOlsUpQKDwpP/cY9rRkGMLCFUc3srpgOiCQWb0tyWMB4XbSjeYgTLpHle9S6r7sNFuXaVx1NAx+gEVZCHrlEN3aM6aiCKFHpBr+jNeXbenQ/nc9a64uQzR2gOztcv6Y+XXQ==</latexit>

f(s; ✓) has |A| output heads

<latexit sha1_base64="eHG5eaB7p9ypquxZPfUH5VHbIkY="></latexit>

⇡✓(a|s) =
1p
2⇡�2

exp

 
� (f(s; ✓)� a)2

�2

!

<latexit sha1_base64="U2M0kjaA+ayA85pPYd96kiZNZTw=">AAACAnicbVC7SgNBFJ31GeMramkzGITYhF3xBTYBG8sI5gGbJcxOZpMhszPLzF0hLOn8BVvt7cTWH7H1S5wkW5jEAxcO59zLvfeEieAGXPfbWVldW9/YLGwVt3d29/ZLB4dNo1JNWYMqoXQ7JIYJLlkDOAjWTjQjcShYKxzeTfzWE9OGK/kIo4QFMelLHnFKwEp+VDG3HRgwIGfdUtmtulPgZeLlpIxy1Luln05P0TRmEqggxviem0CQEQ2cCjYudlLDEkKHpM98SyWJmQmy6cljfGqVHo6UtiUBT9W/ExmJjRnFoe2MCQzMojcR//P8FKKbIOMySYFJOlsUpQKDwpP/cY9rRkGMLCFUc3srpgOiCQWb0tyWMB4XbSjeYgTLpHle9S6r7sNFuXaVx1NAx+gEVZCHrlEN3aM6aiCKFHpBr+jNeXbenQ/nc9a64uQzR2gOztcv6Y+XXQ==</latexit>

f(s; ✓) has 2 output heads

<latexit sha1_base64="26Vh7m5Ed5q143xGTnVMiSoDGUg=">AAACCXicbVC7SgNBFJ2Nrxhfq5Y2g0GITdgVX2ATsLGMYGIgWcLsZDYZMjO7zNwNhDVf4C/Yam8ntn6FrV/i5FGYxAMXDufcy7mcMBHcgOd9O7mV1bX1jfxmYWt7Z3fP3T+omzjVlNVoLGLdCIlhgitWAw6CNRLNiAwFewz7t2P/ccC04bF6gGHCAkm6ikecErBS23WjEsFP2NzgFvQYkNO2W/TK3gR4mfgzUkQzVNvuT6sT01QyBVQQY5q+l0CQEQ2cCjYqtFLDEkL7pMualioimQmyyecjfGKVDo5ibUcBnqh/LzIijRnK0G5KAj2z6I3F/7xmCtF1kHGVpMAUnQZFqcAQ43ENuMM1oyCGlhCquf0V0x7RhIItay4llKOCLcVfrGCZ1M/K/kXZuz8vVi5n9eTRETpGJeSjK1RBd6iKaoiiAXpBr+jNeXbenQ/nc7qac2Y3h2gOztcvImSY/Q==</latexit>

f(a|s; ✓) is the output of head a



Direct objective function — Trajectory-wise

episodic environments

J(✓) =

Z

Tra
p✓(⌧)R(⌧) d⌧

p✓(⌧) = p(s0)
TY

i=1

p(si|ai, si�1)⇡✓(ai|si�1)

trajectory space:
all possible trajectories s, s, s


s, s, c

s, s, r

s, c, s

s, c, c

s, c, r

s, r, s

s, r, c

s, r, r

combination with actions

probability of generating a trajectory by policy
trajectory

expected total reward

probability

Tra = 

<latexit sha1_base64="UQHjczT4ZlE6Q+RrJeMJpqUmu/Y=">AAACHnicbZDLSsNAFIYnXmu9RV26GSwFF6UkxdtGKLhxWaE3aEqYTCft0MmFmROhhD6BL+EruNW9O3GrW5/ESZuFbf1h4OM/53DO/F4suALL+jbW1jc2t7YLO8Xdvf2DQ/PouK2iRFLWopGIZNcjigkeshZwEKwbS0YCT7CON77L6p1HJhWPwiZMYtYPyDDkPqcEtOWaZQdIcouVa1Uwce2KJjujWgU7YhCBypyma5asqjUTXgU7hxLK1XDNH2cQ0SRgIVBBlOrZVgz9lEjgVLBp0UkUiwkdkyHraQxJwFQ/nX1nisvaGWA/kvqFgGfu34mUBEpNAk93BgRGarmWmf/Vegn4N/2Uh3ECLKTzRX4iMEQ4ywYPuGQUxEQDoZLrWzEdEUko6AQXtnjBtKhDsZcjWIV2rWpfVq2Hi1L9Ko+ngE7RGTpHNrpGdXSPGqiFKHpCL+gVvRnPxrvxYXzOW9eMfOYELcj4+gVCaZ/K</latexit>⌧ = s0, a1, s1, a2, . . . , sT



From trajectories to stationary distribution

s, s, s

s, s, c

s, s, r

s, c, s

s, c, c

s, c, r

s, r, s

s, r, c

s, r, r

ignoring actions and consider 3 steps

<latexit sha1_base64="NGUwDHmXfnpqyPK2Pe/ipdkyhNU=">AAACCnicbVDLSsNAFJ34rPWV6tJNsAh1UxLxtSy4cVnBPqCJYTKZtEMnkzBzo5TQP/AX3Orenbj1J9z6JU7bLGzrgQuHc+7lXE6QcqbAtr+NldW19Y3N0lZ5e2d3b9+sHLRVkklCWyThiewGWFHOBG0BA067qaQ4DjjtBMObid95pFKxRNzDKKVejPuCRYxg0JJvVsKH3E2Z78KAAh7X1KlvVu26PYW1TJyCVFGBpm/+uGFCspgKIBwr1XPsFLwcS2CE03HZzRRNMRniPu1pKnBMlZdPXx9bJ1oJrSiRegRYU/XvRY5jpUZxoDdjDAO16E3E/7xeBtG1lzORZkAFmQVFGbcgsSY9WCGTlAAfaYKJZPpXiwywxAR0W3MpQTwu61KcxQqWSfus7lzU7bvzauOyqKeEjtAxqiEHXaEGukVN1EIEPaEX9IrejGfj3fgwPmerK0Zxc4jmYHz9Ap62mnc=</latexit>

d⇡✓ (s)
probability of all state s

<latexit sha1_base64="R3LDxpbc7HxV5sPoI+nkKFSBiGU=">AAACGnicbVBNS8NAEN34bf2KevSyWAQvlkSKerAgePGoYG2hiWWz3dTF3U3YnQgl5Hd48a948aCIN/Hiv3Hb5qCtDwYe780wMy9KBTfged/OzOzc/MLi0nJlZXVtfcPd3LoxSaYpa9JEJLodEcMEV6wJHARrp5oRGQnWiu7Ph37rgWnDE3UNg5SFkvQVjzklYKWu6wcmk90cGl5xmwdcxTAocNAnUpJbwA0cxJrQ3C9y/2CsFl236tW8EfA08UtSRSUuu+5n0EtoJpkCKogxHd9LIcyJBk4FKypBZlhK6D3ps46likhmwnz0WoH3rNLDcaJtKcAj9fdETqQxAxnZTkngzkx6Q/E/r5NBfBLmXKUZMEXHi+JMYEjwMCfc45pREANLCNXc3orpHbFhgE2zYkPwJ1+eJjeHNf+oVr+qV89OyziW0A7aRfvIR8foDF2gS9REFD2iZ/SK3pwn58V5dz7GrTNOObON/sD5+gFMAqEB</latexit> 1X

t=0

�t =
1

1� �

<latexit sha1_base64="hn1dKewThp3O7y0oNfYZbkP193k="></latexit>

p⇡(s) =
1X

t=0

�tP (st = s|⇡)

<latexit sha1_base64="YY441wPAMNtwNRXh3w7YzUmNF7w="></latexit>

d⇡(s) = (1� �)
1X

t=0

�tP (st = s|⇡)

note

occupancy measure

stationary distribution (state)

<latexit sha1_base64="dYqqxghIE6BH26U3GuY1zsx1n8s="></latexit>

d⇡(s, a) = (1� �)
1X

t=0

�tP (st = s|⇡)⇡(a|s)stationary distribution (state, action)



Direct objective function — Stationary dist.

continuing environments: one-step MDPs

d⇡✓ is the stationary distribution

s, s, s

s, s, c

s, s, r

s, c, s

s, c, c

s, c, r

s, r, s

s, r, c

s, r, r

e.g. ignoring actions and consider 3 steps

<latexit sha1_base64="NGUwDHmXfnpqyPK2Pe/ipdkyhNU=">AAACCnicbVDLSsNAFJ34rPWV6tJNsAh1UxLxtSy4cVnBPqCJYTKZtEMnkzBzo5TQP/AX3Orenbj1J9z6JU7bLGzrgQuHc+7lXE6QcqbAtr+NldW19Y3N0lZ5e2d3b9+sHLRVkklCWyThiewGWFHOBG0BA067qaQ4DjjtBMObid95pFKxRNzDKKVejPuCRYxg0JJvVsKH3E2Z78KAAh7X1KlvVu26PYW1TJyCVFGBpm/+uGFCspgKIBwr1XPsFLwcS2CE03HZzRRNMRniPu1pKnBMlZdPXx9bJ1oJrSiRegRYU/XvRY5jpUZxoDdjDAO16E3E/7xeBtG1lzORZkAFmQVFGbcgsSY9WCGTlAAfaYKJZPpXiwywxAR0W3MpQTwu61KcxQqWSfus7lzU7bvzauOyqKeEjtAxqiEHXaEGukVN1EIEPaEX9IrejGfj3fgwPmerK0Zxc4jmYHz9Ap62mnc=</latexit>

d⇡✓ (s)
probability of all state s

expected total reward
<latexit sha1_base64="Nf4MHFdyk+sYCBwxg7lXKS8BH0M="></latexit>

J(✓) =

Z

S
d⇡✓ (s)

Z

A
⇡✓(a|s)r(s, a) ds da

assume r is stationary
<latexit sha1_base64="87yq7MCoAS50STzwgQbMGQ4p1KY=">AAACCnicbVBNS8MwGE79nPOr6tFLdAgbyGhlqAeFgQgeJ7gP6OpI03QLS9OSpMIoO3vxr3jxoIhXf4E3/43Z2oNuPhDy5Hnelzfv48WMSmVZ38bC4tLyymphrbi+sbm1be7stmSUCEyaOGKR6HhIEkY5aSqqGOnEgqDQY6TtDa8mfvuBCEkjfqdGMXFD1Oc0oBgpLfXMg9Z9N6ZlWYGX8NqBfvY6RhUossvtmSWrak0B54mdkxLI0eiZX10/wklIuMIMSenYVqzcFAlFMSPjYjeRJEZ4iPrE0ZSjkEg3na4yhkda8WEQCX24glP1d0eKQilHoacrQ6QGctabiP95TqKCczelPE4U4TgbFCQMqghOcoE+FQQrNtIEYUH1XyEeIIGw0ukVdQj27MrzpHVStU+rtdtaqX6Rx1EA++AQlIENzkAd3IAGaAIMHsEzeAVvxpPxYrwbH1npgpH37IE/MD5/AGz+l4o=</latexit>

V ⇡(s) = E[d⇡(s, a)r(s, a)]



Analytical optimization

J(✓) =

Z

Tra
p✓(⌧)R(⌧) d⌧

logarithm trick 

r✓p✓ = p✓r✓ log p✓

p✓(⌧) = p(s0)
TY

i=1

p(si|ai, si�1)⇡✓(ai|si�1)

r✓ log p✓(⌧) =
TX

i=1

r✓ log ⇡✓(ai|si�1) + const

structure information

<latexit sha1_base64="6m1sRKeCqqEo80pu4/P906buygE=">AAACZHicbVHPSxtBFJ5d26rR1qh4KpRHg6CXsCv+ughCL+LJFqNCNixvJ5NkyMzsMvNWCEv+SI9ePfRf6LWTZA9N7INhvvm+7/Ee32SFko6i6DUI1z58/LS+sdnY2v78Zae5u/fg8tJy0eG5yu1Thk4oaUSHJCnxVFiBOlPiMRv/mOmPz8I6mZt7mhSip3Fo5EByJE+lzXFiMFOYJjQShHB7tADHcAWJNJRW9xanUNS6V7E8hu WeROXDVcev+oYEEquhD7Nn2mxF7Whe8B7ENWixuu7S5lvSz3mphSGu0LluHBXUq9CS5EpMG0npRIF8jEPR9dCgFq5XzUOZwqFn+jDIrT+GYM7+21Ghdm6iM+/USCO3qs3I/2ndkgaXvUqaoiRh+GLQoFRAOcwShr60gpOaeIDcSr8r8BFa5OT/YWlKpqcNH0q8GsF78HDSjs/a0c/T1vV5Hc8G+8q+syMWswt2zW7YHeswzl7Yn4AFQfA73A73w4OFNQzqnn22VOG3v3vFtto=</latexit>

r✓J(✓) =

Z

Tra
p✓(⌧)r✓ log p✓(⌧)R(⌧) d⌧

<latexit sha1_base64="FVbmbJt29cSkAD8I7Dq3Hib7d4M=">AAACUHicbZBNaxsxEIZnnX6k7pebHHsZagrJxeyW9ONSCORSckpCHAe8ZpmV5VhE0i7SbMEs/mn9E7nlml7be2+NbG+gTjog5tE7rxjx5qVWnuP4OmptPHr85Onms/bzFy9fve682TrzReWE7ItCF+48Jy+1srLPirU8L50kk2s5yC8PFvPBd+m8Kuwpz0o5MnRh1UQJ4iBlnUFqKdeUpTyVTHi4s4Jd/IqpspzVp47muG4qGw heqnbxpOmYYuoMjnFxzTrduBcvCx9C0kAXmjrKOjfpuBCVkZaFJu+HSVzyqCbHSmg5b6eVlyWJS7qQw4CWjPSjehnAHN8HZYyTwoVjGZfqvy9qMt7PTB6chnjq788W4v9mw4onX0a1smXF0orVokmlkQtcpIlj5aRgPQtAwqnwVxRTciQ4ZL62JTfzdggluR/BQzj70Es+9uLjve7+pyaeTXgL72AHEvgM+/ANjqAPAn7AT/gFv6Or6E/0txWtrHcdtmGtWu1bQRiy+A==</latexit>

r✓J(✓) =

Z

Tra
r✓p✓(⌧)R(⌧) d⌧



Analytical optimization

Gibbs policy ⇡✓(i|s) =
exp(✓>i �(s))P
j exp(✓

>
j �(s))

r✓j log ⇡✓(ai|si) =
(
�(si, ai)(1� ⇡✓(ai|si)), i = j

��(si, ai)⇡✓(ai|si) i 6= j

Gaussian policy ⇡✓(a|s) =
1p
2⇡�2

exp

✓
� (✓>�(s)� a)2

�2

◆

r✓j log ⇡✓(ai|si) = �2
(✓>�(s)� a)�(s)

�2
+ const



Analytical optimization

J(✓) =

Z

Tra
p✓(⌧)R(⌧) d⌧

use samples to estimate the gradient (unbiased estimation) 

gradient:
<latexit sha1_base64="nAYQ47fSUsNW+f0jlcKuuwOrVzo="></latexit>

r✓J(✓) =

Z

Tra
p✓(⌧)

TX

i=1

r✓ log ⇡✓(ai|si�1)R(⌧) d⌧

<latexit sha1_base64="dxxUPRgLyhbFTcP+U6ypPku2lRQ="></latexit>

= E[
TX

i=1

r✓ log ⇡✓(ai|si�1)r(si, ai)]



Analytical optimization: One-step MDPs

logarithm trick r✓⇡✓ = ⇡✓r✓ log ⇡✓

use samples to estimate the gradient (unbiased estimation) 

E[
TX

i=1

r✓ log ⇡✓(ai|si)R(si, ai)]equivalent to

<latexit sha1_base64="Nf4MHFdyk+sYCBwxg7lXKS8BH0M="></latexit>

J(✓) =

Z

S
d⇡✓ (s)

Z

A
⇡✓(a|s)r(s, a) ds da

<latexit sha1_base64="W0Zk4ZHdb8uJneAq2MlmCgyqDM8="></latexit>

r✓J(✓) =

Z

S
d⇡✓ (s)

Z

A
⇡✓(a|s)r✓ log ⇡✓(a|s)r(s, a) ds da

<latexit sha1_base64="7Fm4K6TdSOn4+6QX/LwiPxgPl+A=">AAACKnicbVDLSgNBEJz1GeMr6tHLYBASkLArvi5CQASPEYwRskvonUySwdnZZaZXCDHf4U/4C1717i14Ez/ESdyDMRY01FR109MVJlIYdN2RMze/sLi0nFvJr66tb2wWtrZvTZxqxusslrG+C8FwKRSvo0DJ7xLNIQolb4T3F2O/8cC1EbG6wX7Cgwi6SnQEA7RSq+Cd08sm9RWEElo+9jgC9WXcpX4isncJHk2Z6pI5gDKlQatQdCvuBHSWeBkpkgy1VuHTb8csjbhCJsGYpucmGAxAo2CSD/N+angC7B66vGmpgoibYDA5bUj3rdKmnVjbUkgn6u+JAUTG9KPQdkaAPfPXG4v/ec0UO2fBQKgkRa7Yz6JOKinGdJwTbQvNGcq+JcC0sH+lrAcaGNo0p7aE0TBvQ/H+RjBLbg8r3nHFvT4qVk+yeHJkl+yREvHIKamSK1IjdcLIE3khr+TNeXbenZHz8dM652QzO2QKztc3F3elgA==</latexit>

= E[r✓ log ⇡✓(a|s)r(s, a)]



Nonparametric/nondifferential models

a decision-tree model

Discrete actions: Gibbs policy (logistic regression)

Continuous action: Gaussian policy

<latexit sha1_base64="U2M0kjaA+ayA85pPYd96kiZNZTw=">AAACAnicbVC7SgNBFJ31GeMramkzGITYhF3xBTYBG8sI5gGbJcxOZpMhszPLzF0hLOn8BVvt7cTWH7H1S5wkW5jEAxcO59zLvfeEieAGXPfbWVldW9/YLGwVt3d29/ZLB4dNo1JNWYMqoXQ7JIYJLlkDOAjWTjQjcShYKxzeTfzWE9OGK/kIo4QFMelLHnFKwEp+VDG3HRgwIGfdUtmtulPgZeLlpIxy1Luln05P0TRmEqggxviem0CQEQ2cCjYudlLDEkKHpM98SyWJmQmy6cljfGqVHo6UtiUBT9W/ExmJjRnFoe2MCQzMojcR//P8FKKbIOMySYFJOlsUpQKDwpP/cY9rRkGMLCFUc3srpgOiCQWb0tyWMB4XbSjeYgTLpHle9S6r7sNFuXaVx1NAx+gEVZCHrlEN3aM6aiCKFHpBr+jNeXbenQ/nc9a64uQzR2gOztcv6Y+XXQ==</latexit>

f(s; ✓)base model
<latexit sha1_base64="6mxE60Upq1KCc6ni9Rra+8LZp+8=">AAACFHicbVC7SgNBFJ31GeNr1TLNYBBiE3bFVxMICGIlEcwDknWZncwmQ2Zml5lZISwp/Al/wVZ7O7G1t/VLnCRbmMQDFw7n3Mu99wQxo0o7zre1tLyyurae28hvbm3v7Np7+w0VJRKTOo5YJFsBUoRRQeqaakZasSSIB4w0g8HV2G8+EqloJO71MCYeRz1BQ4qRNpJvF65L6hhWYEcl3E9pxR093MLQp9DIvl10ys4EcJG4GSmCDDXf/ul0I5xwIjRmSKm268TaS5HUFDMyyncSRWKEB6hH2oYKxIny0skTI3hklC4MI2lKaDhR/06kiCs15IHp5Ej31bw3Fv/z2okOL72UijjRRODpojBhUEdwnAjsUkmwZkNDEJbU3ApxH0mEtcltZkvAR3kTijsfwSJpnJTds7Jzd1qsnmfx5EABHIIScMEFqIIbUAN1gMETeAGv4M16tt6tD+tz2rpkZTMHYAbW1y8J/Jyb</latexit>

F (s) =
NX

i=1

fi(s)aggregated model

<latexit sha1_base64="0E4rJ9SAi6sEzr1zuv+I4tPZ5l8="></latexit>

⇡F (a|s) =
1p
2⇡�2

exp

 
� (F (s)� a)2

�2

!

<latexit sha1_base64="qK5yGYwQm/kxOGmibcM2kbNipQ0="></latexit>

⇡F (a|s) =
exp(F (a|s))P
a0 exp(F (a0|s))



Nonparametric/nondifferential models

aggregated model

<latexit sha1_base64="rrXGKX+6RyyvHBP7VRP0yjhI01g="></latexit>

J(F ) =

Z

S
d⇡F (s)

Z

A
⇡F (a|s)r(s, a) ds da

<latexit sha1_base64="mXCAct4tJ0Gc1sjRKyfbbh/p9KI=">AAACFnicbVDLSsNAFJ3UV62vqEsRBotQNyURX5tCQRBXpYJ9QBvDZDpph84kYWYilJCVP+EvuNW9O3Hr1q1f4rTNwrYeuHA4517uvceLGJXKsr6N3NLyyupafr2wsbm1vWPu7jVlGAtMGjhkoWh7SBJGA9JQVDHSjgRB3GOk5Q2vx37rkQhJw+BejSLicNQPqE8xUlpyzcMbt1aSJ7ACuzLmbkIrdvpQg75LoZZds2iVrQngIrEzUgQZ6q750+2FOOYkUJghKTu2FSknQUJRzEha6MaSRAgPUZ90NA0QJ9JJJm+k8FgrPeiHQleg4ET9O5EgLuWIe7qTIzWQ895Y/M/rxMq/chIaRLEiAZ4u8mMGVQjHmcAeFQQrNtIEYUH1rRAPkEBY6eRmtng8LehQ7PkIFknztGyfl627s2L1IosnDw7AESgBG1yCKrgFddAAGDyBF/AK3oxn4934MD6nrTkjm9kHMzC+fgF4HJ1c</latexit>

FN (s) =
NX

i=1

fi(s)

functional gradient update rule
<latexit sha1_base64="n6F+LcltotbbHCoOJ761FrcY8ag=">AAACHXicbVDJSgNBEO2JW4xb1KOXxihEAmFG3C5CQAjiIUQwCyRhqOl0kiY9PUN3jxCG/IA/4S941bs38Spe/RI7y8EkPih4vFdFVT0v5Exp2/62EkvLK6tryfXUxubW9k56d6+qgkgSWiEBD2TdA0U5E7Simea0HkoKvsdpzevfjPzaI5WKBeJBD0La8qErWIcR0EZy00dFNy7lnCG+xkW3hHO4CTzsAW4K8Di4RXyXLZ646Yydt8fAi8SZkgyaouymf5rtgEQ+FZpwUKrh2KFuxSA1I5wOU81I0RBIH7q0YagAn6pWPP5miI+N0sadQJoSGo/VvxMx+EoNfM90+qB7at4bif95jUh3rloxE2GkqSCTRZ2IYx3gUTS4zSQlmg8MASKZuRWTHkgg2gQ4s8XzhykTijMfwSKpnuad87x9f5YpXEzjSaIDdIiyyEGXqIBuURlVEEFP6AW9ojfr2Xq3PqzPSWvCms7soxlYX79phJ9V</latexit>

FN+1 = FN + ↵rFJ(F )
<latexit sha1_base64="Yj3+iZF3oSAbEL6nRZ2MMc7Scl4=">AAACEHicbVDLSgMxFM34rPU16sKFm2ARKkKZEV8boSAUcSEV7APaMmTSTBuaZIYkI5RhfsJfcKt7d+LWP3Drl5i2s7CtBy4czrmXe+/xI0aVdpxva2FxaXllNbeWX9/Y3Nq2d3brKowlJjUcslA2faQIo4LUNNWMNCNJEPcZafiDm5HfeCJS0VA86mFEOhz1BA0oRtpInr0feMn9iZvCa9gWyGfIq8C7YuXYswtOyRkDzhM3IwWQoerZP+1uiGNOhMYMKdVynUh3EiQ1xYyk+XasSITwAPVIy1CBOFGdZPxACo+M0oVBKE0JDcfq34kEcaWG3DedHOm+mvVG4n9eK9bBVSehIoo1EXiyKIgZ1CEcpQG7VBKs2dAQhCU1t0LcRxJhbTKb2uLzNG9CcWcjmCf105J7XnIezgrliyyeHDgAh6AIXHAJyuAWVEENYJCCF/AK3qxn6936sD4nrQtWNrMHpmB9/QIvqpsT</latexit>

fN+1 = rFJ(F )

<latexit sha1_base64="5qQOC5ME1FM+DeqUKN4vmOcoWM4="></latexit>

solve min
f

X

s,a

kf(a|s)�rFJ(F (a|s))|2
solve the next base model



Nonparametric/nondifferential models

<latexit sha1_base64="sstO4fsHGIOutdQJTaUXHAHmYwY="></latexit>

rFJ(F ) = E[rF log ⇡F (a|s)r(s, a)]
functional gradient



Issue of policy gradient

supervised gradient policy gradient

<latexit sha1_base64="DurXo5kRy1rOXJv1WM7zPW5vdpI="></latexit>

J(✓) =
mX

i=1

p✓(⌧i)R(⌧i)

<latexit sha1_base64="VrcJDKAr93zD7xdqxH4Uk6dgVnE="></latexit>

r✓J(✓) =
X

(s,a)2D

r✓ log ⇡✓(a|s)r(s, a)

<latexit sha1_base64="PgRrce+J4Ed9ea+dmIEsqk6cSko=">AAACMXicbVDLSgMxFM34tr6qLt0Ei6CbMiM+uhEEN+KqSh9Cpwx30tQGk8yQ3BHK0F/xJ/wFt7p3J279CdN2Fr4OhJyccy/35sSpFBZ9/82bmZ2bX1hcWi6trK6tb5Q3t1o2yQzjTZbIxNzGYLkUmjdRoOS3qeGgYsnb8f3F2G8/cGNFohs4THlXwZ0WfcEAnRSVa1f7IQ44wsFZKDRGecPAiKbRVHQeZAf0prhDGhpFe3T8isoVv+pPQP+SoCAVUqAelT/CXsIyxTUyCdZ2Aj/Fbg4GBZN8VAozy1Ng93DHO45qUNx288kPR3TPKT3aT4w7GulE/d6Rg7J2qGJXqQAH9rc3Fv/zOhn2a91c6DRDrtl0UD+TFBM6jov2hOEM5dARYEa4XSkbgAGGLtQfU2I1KrlQgt8R/CWtw2pwXPWvjyrnJ0U8S2SH7JJ9EpBTck4uSZ00CSOP5Jm8kFfvyXvz3r2PaemMV/Rskx/wPr8AbhSoyg==</latexit>

J(✓) =

Z

Tra
p✓(⌧)R(⌧) d⌧

<latexit sha1_base64="L/7P0XRoL77ZN8Q+SSWv1RkK010="></latexit>Z

Tra
p✓(⌧) d⌧ = 1

<latexit sha1_base64="x1g5EyPhPo8BpJ3rYNCPrFm8ICE="></latexit>

J(✓) =

Z

x
p(x)loss✓(x) dx

<latexit sha1_base64="LkmEX/D6EFPX8KnlYrCqlSv0UpI=">AAACJnicbVDLSgMxFM34tr6qLt0Ei1AXlhnxtSkU3IgrBWuFTh0y6W0bTGaG5I5YhvkKf8JfcKt7dyLuxC8xfSx8HQgczjmXe3PCRAqDrvvuTExOTc/Mzs0XFhaXlleKq2uXJk41hzqPZayvQmZAigjqKFDCVaKBqVBCI7w5HviNW9BGxNEF9hNoKdaNREdwhlYKijunZR97gGy76ptUBZmoevm1oj7CHWYyNiYPRoHy3TYNiiW34g5B/xJvTEpkjLOg+Om3Y54qiJBLZkzTcxNsZUyj4BLygp8aSBi/YV1oWhoxBaaVDb+V0y2rtGkn1vZFSIfq94mMKWP6KrRJxbBnfnsD8T+vmWLnqJWJKEkRIj5a1EklxZgOOqJtoYGj7FvCuBb2Vsp7TDOOtskfW0KVF2wp3u8K/pLL3Yq3X3HP90q1g3E9c2SDbJIy8cghqZETckbqhJN78kieyLPz4Lw4r87bKDrhjGfWyQ84H1/rH6Wz</latexit>

J(✓) =
mX

i=1

loss✓(x)

<latexit sha1_base64="IFipEQAx0+LYhg2C3fklTgUijKE="></latexit>

r✓J(✓) =
X

(x,y)2D

r✓loss✓(x)

sampling



Issue of policy gradient

black-box optimization with differentiable model

policy gradient
<latexit sha1_base64="PgRrce+J4Ed9ea+dmIEsqk6cSko=">AAACMXicbVDLSgMxFM34tr6qLt0Ei6CbMiM+uhEEN+KqSh9Cpwx30tQGk8yQ3BHK0F/xJ/wFt7p3J279CdN2Fr4OhJyccy/35sSpFBZ9/82bmZ2bX1hcWi6trK6tb5Q3t1o2yQzjTZbIxNzGYLkUmjdRoOS3qeGgYsnb8f3F2G8/cGNFohs4THlXwZ0WfcEAnRSVa1f7IQ44wsFZKDRGecPAiKbRVHQeZAf0prhDGhpFe3T8isoVv+pPQP+SoCAVUqAelT/CXsIyxTUyCdZ2Aj/Fbg4GBZN8VAozy1Ng93DHO45qUNx288kPR3TPKT3aT4w7GulE/d6Rg7J2qGJXqQAH9rc3Fv/zOhn2a91c6DRDrtl0UD+TFBM6jov2hOEM5dARYEa4XSkbgAGGLtQfU2I1KrlQgt8R/CWtw2pwXPWvjyrnJ0U8S2SH7JJ9EpBTck4uSZ00CSOP5Jm8kFfvyXvz3r2PaemMV/Rskx/wPr8AbhSoyg==</latexit>

J(✓) =

Z

Tra
p✓(⌧)R(⌧) d⌧

<latexit sha1_base64="B0M5NzVZKKWxTwW1r/boYEmrmKM="></latexit>

µ,� = argmax
µ,�

E✓⇠N (µ,�)J(⇡✓) = argmax
µ,�

Z
p(✓;µ,�2)J(⇡✓) d✓

policy gradient is more close to black-box optimization with a 
differentiable model, only with an MDP structure



Reduce variance by critic: Actor-Critic

learn policy from trajectories  high var. -- actor only

learn value functions low var. -- critic only

combine the two for the good of both:

use critic to stably estimate the return

actor
environment

action/decision

reward

state

criticagent

[Grondman, et al. Bartlett. A Survey of Actor-Critic Reinforcement Learning:Standard and Natural Policy Gradients. IEEE Trans. SMC-C, 2012]

[Konda & Tsitsiklis. Actor-Critic Algorithms. NIPS'97]



Reduce variance by critic: Actor-Critic

Maintain another parameter vector w

Qw(s, a) = w>�(s, a) ⇡ Q⇡(s, a)
value-based function approximated methods to update Qw


MC, TD, TD(λ), LSPI

Multi-step MDPs: J(✓) =

Z

S
d⇡✓ (s)

Z

A
⇡✓(a|s)Q⇡✓ (s, a) ds da

Learn policy (actor) and Q-value (critic) simultaneously

r✓J(✓) ⇡ E[r✓ log ⇡✓(a|s)Qw(s, a)]

if w is a minimizer of E[(Q⇡✓ (s, a)�Qw(s, a))
2]

Policy Gradient Theorem

equivalent gradient for all objectives

r✓J(✓) = E[r✓ log ⇡✓(a|s)Q⇡✓ (s, a)]

[Sutton et al. Policy gradient methods for reinforcement 
learning with function approximation. NIPS’00]



Example

initial state s 

for i=0, 1, ...


s’, r = do action a

a’ =


s = s’, a = a’

end for 

a = ⇡✏(s)

� = r + �Qw(s
0, a0)�Qw(s, a)

✓ = ✓ +r✓ log ⇡✓(a|s)Qw(s, a)

w = w + ↵��(s, a)

⇡✏(s
0)



Control variance by introducing a bias term

Z

S
d⇡✓ (s)r✓

Z

A
⇡✓(a|s)⇡✓(a|s)b(s) dsda = 0

for any bias term b(s)

obtain the bias by minimizing variance

obtain the bias by V(s)

gradient with a bias term
r✓J(✓) = E[r✓ log ⇡✓(a|s)(Q⇡(s, a)� b(s))]

A⇡(s, a) = Q⇡(s, a)� V ⇡(s)advantage function:

r✓J(✓) = E[r✓ log ⇡✓(a|s)A⇡(s, a)]

learn policy, Q and V simultaneously



Policy search v.s. value function based

Policy search advantages:

effective in high-dimensional and continuous action space

learn stochastic policies directly

avoid policy degradation

disadvantages:
converge only to a local optimum

high variance



Example: Aliased gridworld
Lecture 7: Policy Gradient

Introduction

Aliased Gridworld Example

Example: Aliased Gridworld (1)

The agent cannot di↵erentiate the grey states
Consider features of the following form (for all N, E, S, W)

�(s, a) = 1(wall to N, a = move E)

Compare value-based RL, using an approximate value function

Q✓(s, a) = f (�(s, a), ✓)

To policy-based RL, using a parametrised policy

⇡✓(s, a) = g(�(s, a), ✓)

PO POstate PO cannot be distinguished 
=> same action distribution

deterministic policy: stuck at one side

stochastic policy: either direction with prob. 0.5
policy search derives stochastic policies

adversarial games commonly require stochastic (mixed) 
policy

value function based policy is mostly deterministic


