
Lecture 9 
Advanced Policy Op5miza5on



Policy gradient

J(✓) =

Z

Tra
p✓(⌧)R(⌧) d⌧

<latexit sha1_base64="Nf4MHFdyk+sYCBwxg7lXKS8BH0M="></latexit>

J(✓) =

Z

S
d⇡✓ (s)

Z

A
⇡✓(a|s)r(s, a) ds da

objective:

gradient:
<latexit sha1_base64="rJEcCG8SZbV/QcG7hRo6mb/1RVQ="></latexit>

r✓J(✓) = E[r✓ log ⇡✓(a|s)r(s, a)]

E[
TX

i=1

r✓ log ⇡✓(ai|si)R(si, ai)]equivalent to

surrogated distribution over returns

actor-critic:
<latexit sha1_base64="/0f/1m5HTDiVMkts+t6+UHHtFv8="></latexit>

r✓J(✓) = E[r✓ log ⇡✓(a|s)Qw(s, a)]

<latexit sha1_base64="au0q6czgGXu5NCbibQ9HBlTfXII="></latexit>

r✓J(✓) = E[r✓ log ⇡✓(a|s)(Qw(s, a)� b(s))]
<latexit sha1_base64="NsAqstlRCWjyPHik3upqixZi/KU="></latexit>

r✓J(✓) = E[r✓ log ⇡✓(a|s)Aw(s, a)]
subtract baseline



Questions

1. on-policy or off-policy?

2. surrogate objective good or bad?



Going off-policy by importance sampling

<latexit sha1_base64="1E2BNj/rcIBEvFae3+Mqt/OPkwg="></latexit>

J(✓) =

Z

Tra
p✓0(⌧)

p✓(⌧)

p✓0(⌧)
R(⌧) d⌧

use IS weight

gradient:

<latexit sha1_base64="ND54pfoRpNc0obH64f7bPg0n6E8="></latexit>

p✓(⌧t)

p✓0(⌧t)
=

tY

i=0

⇡✓(at|st)
⇡✓0(at|st)

<latexit sha1_base64="ecQfTbzBCe0milbbGqehq7oLljc="></latexit>

r✓J(✓) = E⇡✓0 [
1X

t=0

p✓(⌧t)

p✓0(⌧t)
�tr✓ log ⇡✓(a|s)Aw(s, a)]



Going off-policy by importance sampling

use IS weight:

gradient:

<latexit sha1_base64="ND54pfoRpNc0obH64f7bPg0n6E8="></latexit>

p✓(⌧t)

p✓0(⌧t)
=

tY

i=0

⇡✓(at|st)
⇡✓0(at|st)

<latexit sha1_base64="us787XhRu5DgSbFOpWFLL4vW1i4="></latexit>

r✓J(✓) = E[
1X

t=0

p✓(⌧t)

p✓0(⌧t)
�tr✓ log ⇡✓(a|s)Aw(s, a)]

<latexit sha1_base64="TwLI+BSvvZsJB7YrWglFQ/80mx0="></latexit>

J(✓) =

Z

S
d⇡✓0 (s)

d⇡✓ (s)

d⇡✓0 (s)

Z

A
⇡✓0(a|s) ⇡✓(a|s)

⇡✓0(a|s)r(s, a) ds da

<latexit sha1_base64="OJBCbiv2JLxM5MYI3cwv6DZz3pg="></latexit>

d⇡(s) = (1� �)
1X

t=0

�tP (st = s|⇡)

even larger variance ?



Policy relative performance 

<latexit sha1_base64="O4Vd05e/Z+nObxvOuC4LTDFchoo="></latexit>

E⌧⇠⇡0

" 1X

t=0

�tA⇡(st, at)

#

= E⌧⇠⇡0

" 1X

t=0

�t
⇣
r(st, at) + �V ⇡(st+1)� V ⇡(st)

⌘#

distribution shifted advantage

<latexit sha1_base64="AtOogrTipFxZwqzk7TjjY0114FQ=">AAAB/nicbVDLSgNBEOyNrxhfUY9eBoMYL2FXfB0DXsRTBPOAZAmzk9lkyMzsMjMrhCXgL3jVuzfx6q949UucJHswiQUNRVU33V1BzJk2rvvt5FZW19Y38puFre2d3b3i/kFDR4kitE4iHqlWgDXlTNK6YYbTVqwoFgGnzWB4O/GbT1RpFslHM4qpL3BfspARbKzUvC93YnZ61i2W3Io7BVomXkZKkKHWLf50ehFJBJWGcKx123Nj46dYGUY4HRc6iaYxJkPcp21LJRZU++n03DE6sUoPhZGyJQ2aqn8nUiy0HonAdgpsBnrRm4j/ee3EhDd+ymScGCrJbFGYcGQiNPkd9ZiixPCRJZgoZm9FZIAVJsYmNLclEOOCDcVbjGCZNM4r3mXFfbgoVa+yePJwBMdQBg+uoQp3UIM6EBjCC7zCm/PsvDsfzuesNedkM4cwB+frF1L2lVU=</latexit>

J(⇡0)

<latexit sha1_base64="o5D1Ca2vQSqEqxIv8Xkn4Bathdw="></latexit>

E⌧⇠⇡0

" 1X

t=0

⇣
�t+1V ⇡(st+1)� �tV ⇡(st)

⌘#

= �E⌧⇠⇡0V ⇡(s0) = �J(⇡)

<latexit sha1_base64="efIVyt0jOQsKbtFEcbBjx38D54g="></latexit>

J(⇡0)� J(⇡) = E⌧⇠⇡0

" 1X

t=0

�tA⇡(st, at)

#

relative performance:



Policy improvement objective
<latexit sha1_base64="aSKvmFLQNauwohtKL2B1M3mXyKM="></latexit>

max
⇡0

J(⇡0)

max
⇡0

J(⇡0)� J(⇡)

max
⇡0

E⌧⇠⇡0

" 1X

t=0

�tA⇡(st, at)

#

objective

a good new policy is to maximize the advantage of the old policy
<latexit sha1_base64="jNkYQTGErlXzfmqkngvK84S9u2Q="></latexit>

E⌧⇠⇡0

" 1X

t=0

�tA⇡(st, at)

#
=

1

1� �
Es⇠⇡0Ea⇠⇡0 [A⇡(st, at)]

<latexit sha1_base64="jpaS5eB+/7N6fxTwy998QLUahGM="></latexit>

=
1

1� �
Es⇠⇡0Ea⇠⇡


⇡0(at|st)
⇡(at|st)

A⇡(st, at)

�

<latexit sha1_base64="wFHydCbFIK9bwWtlQvDSodzNBxI="></latexit>

1

1� �
Es⇠⇡Ea⇠⇡


⇡0(at|st)
⇡(at|st)

A⇡(st, at)

�
what about



Distribution mismatch

<latexit sha1_base64="rtZXtwYDKGKD64p5TRJWhCDMAto=">AAACHHicbZC7SgNBFIZn4y3GW9TSZjCIsTDsircyYGMZwVwgu4TZydlkyOzFmVkhbPIAvoSvYKu9ndgKtj6Jk80WJvGHgY//nMM587sRZ1KZ5reRW1peWV3Lrxc2Nre2d4q7ew0ZxoJCnYY8FC2XSOAsgLpiikMrEkB8l0PTHdxM6s1HEJKFwb0aRuD4pBcwj1GitNUplkZ2xI7LZCRP8CnWnOLI5vCAbYgk42mXWTFT4UWwMiihTLVO8cfuhjT2IVCUEynblhkpJyFCMcphXLBjCRGhA9KDtsaA+CCdJP3MGB9pp4u9UOgXKJy6fycS4ks59F3d6RPVl/O1iflfrR0r79pJWBDFCgI6XeTFHKsQT5LBXSaAKj7UQKhg+lZM+0QQqnR+M1tcf1zQoVjzESxC46xiXVTMu/NS9TKLJ48O0CEqIwtdoSq6RTVURxQ9oRf0it6MZ+Pd+DA+p605I5vZRzMyvn4B7gqg8w==</latexit>

|⇡0(a|s)� ⇡(a|s)|  ✏

<latexit sha1_base64="mGNbeAOhOaslgQhNCYCekEbpQxE=">AAACJHicbVDLTgIxFO3gC/GFunTTSIwYI5khvpYkblxiwithkHTKBRo6nbHtmJCBj/An/AW3undnXLhx4ZdYHgsBT9Lk3HPuzb09XsiZ0rb9ZSWWlldW15LrqY3Nre2d9O5eRQWRpFCmAQ9kzSMKOBNQ1kxzqIUSiO9xqHq9m5FffQSpWCBKuh9CwycdwdqMEm2kZvp00LqP3ZAdD7PqBJ/hSTUqBi6HB5zHLoSK8UDgUjOdsXP2GHiROFOSQVMUm+kftxXQyAehKSdK1R071I2YSM0oh2HKjRSEhPZIB+qGCuKDasTjTw3xkVFauB1I84TGY/XvREx8pfq+Zzp9ortq3huJ/3n1SLevGzETYaRB0MmidsSxDvAoIdxiEqjmfUMIlczcimmXSEK1yXFmi+cPUyYUZz6CRVLJ55yLnH13nilcTuNJogN0iLLIQVeogG5REZURRU/oBb2iN+vZerc+rM9Ja8KazuyjGVjfv3zVo8M=</latexit>

|d⇡
0
(s)� d⇡(s)|  2✏T

if the policy is bounded
the state distribution is bounded

<latexit sha1_base64="Mo7Rej79TTOnBxWULTmvLtKHoso="></latexit>

Es⇠⇡0Ea⇠⇡


⇡0(at|st)
⇡(at|st)

A⇡(st, at)

�

<latexit sha1_base64="OL3FMdric/D4lD/xWDyiFds80Xg="></latexit>

� Es⇠⇡Ea⇠⇡


⇡0(at|st)
⇡(at|st)

A⇡(st, at)

�
� 2✏T 2



Constrained objective
<latexit sha1_base64="gdRAkvVOvzQi7RWgWF9MtTsSFkA="></latexit>

argmax
✓0

Es⇠⇡✓Ea⇠⇡✓


⇡✓0(at|st)
⇡✓(at|st)

A⇡✓ (st, at)

�

<latexit sha1_base64="HFxBEWDcLWU1jL93lRvw82P0sJk="></latexit>

s.t. |⇡✓0(a|s)� ⇡✓(a|s)|  ✏

which (approximately) enquires monotonic increase of J

<latexit sha1_base64="mJx+gSV8iQwlN8N30xdX45Ec0Cw="></latexit>

|⇡✓0(a|s)� ⇡✓(a|s)| 
r

1

2
DKL(⇡✓0(a|s)||⇡✓(a|s))

<latexit sha1_base64="bw0XAdu3XWzhqjJNSqQGZwir9Mk="></latexit>

DKL(p(x)||q(x)) = Ex⇠p(x)


log

p(x)

q(x)

�
= Ex⇠p(x) [log p(x)� log q(x)]



Constrained objective

<latexit sha1_base64="pD70JpeELjHwEYaTQwSXBx6kyD4="></latexit>

s.t. DKL(⇡✓0(a|s)||⇡✓(a|s))  ✏

<latexit sha1_base64="zSJxURJ3/BT0zN864O2HhN468P0="></latexit>

argmax
✓0

Es⇠⇡✓Ea⇠⇡✓


⇡✓0(at|st)
⇡✓(at|st)

A⇡✓ (st, at)

�
= argmax

✓0
Ā✓(✓

0)

<latexit sha1_base64="G0IYEB6AGW8WZQj1wsCedHtneBU=">AAACG3icbZDLSgMxFIYz9VbrbdSlm9Ai1E2ZEW8boeJGXFWwF+gMQyZN29DMheSMUIbufQlfwa3u3YlbF259EtN2BNt6IOTj/8/hJL8fC67Asr6M3NLyyupafr2wsbm1vWPu7jVUlEjK6jQSkWz5RDHBQ1YHDoK1YslI4AvW9AfXY7/5wKTiUXgPw5i5AemFvMspAS15ZhE7PpH4ynOgz4CUp9cRvsS3v+yZJatiTQovgp1BCWVV88xvpxPRJGAhUEGUattWDG5KJHAq2KjgJIrFhA5Ij7U1hiRgyk0nfxnhQ610cDeS+oSAJ+rfiZQESg0DX3cGBPpq3huL/3ntBLoXbsrDOAEW0umibiIwRHgcDO5wySiIoQZCJddvxbRPJKGg45vZ4gejgg7Fno9gERrHFfu0Yt2dlKpnWTx5dICKqIxsdI6q6AbVUB1R9Iie0Qt6NZ6MN+Pd+Ji25oxsZh/NlPH5A/vJn80=</latexit>

Ā✓(✓) = J(✓)

approximation:

<latexit sha1_base64="pD70JpeELjHwEYaTQwSXBx6kyD4="></latexit>

s.t. DKL(⇡✓0(a|s)||⇡✓(a|s))  ✏

<latexit sha1_base64="ZCS6NcX7Rd6J1QMSlmLiTtGvbmY="></latexit>

argmax
✓0

r✓Ā✓(✓)(✓
0 � ✓)

gradient?



Gradient and natural gradient

gradient decent

min with KL measure
<latexit sha1_base64="nMEgi0OV8zv49e3zJD8ZJJT+KdY="></latexit>

min
DKL[p✓k✓+�✓]✏

L(✓ + �✓)

<latexit sha1_base64="BW8bEzGXVGLCqY7zPa6oktrZJVI="></latexit>

�✓⇤ = � 1

�
F�1r✓L(✓)

<latexit sha1_base64="Nbt5/gvmK/DPr+cVGq1lntrjpt4="></latexit>

minL(✓ + �✓) + �(DKL[p✓kp✓+�✓]� ✏)

⇡ minL(✓) +rL(✓)>�✓ + �(
1

2
(�✓)>F �✓ � ✏)



Property of natural gradient

gradient in Euclidean distance gradient on manifold



Natural Policy Gradient

advantage: not effected by parameter space
disadvantage: unstable computation



Natural Policy Gradient

1. collect sample by 
2. calculate policy gradient and Fisher matrix
3. update policy parameter by

<latexit sha1_base64="au5VGL2mWvJim4vjdKrRtYKs1Mo=">AAAB+nicbVDLTgJBEOzFF+IL9ehlIjHxRHaNryOJF48YBUlgQ2aHWZgwj83MrAlZ+QSvevdmvPozXv0SB9iDgJV0UqnqTndXlHBmrO9/e4WV1bX1jeJmaWt7Z3evvH/QNCrVhDaI4kq3ImwoZ5I2LLOcthJNsYg4fYyGNxP/8Ylqw5R8sKOEhgL3JYsZwdZJ952EdcsVv+pPgZZJkJMK5Kh3yz+dniKpoNISjo1pB35iwwxrywin41InNTTBZIj7tO2oxIKaMJueOkYnTumhWGlX0qKp+nciw8KYkYhcp8B2YBa9ifif105tfB1mTCappZLMFsUpR1ahyd+oxzQllo8cwUQzdysiA6wxsS6duS2RGJdcKMFiBMukeVYNLqr+3XmldpnHU4QjOIZTCOAKanALdWgAgT68wCu8ec/eu/fhfc5aC14+cwhz8L5+AYevlGs=</latexit>⇡

Truncated Natural Policy Gradient, TNPG

use fixed step conjugate gradient 



Trust Region Policy Optimization

<latexit sha1_base64="oukHnb7+s5aDw/vq6ySKgu7CCXM=">AAACK3icbVDJSgNBFOxxjXGLevTSGMTkYJgRt6PiRTxFMAtkQnjT6ZgmPQvdb8Qw5D/8CX/Bq949KZ4E/8NOMopRCxqKqnq81+VFUmi07Rdranpmdm4+s5BdXFpeWc2trVd1GCvGKyyUoap7oLkUAa+gQMnrkeLge5LXvN7Z0K/dcKVFGFxhP+JNH64D0REM0Eit3N5FwcUuR9gp7n7RogtRpMJb6nqg6GlrrH7nWrm8XbJHoH+Jk5I8SVFu5d7ddshinwfIJGjdcOwImwkoFEzyQdaNNY+A9eCaNwwNwOe6mYz+NqDbRmnTTqjMC5CO1J8TCfha933PJH3Arv7tDcX/vEaMneNmIoIoRh6w8aJOLCmGdFgUbQvFGcq+IcCUMLdS1gUFDE2dE1s8f5A1pTi/K/hLqnsl56BkX+7nTw7TejJkk2yRAnHIETkh56RMKoSRO/JAHsmTdW89W6/W2zg6ZaUzG2QC1scnsVymbg==</latexit>

J(✓0)� J(✓) ⇡ Ā✓(✓
0) to be positive

<latexit sha1_base64="jC1+4m1imvbHYC5F9p+Y28NKl8w="></latexit>

DKL(⇡✓0(a|s)||⇡✓(a|s))  ✏

we want to ensure

and

which NPG and TNPG may not

do a line search of parameter to ensure those



Trust Region Policy Optimization

monotonic improvement

do a line search



Proximal Policy Optimization

<latexit sha1_base64="9al7Vf6q92ymZ0y6w1/lMyCOp0A="></latexit>

min
✓

X

s,a

⇡✓(a|s)
⇡old(a|s)

A(s, a)� �DKL[⇡oldk⇡✓]

more straightforward

for t = 1, 2, …
run policy for T trajectories
estimate advantage function
do SGD to the policy optimization objective for N epochs
adjust    , KL too high => increase, KL too low=> decrease

next

<latexit sha1_base64="Sb9SWa7njQHjUbY7dbt29ocQaLo="></latexit>

�



Proximal Policy Optimization 2

clip the IS ratio

<latexit sha1_base64="k4ek7ROhxsB1qrQkeB2iMfHSuE8="></latexit>

min
✓

min

✓
⇡✓(a|s)
⇡old(a|s)

A, clip
✓

⇡✓(a|s)
⇡old(a|s)

, 1� ✏, 1 + ✏

◆
A

◆





https://openreview.net/forum?id=r1etN1rtPB

https://arxiv.org/pdf/2006.05990.pdf



Another surrogate objective

<latexit sha1_base64="/0f/1m5HTDiVMkts+t6+UHHtFv8="></latexit>

r✓J(✓) = E[r✓ log ⇡✓(a|s)Qw(s, a)]

previous (stochastic) objective and gradient

where we treat Q the same as R as a black box

Can we treat Qw as a differentiable model? 

<latexit sha1_base64="2wxB2lWXFdv61N2JXFDsA/d61Rw="></latexit>

J(✓) =

Z

S
d⇡✓ (s)

Z

A
⇡✓(a|s)Q⇡(s, a) ds da



Deterministic policy gradient: DPG

[David Silver, Guy Lever, Nicolas Heess, Thomas Degris, Daan Wierstra, Martin A. Riedmiller. 
Deterministic Policy Gradient Algorithms. ICML 2014: 387-395]

<latexit sha1_base64="eb0jSWziPBWKFdMa4532Sorsq0c="></latexit>

J(✓) =

Z

S
d⇡✓ (s)Q⇡(s,⇡✓(s)) ds da

<latexit sha1_base64="hKawSp8OAXhm1x3zgh18qaegS1w="></latexit>

r✓J(✓) = Ed⇡✓ [r✓⇡✓(s)raQw(s, a)|a=⇡(s)]

on-policy update off-policy update



Deep deterministic policy gradient: DDPG

[Timothy P. Lillicrap, Jonathan J. Hunt, Alexander Pritzel, Nicolas Heess, Tom Erez, Yuval Tassa, David Silver, Daan 
Wierstra. Continuous control with deep reinforcement learning. ICLR 2016]



Twin delayed DDPG: TD3

[Fujimoto, Scott, Herke van Hoof, and Dave Meger. Addressing Function Approximation Error in Actor-Critic Methods. 
arXiv:1802.09477 (2018)]

Twin:
consider Q overestimation

delayed update + 
smoothed update



Twin delayed DDPG: TD3

[Fujimoto, Scott, Herke van Hoof, and Dave Meger. Addressing Function Approximation Error in Actor-Critic Methods. 
arXiv:1802.09477 (2018)]



Learning with MaxEntropy

<latexit sha1_base64="QpCaC70zRAcwO3IZe5Hh7HTGLIY="></latexit>

J(✓) = E(s,a)⇠d⇡✓ [Q⇡✓ (s, a) + ↵H(⇡✓(·|s))]

better robustness + natural exploration



Maximum entropy learning

consider a distribution p of x, and a cost function
<latexit sha1_base64="E/xpkoAaL72FY85Q+23Y7s20GlI="></latexit>

c(x)

we want to find a distribution p that maximizes the cost

would overfit the largest cost. Thus introduce a regularization

<latexit sha1_base64="ZTs33+RgHBWYKQpNJgNJxX0ZWY4="></latexit>

argmax
p

X

x

p(x)c(x)

<latexit sha1_base64="P9wakV/c6vuk5v5KwpnlU2wjY4g="></latexit>X

x

p(x) = 1

<latexit sha1_base64="PIQq8n+wxJdtnI4MTZ7WpG0/irw="></latexit>

argmax
p

X

x

p(x)c(x)� �
X

x

p(x) log p(x)



Maximum entropy learning

find the solution

<latexit sha1_base64="Ck4MchoeG8RE+gIKXHzpjBjHyC0="></latexit>

p(x) ⇠ ec(x)

exponential family

maximizing the entropy of the distribution implies  
maximizing the likelihood of exponential family distribution

<latexit sha1_base64="4ZNzhyvKBHDqzZyJ520+lGs0cJk="></latexit>

L(p,�) =
X

x

p(x)c(x)� �
X

x

p(x) log p(x)

<latexit sha1_base64="QQGrm2dYS+CC0IFRI2BaN9HyGCM="></latexit>

@pL =
X

x

[c(x)� � log p(x)� �] = 0



MaxEntropy policy improvement

The policy should be in the form of 

<latexit sha1_base64="PFmQtNhvNVQRRGmn9gVGInw+fNw="></latexit>

✓t+1 = argmin
✓

DKL

✓
⇡✓(·|s)

���
eQt(s,·)

Zt(s)

◆

<latexit sha1_base64="vMiIkajPSV5eaRA1R+GfbUWD8SI=">AAACIXicbZDLSgMxFIYzXmu9VV26CRahBSkzUqrLghuXLdgLdmrJpJk2NJkZkjNCGeYVfAlfwa3u3Yk7ceeTmF4WtvWHwJ//nMNJPi8SXINtf1lr6xubW9uZnezu3v7BYe7ouKnDWFHWoKEIVdsjmgkesAZwEKwdKUakJ1jLG91M6q1HpjQPgzsYR6wrySDgPqcETNTLFdyIu5pLjF1fEZqwh6Teg4K+cGk/hGKaJveTazHt5fJ2yZ4KrxpnbvJorlov9+P2QxpLFgAVROuOY0fQTYgCTgVLs26sWUToiAxYx9iASKa7yfRHKT43SR/7oTInADxN/04kRGo9lp7plASGerk2Cf+rdWLwr7sJD6IYWEBni/xYYAjxBA/uc8UoiLExhCpu3orpkBgyYCAubPFkmjVQnGUEq6Z5WXIqpXK9nK9W5ngy6BSdoQJy0BWqoltUQw1E0RN6Qa/ozXq23q0P63PWumbNZ07QgqzvX+/uo6Y=</latexit>

⇡ ⇠ eQt(s,·)

Zt(s)

Set the policy update objective

Can the policy be improved?
<latexit sha1_base64="GizcuFTzubLXbrK/v1rg1fj/jC0="></latexit>

⇡ ⇠ eQt(s,·)

Zt(s)
= softmax Qt(s, ·)



About soft Q learning
1. define new reward

2. the policy objective

ensures that
which is

and also is

3. we obtain the value improvement by expanding and replacing as



SAC


