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Abstract—Support Vector Machine (SVM) has always been one of the most successful learning algorithms, with the central idea of
maximizing the minimum margin, i.e., the smallest distance from the instances to the classification boundary. However, recent
theoretical results disclosed that maximizing the minimum margin does not necessarily lead to better generalization performance, and
instead, the margin distribution has been proven to be more crucial. Based on this idea, we propose the Optimal margin Distribution
Machine (ODM), which can achieve a better generalization performance by optimizing the margin distribution explicitly. We characterize
the margin distribution by the first- and second-order statistics, i.e., the margin mean and variance. The proposed method is a general
learning approach which can be applied in any place where SVMs are used, and its superiority is verified both theoretically and

empirically in this paper.

Index Terms—margin, margin distribution, minimum margin, classification.

1 INTRODUCTION

Support Vector Machine (SVM) [1] has always been one
of the most successful learning algorithms. The idea is to
identify a classification boundary having a large margin for
all the training instances, and the resultant optimization
can be accomplished by a quadratic programming (QP)
problem. Although SVMs have a long history of literatures,
there are still great efforts on improving SVMs [2], [3], [4].

It is well known that SVMs can be viewed as a learning
approach trying to maximize the minimum margin of train-
ing instances, i.e., the smallest distance from the instances
to the classification boundary, and the margin theory [5]
provided a good support to the generalization performance
of SVMs. It is noteworthy that there is also a long history
of applying margin theory to explain the good generaliza-
tion of AdaBoost [6], a major representative of ensemble
methods [7]. Specifically, [8] first suggested margin theory
to explain the phenomenon that AdaBoost seems resistant
to over-fitting; soon after, [9] indicated that the minimum
margin is crucial and developed a boosting-style algorithm,
named Arc-gv, which is able to maximize the minimum mar-
gin but with a poor generalization performance. Later, [10]
observed that although Arc-gv produced a larger minimum
margin, its margin distribution is quite poor. Nowadays, it
is well-accepted that the margin distribution is more crucial
to the generalization performance of AdaBoost, and relevant
generalization error bounds have also been proven in [11].
All these theoretical studies, however, focused on boosting-
style algorithms, whereas the influence of the margin dis-
tribution for SVMs in practice has not been well exploited.
In addition, the central idea of SVMs is to maximize the
minimum margin, so there may still exist large space to
further enhance for SVMs. Finally, SVMs are widely used
learning methods in practice, so a remarkable improvement
of SVMs will play a big role in many real applications.
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In this paper, we propose the Optimal Margin Distribu-
tion Machine (ODM), whose idea is to optimize the margin
distribution so as to get better generalization performance.
Inspired by the theoretical work [11], we characterize the
margin distribution by the first- and second-order statistics,
that is, maximizing the margin mean and minimizing the
margin variance simultaneously. For optimization, we pro-
pose a dual coordinate descent method for kernel ODM,
and a SVRG method for large scale linear kernel ODM.
We also extend the block coordinate descent method for
multi-class kernel ODM (mcODM). Extensive experiments
on fifty four binary data sets and twenty two multi-class
data sets show the superiority of our methods to SVMs in
comparisons with other state-of-the-art methods, verifying
that the margin distribution is more crucial than minimum
margin for SVM-style learning approaches.

A preliminary version of ODM appeared in a conference
paper [12]. Compared with the original version, we pro-
pose a new approach which can characterize the margin
distribution adaptively by a well-designed loss function,
and is more efficient for nonlinear kernels owing to the
avoidance of computation of matrix inverse. Based on Gaus-
sian complexity, we provide a better generalization error
bound rather than the original expected error bound. We
call this new approach as Optimal margin Distribution Ma-
chine (ODM), whereas the preliminary method was called
Large margin Distribution Machine (LDM) and denoted
by ODM?’ for convenience. Up to now, there are a lot of
works based on ODMY, just to name a few, [13] extends it
to semi-supervised learning, an important case of weakly
supervised learning [14] and handle unequal misclassifica-
tion cost. [15] proposes a margin distribution machine for
clustering. [16] applies it to feature elimination.

The rest of this paper is organized as follows. Section 2
introduces some preliminaries. Section 3 and 4 present the
formulation and optimization of ODM and mcODM, respec-
tively. Section 5 presents the theoretical analysis. Section 6
discusses about some related works. Section 7 gives exten-
sive empirical studies, and finally Section 8 concludes with
future work.



2 PRELIMINARIES

We denote by X C RY the instance space and Y = [k]
the label set, where k¥ > 2 and [k] = {1,...,k}. Let D
be an unknown (underlying) distribution over & x ). A
training set S = {(x1,y1),-- -, (Tm,Ym)} € (X X Y)™ is
drawn identically and independently (i.i.d.) according to
the distribution D. Let ¢ : X +— H be a feature mapping
associated to some positive definite kernel . The hypothesis
is defined based on k weight vectors wy, . .., w; € H, where
each one defines a scoring function x — w; ¢(x),l € [k].
The label of instance x is the one resulting in the largest
score, i.e., h(x) = argmax;c(,, w, ¢(z). This decision func-
tion naturally leads to the fohowing definition of margin for
a labeled instance (x, y):

(T, y) = w, ¢p(x) — max w; (), @)

thus h misclassifies (x, y) iff it produces a negative margin
for this instance.

2.1 Binary SVMs

For binary classification, Eq. (1) can be equivalently rewrit-
ten as yu(x,y) = (ly=1 — ly—2)(wi — w2) "¢(z), where
1(.) is the indicator function that returns 1 when the ar-
gument holds, and 0 otherwise. To simplify the expres-
sion, we change the label set to {1,—1}, then we have
the specific definition of margin for binary classification:
m(@,y) = (Ly=1 — Ly=—1) (w1 — w_1) T d(x) = yw' d(z),
where w = w; — w_;.

It is easy to find that all v, (x;,y;) will be positive for
separable data, i.e., the training instances can be separated
without error. By scaling it with 1/||w]||, we can get the
signed geometric distance from (¢(x;),y;) to the hyper-
plane w'g(z) = 0, ie, (@i, yi) = yiw  d(z:)/|w] =
Yr(@i, y;)/||w|. The hard-margin SVM is regarded as the
maximization of the minimum distance,

max v/[|w]|, s.t. yinqﬁ(mi) >y, Vi.
w

Since the value of v doesn’t have influence on the optimiza-
tion, we can simply set it as 1. Note that maximizing 1/||w||
is equivalent to minimizing |lw||?/2, we can get the classic
formulation of hard-margin SVM as follows:

1
min §||wH2, s.t.oyiw ! ola;) > 1, Vi
w
For non-separable data, i.e., the training instances can’t
be separated without error, soft-margin SVM is posed,
) 1 9 )\ m
min — ||w — ;
min o [jw][* + m;&
st.oyw ! olay) >1—&, & >0, Vi.

where £ = [£1,...,&,] are slack variables which measure
the losses of instances, and A is a trading-off parameter.
Again, note that minimizing ||w|?/2 and Y /*, &/m is
equivalent to maximizing 1/||w|| and 1—3";", & /m respec-
tively, so there exists a constant X such that Eq. (2) can be
equivalently reformulated as,

1 P
max — | 1 — — &,
Wt Tl ( m > ®)

s.t. yin¢($i) > 1-— fi, 52 > O, Vi.

@

Denote 49 = 1/||w| and & = &;/||w||, then we have
1 A & A<,
Tall=—=2&|=%——)_&
[Jwll ( m ; ) m ;
and

yw ' o(x;) >1—& = yiw' d(z;) > Follw| — &
— yiw ' o(x;) > 40 — &

= An(xi, yi) > Y0 — éz
[|w]| [

[

Since &; > 0 iff él > 0, Eq. (8) can be rewritten as

N m
max o — A > & st An(@i, vi) = 90 — &y & >0, Vi
J0,8: m=
Note that 4y indeed characterizes the top-p minimum mar-
gin, i.e., the p-th smallest value in {y,w’ ¢(x;),i € [m]};
hence SVMs consider only a single-point margin and have
not exploited the whole margin distribution, which may be

misleading in some situations. See Figure 1 for an illustra-
tion [17].
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Fig. 1. A simple illustration of linear separators optimizing the minimum
margin and margin distribution, respectively. Dotted ellipses are two
underlying distributions, from which circles and squares are instances
sampled. Solid circle and square are mean instances (not necessar-
ily real instances in the training data). Ay, and hgist are decision
hyperplanes achieved by optimizing the minimum margin and margin
distribution, respectively.

2.2 Multi-Class SVMs

For multi-class classification, there are roughly four types of
SVMs can be applied:

1) One-vs-rest SVM (ovrSVM) consists of learning k scor-
ing functions h; : X — {—1,+1}, 1 € [k], each seeking
to discriminate one class [ from all the others, as can be
seen it need train k¥ SVM models.

2) One-vs-one SVM (ovoSVM) [18] determines the scoring
functions for all the combinations of class pairs, so it
need train k(k — 1)/2 SVM models.

3) Error-correcting output code SVM (ecocSVM) [19] is a
generalization of the former two methods. This tech-
nique assigns to each class [ € [k] a code word with
length ¢, which serves as a signature for this class.
After training c¢ binary SVM models hq(-),...,he(:),
the class predicted for each testing instance is the one



whose signatures is the closest to [h1(z),. ..
Hamming distance.

4) Multi-class SVM (mcSVM) is extended from the binary
SVM with joint formulation. Specifically, [20] directly
optimizes the minimum margin defined in Eq. (1).
CappedSVM [21] optimized the truncated loss to han-
dle outliers. A new multi-class SVM was developed
in [22] which considers the margin for each class pair.

These four methods can be classified into two groups.
The first group includes the first three methods by convert-
ing the multi-class classification problem into a set of binary
classification problems. The weakness of these methods
is that they may produce unclassifiable regions and the
computational costs are very large in practice since a lot
of hyperparamers need to be tuned. On the other hand,
mcSVM belongs to the second group. It directly determines
all the scoring functions at once, so the time cost is usually
less than the former methods. In addition, the unclassifiable
regions are also resolved. Note that all these methods are
besed on binary SVM. So all these methods have the same
weakness with binary SV, i.e., they consider only a single-
point margin and have not exploited the whole margin
distribution.

,he(2)] in

3 ODM

The two most straightforward statistics for characterizing
margin distribution are the first- and second-order statistics,
that is, margin mean and variance. In this section, we
introduce ODMY and ODM, which both are formulated
as a QP with decoupled box constraints, so we propose
a dual coordinate descent method ODM,.4 to solve them
uniformly. We also extend a SVRG based method ODM,,.¢
for large scale problems.

3.1 obm‘t

Denote X as the matrix whose i-th column is ¢(x;), ie.,
X = [¢(m1)7 LR (rb(mm)]l yT = [yh cee 7ym]' and Y isam x
m diagonal matrix with y1, . .., y,, as the diagonal elements.
According to the definition, the margin mean and margin
variance are

1 & T 1 T
’szagyiw ¢("Ez)=E(X’y) w,

m T
o= S o) )P = w0 XX Ty,
m = m

Inspired by the theoretical work [11], we attempt to
maximize the margin mean and minimize the margin vari-
ance simultaneously. The most natural idea is to add the
margin mean ,, and the margin variance v, to the objective
function of SVM explicitly, which leads to

in L ao]]? +
min —|{|w —
w,E: 2 ﬂl"yv

)

A m
H2Ym + E ;627

s.t. yi'ché(aci) > 1-— €i7 gi > 0, Vi.

(4)

where 11 and pi2 are trading-off parameters. It’s evident that
ODM? subsumes SVM when y; and 15 equal 0.

3

Substituting margin mean and margin variance, Eq. (4)
leads to the following quadratic programming problem,
1 I-yy'
mianw||2+wTXM1(m vy )
wé 2 m?

)

X"w
A
P xy)Twt See, ©)
m m
st.YXTw>e—¢ £€>0,

where e is all-one vector. By introducing the Lagrange
multipliers o« > 0 and 3 > 0 for the first and the second
constraints respectively, the Lagrangian of Eq. (5) leads to

L= leQw —w' XY (&eJra) +a'e
2 m
+&7 (ie—a —B)
m

where Q = I + 211 X (mI — yy')X " /m?. By setting the
partial derivative of {w, &€} to zero, we have

(6)

A
w:Q_lXY(@e—&—a),Ogag—e. )
m m
By substituting Eq. (7) into Eq. (6), the dual of Eq. (5) can be
cast as:
T
min — (ﬂe + a) YX'Q'XY (@e + a) —e'a,
m m
st.0< a < ie. 8)
m
According to the Sherman-Morrison-Woodbury formula
(IT+XAX")1=T-X(A1+X"X)1XT, wehave
Q'X=X(I+AG)™, 9)

where A = 2u;(mI — yy')/m? and G = XX is
the kernel matrix. Then X 'Q"'X = G(I + AG)™'. By
denoting H = YG(I + AG)~'Y, the objective function of
Eq. (8) can be written as

1 T
fla) = iaTHa + (%He - e) o + const.

Negelect the const term which doesn’t have influence on the
optimization, we arrive at the final formulation of the dual
kernel ODMZ,

a'Ha

T A
min + (BHe — e) a,st.0<a< —e. (10)
[e m m
For prediction, according to Eq. (7) and Eq. (9), one can
obtain the coefficients w from the optimal a* as

w=XI+AG)" 'Y (&e + a*) = Xv,
m

where v = (I + AG)~ 'Y (u2e/m + a*). Hence for testing
instance z, its label can be obtained by sign(w'¢(2z)) =

sign(3" vik(xi, 2)).

3.2 ODM

The idea of ODMY is straightforward, however, the resul-
tant objective function is quite complex. In this section, we
try to propose a simpler but more powerful formulation.
Note that SVM set the minimum margin as 1 by scaling
w, in the same manner, we can also fix the margin mean
as 1. Then the deviation of the margin of (x;,y;) to the



margin mean is |y;w ' ¢(x;) — 1|. By minimizing the margin
variance, we arrive at the following formulation,

min
w,§i,€q

1 2 A - 2 2
5”“’“ + m ;(fz +€),
s.t. yin¢($i) >1-¢, yi’qub(CCi) <1+e¢, Vi

)

where ) is trading-off parameter. The margin of (z;,y;) is
either smaller or greater than the margin mean, so at most
one of §; and ¢; can be positive. In addition, if one is positive,
the other must be zero (otherwise if it’s negative, we can set
it as zero without violating any constraint but decrease the
objective function value), so the second term of the objective
function is exactly the margin variance.

The hyperplane y;w ' ¢(x;) = 1 divides the space into
two subspaces. For each instance, no matter which space it
lies in, it will suffer a loss which is quadratic with the devi-
ation. However, the instances lie in the space corresponding
to y;w ' ¢(x;) < 1 are much easier to be misclassified than
the other. So it is more reasonable to set different weights
for the loss of instances in different spaces, i.e., the second
term of Eq. (11) can be modified as % S (€2 + pe?), where
1 is the parameter for trading-off two different deviations.
According to the representer theorem [23], the optimal solu-
tion will be spanned by the support vectors. Unfortunately,
for ODM, almost all training instances are support vectors.
To make the solution sparse, we introduce a f-insensitive
loss like SVR, i.e., the instances whose deviation is smaller
than ¢ are tolerated and only those whose deviation is larger
than 0 will suffer a loss. Finally, we obtain the formulation
of ODM,

1 9 A m 53 Jr,ue?
Jan o™+ ; (1—6)72
stoyw olay) >1—-60—&,
yiw ' d(z;) <1+0+¢, Vi

(12)

where X and p are described previously, 0 is a parameter for
controlling the number of support vectors, i.e., the sparsity
of the solution, and (1 — #)? in the denominator is to scale
the second term to be a surrogate loss for 0-1 loss.

Introduce the Lagrange multipliers { > 0 and 3 > 0 for
the two constraints respectively, the Lagrangian of Eq. (12)
leads to

XETE e €
2 m(1—0)2 " m(1-0)2
+¢ (1 -0e—& BT ((L+0)e+e).

L lwl?

(C=B)'YX w
(13)
By setting the partial derivative of {w, £, €} to zero, we have

—0)’B

m(1 —6)%¢ .
2

22

m(1

w=XY((-p8),§= - (14)

By substituting Eq. (14) into Eq. (13), we have

m(1—0)*(u¢"¢+B"B)
A p

L=—1(-8)QE-5) -
+(1-0)(¢Ce—(1+06)8"e,

4

where @ = YXTXY. Denote ' = [¢T,37], then ¢ =
[I,0]la, B = [0, Il and ¢ — B = [I,—I]|cx. The dual of
Eq. (12) can be cast as:

Q+ m(1-0)* -Q
min Ea—r 22 m(1-0)° o
[e 4 —
¢ T (15)
+ {Eg; Rj a, st.a > 0.

For prediction, according to Eq. (14), one can obtain the
coefficients w from the optimal ™ as

w=XY(-pB)=XY[I,-Ila* = Xv,

where v = Y[I, —I]a*. Hence for testing instance z, its
label is sign(w " ¢(z)) = sign(>_1", vir(x;, 2)).

3.3 Optimization

Note that Eq. (10) and Eq. (15) are both the special cases of
the following form, which has convex quadratic objective
function and simple decoupled box constraints,

Irgn fla) = %aTHa + qTa, st.0 < a<u,
where u = oo for ODM. As suggested by [24], it can be
efficiently solved by the dual coordinate descent method. In
dual coordinate descent method [25], one of the variables is
selected to minimize while the other variables are kept as
constants at each iteration, and a closed-form solution can
be achieved at each iteration. Specifically, to minimize «; by
keeping the other «j; as constants, one needs to solve the
following subproblem,

mtin fla+te;) st.0<a;+t<uy, (16)
where e; denotes the vector with 1 in the i-th coordinate
and 0 elsewhere. Let H = [h;;]; j=1,...,m, We have

f(a + tei) = %hi,‘tZ + [Vf(oz)]zt + f(a),

where [V f(a)]; is the i-th component of the gradient
V f(a). Considering that f(a + te;) is a simple quadratic
function of ¢, and further note the box constraint 0 < «; <
u;, the minimizer of Eq. (16) leads to a closed-form solution:
a?®® = min(max(a; — [V f(a)]i/hii,0),u;). Algorithm 1
summarizes the pseudo-code of ODM.q for kernel ODME
and ODM.

Algorithm 1 ODMgq
1: Input: data set X.

2: Initialize o = 0, calculate H and q.

3: while o not converge do

4 fort=1,...mdo

5: Vf(a)i < [Ha + gl

6: Q; ¢ min (max (ai — %,0) ,ui).
7:  end for

8: end while

9: Output: o




3.3.1 Speedup for Linear Kernel

ODMy,4 can efficiently deal with kernel ODM’ and ODM.
However, the inherent computational cost for the kernel
matrix takes O(m?) time, which might be computational
prohibitive for large scale problems. To make them more
useful, in the following, we present a fast linear kernel
ODM’ and ODM for large scale problems.

For linear kernel ODMZ% and ODM, the objective func-
tion of primal problem Eq. (4) and Eq. (12) can be reformu-
lated as the following form, respectively,

Jw|* | pmw' XXTw  pmw Xyy' X Tw
Jr(w) = + —
2 m m2
- %(Xy) w+ — Zmax{o 1 —yw'x;}, (17)
=1
Jw|?  AY", max{0,1 -6 — y,w ' x;}>
fo(w) = 5 T (i 6)?
A 0, y; ;i —1—6)2
n p 3oy max{0, yiw 'z I (18)

m(1—0)?

For large scale problems, the computational cost for the
gradient of (17) and (18) is expensive because its computa-
tion involves all the training instances. Stochastic gradient
descent (SGD) works by computing a noisy unbiased es-
tivion of the gradient via sampling a subset of the training
instances [26]. It can be theoretically proven that when the
objective is convex, SGD converges to the global optimal
solution in expectation [27], [28].

The following theorem presents an approach to obtain an
unbiased estimation of the gradient V f1,(w) and V fo (w).

Theorem 3.1. If two instances (x;,y;) and (x;,y;) are ran-
domly sampled from the training set independently, then

Viv(w,z;,z;) =w+ 2u1mimjw - 2,uly,;yja:,;a:ij

— p2yi®i — Ayixilicr,,

2A(y;w @ + 0 — D)y zilier,

(1-6)?
2o u(y;w T x; — 0 — Vy;xilier,
(1-6)? ’

are the unbiased estimation of V fr(w) and V fo(w) respec-
tively, where I, = {i | yyw ' x; < 1}, I = {i | yiw'x; <
1—0}, I3 = {i | y;w "@; > 1+ 0} are index sets.

Proof. The gradient of fr,(w) is

va(w7 wi)

:w+

+

2 2
Vi(w)=w+ ﬂXXTw — %nyTXTw
me - *;yzw 12611
Note that E[x;z; ] = X X T /m and E[y;z;] = Xy/m, with

the linearity of expectation and the independence between
x; and x;, we have E[Vfr(w,z;,z;)] = Vfr(w), thus
Vfr(w,z;, ;) is an unbiased gradient of fr,(w).

Again the gradient of fo(w) is

A (yiw Ty 4+ 0 — D)yiwiLier,
m(1—0)?

AT plyiw T x; — 0 — 1)y Lier,
m(1 —0)?

Vio(w)=w+

+

5

According to the linearity of expectation, we have
E[V fo(w,z;)] = V fo(w), thus V fo(w, x;) is an unbiased
gradient of fo(w). O

Based on Theorem 3.1, the stochastic gradient update can
be formed as

— NtGt, (19)

where g; is V fL,(w, z;, z;) for ODM* and V fo(w, x;) for
ODM respectively, and 7; is a suitably chosen step size
parameter in the ¢-th iteration.

Since the objective function of ODM is differentiable, in
practice we use the SVRG method which is more stable than
SGD [29]. Besides performing the normal stochastic gradient
update (19) at each iteration, it also occasionally compute
full gradient, which can be used to reduce the variance of
the stochastic gradient estimation. Algorithm 2 summarizes
the pseudo-code of ODM,,yg.

Wiy = Wy

Algorithm 2 ODMy,,,,
1: Input: data set X.
2: Initialize wg = 0.
3 fors=1,2,...do

4. wy =W = Ws_1.

5:  Compute full gradient f.

6: fort=1,2,...,mdo

7: Randomly sample training instance (z;, y;).

8 Compute the unbiased stochastic gradient g;.

9 wy = w1 —1(Vio(wi—1,xi) = Vfo(w,xi)+ @)

10:  end for
11:  Set ws = w; for randomly chosen t € [m].
12: end for

13: Output: w

4 mcODM

In this section, we try to extend the binary ODM described
in Section 3.2 to multi-class version [30]. By replacing the
margin term y;w ' ¢(x;) in Eq. (12) with the general margin
defined in Eq. (1), we can achieve the multi-class version of
kernel ODM, i.e., kernel mcODM:

k 2
2 ] + 25 tie,
=1

s.t. w;/r(b(azt) - maxwlT(ﬁ(ac,-) >1-6-¢,
‘ l#y;

min
wy, i€

w; (x;) — Ill;é%xwl—rﬁf’(mi) <1+4+6+¢€, Vi,
where the regularization term turns into summation of
norm of all the scoring functions.

Due to the max operator in the second constraint,
mcODM is a non-differentiable non-convex programming,
which is quite difficult to solve directly. We first relax
mcODM into a series of convex QP, and then extend the
block coordinate descent method [31] to solve the dual of
each QP.

At each iteration, we recast the first constraint as £ — 1
linear inequality constraints w,) ¢(z;) —w, ¢(x;) > 1—0—
&, | # y; and replace the second constramt with w, (b(wl)
M; < 1+0+¢;, where M; = max;+,, w, L o(x;) and w; is the



solution to the previous iteration. Then we can repeatedly
solve the following convex QP problem until convergence:
min

k m
S P+ =) S
wy, &, 2 ; m ; (1 - 9)2
st wy d(xi) —w ¢(xi) >1—0—&, VI #yi,
w, p(x;) — M; < 1+0+¢, Vi

(20)

Introduce the Lagrange multipliers ¢! > 0,1 # y; for the
first k — 1 constraints and 3; > 0 for the last constraint
respectively, the Lagrangian function of Eq. (20) leads to

k m s92
=5l S o
=1

m

=D Gilwy é(x)

i=1 1y

+ Z 51(71’;(25(
i=1

By setting the partial derivations of variables {wy, &;, €;} to
zero, we have

i(wZC - 1_ Yi,l )C'
=1
(

_w;—¢($i)—1+9+fi)

mi)fMi7170fei),

yl,lﬁz> o(x;),

SEYi

Zg, € =

1Ay,

m(1—6)?
2\

§i = Bi. (21)

where §,, ; equals 1 when y; = [ and 0 otherwise. By further
defining ol = —(! for VI # y; and o' = > sy, G we have

m

w =Y (af —

i=1

Oy, 1B1) (). (22)

By substituting Eq. (22) and Eq. (21) into the Lagrangian
function, we can obtain the following dual problem

Join o ZHWHQ <MZ ) +262)
ZZ@ + (M; +1+0) Zﬁz,

i=1 12y

(23)

k
s.t. Zaé =0, aé <0, B8; >0, VIl #y,;, Vi.
1=1

The objective function in Eq. (23) involves m (k1) variables
in total, so it is not easy to optimize with respect to all the
variables simultaneously. Note that all the constraints can
be partitioned into m disjoint sets, and the i-th set only
involves a},...,a¥, 3;, so the variables can be divided into
m decoupled groups and an efficient block coordinate de-
scent algorithm can be applied. Specifically, we sequentially
select a group of k + 1 variables al,..., af, (3; associated
with instance x; to minimize, while keeping other variables
as constants, and repeat this procedure until convergence.

Algorithm 3 below details the kernel mcODM.

Algorithm 3 Kernel mcODM

1: Input: data set X.
2: Initialize o' = [af,...,af,....al ...,
[B1, ..., Bm] as zero vector.
while o and 3 not converge do
fori=1,...,mdo
M = maxizy, 3370 (0 — 0y, 185)k (x5, ®5).
end for
Solve Eq. (23) by block coordinate descent method.
end while

Output: o, 3.

akland BT =

4.1 Sub-problem

The sub-problem in step 7 of Algorithm 3 is also a con-
vex QP with k 4 1 variables, which can be accomplished
by some standard QP solvers. However, by exploiting its
special structure, i.e., only a small quantity of cross terms
are involved, we can derive an algorithm to solve this sub-
problem just by sorting, which can be much faster than
general QP solvers.

Note that all variables except o, . ..,
we have the following sub-problem:

af, B; are fixed, so

lmgn Z L Z Bla + )2 — Ao} B;
B iy, l#yl
¥ Byl + 06+ B, (24)
s.t. Zai =0, Ozi <0, B; >0, VI #y,.
=1
where A = n(mi,wi), B, = Zﬁsz (i, xj)( é 6ijl16j) +
1— 0 for VI # y;, By, = Zﬁé Kz, x;) (o ]y 5y1 viBi)s
= A+m(l—0)?%/2\, E = A+ m(1 - 6)?/2\u and

F M;+14+0—-B,,.
The KKT conditions of Eq. (24) indicate that there are
scalars v, p; and 7 such that

k
> al (25)
=1

L<o, VI £y, (26)
Bi >0, (27)
prok =0, p >0, VI # y;, (28)
Adl + By —v+p =0, Vi # vy, (29)
nBi =0, n>0, (30)
—Ad + EBi+F—n=0, (31)
Dol — AB; + By, —v = 0. (32)

According to Eq. (26), Eq. (28) and Eq. (29) are equivalent to

Aal + By —v=0,ifal <0, VIl # y,,
B —v <0,ifal =0, VI # y,.

(33)
(34)

In the same manner, Eq. (30) and Eq. (31) are equivalent to

—Aa)" + EBi+ F =0,if 3, > 0,
—Aad!" + F > 0,if 8; = 0.

(35)
(36)



Thus KKT conditions turn to Eq. (25) - Eq. (27) and Eq. (32)
- Eq. (36). Note that

_Bl

of = min (0.7 ) v £ 37)

satisfies KKT conditions Eq. (26) and Eq. (33) - Eq. (34) and
Ad¥' — F

3; = max (0, %T) ) (38)

satisfies KKT conditions Eq. (27) and Eq. (35) - Eq. (36). B
substituting Eq. (38) into Eq. (32), we obtain
DaoYi — A Yi
o + By, — v = max (O, E(Aai — F)) . (39)
Now we need consider the following two cases:

1) Aa}" < F, according to Eq. (38) and Eq. (39), we have
Bi =0and ! = (v — By,)/D. Thus, A(v — B,,)/D <
F, which implies that v < B,, + DF/A.

2) Aa}" > F, according to Eq. (38) and Eq. (39), we have
Bi = (Aay" — F)/JE > 0 and o' = (Ev — AF —
EB,,)/(DE — A?). Thus, A(Ev— AF — EB,,)/(DE —
A?) > F, which implies that v > B,, + DF/A.

The remaining task is to find v such that Eq. (25) holds.
With Eq. (25) and Eq. (37), it can be shown that

AB,,
D t+ Zl'al-<0 B

1
V= S ,if Aa?? < F, (40)
S+ {l]al <0} '
AEB, +A%F
y17+2 ol Bl .
y= PP Loi<0 T Gf Aa¥ > F o (41)

bz + [{l]af <0}

In both cases, the optimal v takes the form of (P +
Y tat<0 B/ (Q + {1 ] al < 0}]), where P and @ are some
constants. [32] showed that it can be found by sorting { B;}
for VI # y; in decreasing order and then sequentially adding
them into an empty set ®, until

P B
o Pr2iee By B
ERTTR

Note that the Hessian matrix of the objective function of
Eq. (24) is positive definite, which guarantees the existence
and uniqueness of the optimal solution, so only one of
Eq. (40) and Eq. (41) can hold. We can first compute v*
according to Eq. (40), and then check whether the constraint
of v is satisfied. If not, we further compute v* according
to Eq. (41). Algorithm 4 summarizes the pseudo-code for
solving the sub-problem.

For prediction, according to Eq. (22), we have

a; — 0y, 1B:)p(x) = X,

where v," = [} — 6,,.81,...,al, — .. 18m]. Hence for
testing instance z, its label can be obtained by

argmax (wl—rgb(z)) = argmax (i[w]m(wi, z)> ,

le[K] le[k] i=1

where [1]; is the i-th component of v;.

Algorithm 4 Solving the sub-problem

1: Input: Parameters A, B = {By,..., By}, D, E, F.

2. Initialize B « B, then swap B; and B ., and sort
B\{B,} in decreasing order.

R 2,I/<—AByi/D.

: whilei <kandv/(i —2+ A/D) < B; do

v+ v+ B;.

R

. end while

: if v < By, + DF/A then

al « min(0, (v — By)/A), | # y;.

10: ot < (v — By,)/D.

11:  B; < 0.

12: else R

13: i+ 2,v<+ (AEB; + A%F)/(DE — A?).

14 whilei < kand v/(i—2+ AE/(DE — A?)) < B; do

15: Vv + Bz

16: i1+ 1.

17:  end while

18 al < min(0, (v — B))/A), | # yi.

190 o « (Ev— AF — EB,,)/(DE — A?).

O NS T W

20 B+ (A" — F)/E.
21: end if
22: Output: o}, ..., a% j;.

4.2 Speedup for Linear Kernel

In section 4.1, the proposed method can efficiently deal
with kernel mcODM. However, the computation of M; in
step 5 of Algorithm 3 and the computation of parameters
B, in Algorithm 4 both involve the kernel matrix, whose
inherent computational cost takes O(m?) time, so it might
be computational prohibitive for large scale problems.
When linear kernel is used, these problems can be al-
leviated. According to Eq. (22), wy, ..., wy is spanned by
the training instance so it lies in a finite dimensional space
under this circumstance. By storing wy, ..., w; explicitly,
the computational cost of M; = max;,, 'wlT ml can be much
less. Moreover, note that B, = Z# xlx;(al —0,.6;) =
Zj 15'9ij( y])lﬁ]) @ (ol — Oy,, lﬂz) = wl—rwl

Alal — 6y, 61) so By can also be computed efficiently.

5 THEORETICAL ANALYSIS

In this section, we study the statistical property of ODM.
To present the generalization bound of ODM, we need to
introduce the following loss function @,

P(z) = 1.<0 + (Z(I_l_gf)loqq 9
Tho(x,y) = w, p(x) — maX{wz d(x) — (1 —0)Li=y},

As can be seen, v, o(x, y) is a lower bound of 7y, (, y) and
D(vho(x,y)) = S(n(,y)).

Theorem 5.1. Let H = {(x,y) — w, ¢(z) | Zl w2 <

A2} be the hypotheses space of ODM, where ¢ : X + H is
a feature mapping induced by some positive definite kernel k.
Assume that S C {z | k(z,z) < r?}, then for any § > 0,



with probability at least 1 — ¢, the following generalization bound

holds for any h € H,
16rA |2mk /1n 2/(5

1 m
)< —
=m ; ’Vh wuyz
Proof. Since vy 9(x,y) is a lower bound of v (x, y), thus
] < E[ ’Yh,e(w,y)SO] < E[(I)(’Vhﬁ(mvy))]'

R(h) = E[Ly, @.4)<

Next we bound the E[®(v; ¢(x,))]. Let Ho = {(z,y) —
Yho(z,y) | h € H}, with McDiarmid inequality [33], we
have the following inequality with probability at least 1 — 4,

]E[(I)(’Yh,e(w,y) < _ Z(I) Yh,0 muyz))

=1

+2Rs(®oHy) +3 , Vh € Hy,

In(2/4)
2m

where Rs is the Rademacher complexity. Note that ®(z)
is 13—9—Lipschitz function, which yields that Rs(®oHy) <
ﬁRS(’]:lg) according to the Talagrand’s lemma [34]. Fur-
ther note that ® (v, ¢(x,y)) = ®(yn(x, y)), thus we have

m 4R f}:[
R(h) < *Z@ (i, yi)) + 15_( 99)

=1

+3 In(2/9) .
2m

The remain is to bound Rs(Hy). To get a tight dependence

on the class size k, we apply the Theorem 7 of [35], which

proves Rs(Hg) < 4rA\/2mk/m by exploiting Gaussian

complexity, therefore the stated result holds. O

Theorem 5.1 shows that the generalization of ODM
can be upper bounded by the sum of three components,
among which, the first term is the average of empirical
loss of ODM, and the last term is a by-product of the
McDiarmid inequality which can be ignored, so the main
inspiration comes from the second term. It’s not difficult to
find that the smaller rA and the larger 1 — 6, the smaller
this term, so that the tighter the bound. Note that any
margin v < 2|w||||¢(x)]] < 2rA, thus to achieve good
generalization performance, we should minimize the upper
bound of margin. Besides, 1 — 6 is the lower bound of the
zero loss band of ODM, which is related to the minimum
margin. Hence maximizing the lower bound of the margin
can result in good generalization performance. Put both
together, then it is verified that minimizing the margin
variance when the margin mean is fixed can yield better
generalization performance, which is also consistent with
the previous work [11].

6 RELATED WORKS

There are a few studies considered the effect of the margin
distribution on the generalization ability of SVM-style algo-
rithms. [36] proposed the Margin Distribution Optimization
(MDO) algorithm, which optimizes margin distribution by
minimizing the sum of exponential loss. Specifically, the loss
associated to each instance is a exponential function of the
margin, and the larger the margin, the smaller the loss, and
vice verse. MDO can be viewed as a method of optimizing
the combination of weighted margin. However, this method
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tends to get a local minima with slow convergence since the
objective function is non-differential and non-convex.

[37] proposed the Maximal Average Margin for Clas-
sifiers (MAMC), which directly optimizes the first moment
of the margin distribution. In this case, the problem can be
solved efficiently since computing the model has linear time
complexity, however, this method tends to get trivial solu-
tion when the classes are not with equal size. In addition, it
can be viewed as a special case of our ODM’ by ignoring
margin variance.

[38] proposed a Kernel Method for the direct Opti-
mization of the Margin Distribution (KM-OMD) from a
game theoretical perspective. This method also optimizes
a weighted combination of margins, where the coefficients
are determined implicitly via some constraints related to the
entropy of the distribution. Actually, this is equivalent to
adding a scaled identity matrix to the kernel matrix of the
dual of hard-margin SVM, so it can be viewed as to design
a specific kernel mapping [39] and only consider a single-
point margin. It is noteworthy that it contains equality
constraints so only SMO-like solver can be applied, which
makes it difficult for large-scale data sets.

7 EXPERIMENTS

In this section, we empirically evaluate the effectiveness
of our methods on both binary classification problems and
multi-class classification problems.

7.1 Binary Classification

We first introduce the experimental settings in Section 7.1.1,
and then in Section 7.1.2 and Section 7.1.3, we compare
our methods with SVM, SVR, LSSVM and three state-of-
the-art approaches reviewed in Section 6. We study the
margin distribution produced by ODM’, ODM and SVM
in Section 7.1.4. The computational cost is presented in
Section 7.1.5.

7.1.1 Experimental Setup

We evaluate the effectiveness of our proposed methods on
forty four regular scale data sets and ten large scale data
sets. Table 1 summarizes the statistics of these data sets. The
data set size is ranged from 44 to 2,396,130, and the dimen-
sion is ranged from 2 to 3,231,961, covering a broad range
of properties. All features are normalized into the interval
[0, 1]. For each data set, eighty percent of the instances are
randomly selected as training data, and the rest are used
as testing data. For regular scale data sets, both linear and
RBF kernels are evaluated. ODM’ and ODM are trained by
ODMq solver. Experiments are repeated for 30 times with
random data partitions. For large scale data sets, only linear
kernel is evaluated. ODM% and ODM are trained using
ODM,,r¢ solver. Experiments are repeated for 10 times with
random data partitions. The average accuracies as well as
the standard deviations are recorded.

ODM? and ODM are compared with standard SVM
which ignores the margin distribution, SVR with binary tar-
gets {1, —1}, least squares SVM (LSSVM) and three state-of-
the-art methods, that is, MDO, MAMC and KMOMD. For all
the methods, the regularization parameter C' or A is selected



TABLE 1
Characteristics of fifty four binary data sets.

Scale \ ID  Data set #Instance  #Feature \ ID  Data set #Instance #Feature
Regular | 1 duke 44 7,129 | 23 liver-disorders 345 6
2 echocardiogram 62 8 | 24 house-votes 435 16

3 colon-cancer 62 2,000 | 25  wvehicle 435 16

4 dbworld 64 4,702 | 26 wdbc 569 14

5 leukemia 72 7,129 | 27  isolet 600 51

6 balloons 76 4 | 28  credit-a 653 15

7 hepatitis 80 19 | 29  breastw 683 9

8 promoters 106 57 | 30 austra 690 15

9 colic 188 13 | 31  australian 690 42

10 parkinsons 195 22 | 32 diabetes 768 8

11 colic.ORIG 205 17 | 33 fourclass 862 2

12 sonar 208 60 | 34  tic-tac-toe 958 9

13 house 232 16 | 35  credit-g 1,000 20

14 vote 232 16 | 36  german 1,000 59

15 heart-h 261 10 | 37  optdigits 1,143 42

16 heart 270 9 | 38  sumguide3 1,284 22

17 heart-statlog 270 13 | 39  madelon 2,600 500

18  breast 277 9 | 40 splice 3,175 60

19  cylinder-bands 277 39 | 41  farm-ads 4,143 54,877

20  heart-c 296 13 | 42 spambase 4,601 57

21 haberman 306 14 | 43 gisette 7,000 5,000

22 wertebral-column 310 6 | 44  svmguidel 7,089 4

Large | 1 phishing 11,055 68 | 6 cod-rna 59,535 8
2 magic04 19,020 10 | 7 real-sim 72,309 20,958

3 news20 19,996 1,355,191 | 8 mini-boo-ne 130,064 50

4 adult-a 32,561 123 | 9 rcul 697,641 47,236

5 w8a 49,749 300 | 10 wrl 2,396,130 3,231,961

by 5-fold cross validation from the set of {29 22 ... 220}
and the width of the RBF kernel is selected by 5-fold cross
validation from the set of {274§,272§,20§, 225,245}, where
0 is the reciprocal of dimension. For MDQO, the parame-
ters are set as the recommended parameters in [36]. For
ODMZ, the regularization parameters ji1, po are selected
from the set of {274,272,20 22 21} For ODM, the regu-
larization parameter ;o and 6 are selected from the set of
{0.2,0.4,0.6,0.8}. The parameters 7 used for OD My, are
set as the same setup in [29]. All selections are performed
on training data.

7.1.2 Results on Regular Scale Data Sets

Tables 2 and 3 summarize the detailed results on the
forty four regular scale data sets. As can be seen, the
overall performance of our methods are superior or
highly competitive to the other compared methods. Specif-
ically, for linear kernel, ODM performs significantly better
than SVM/SVR/LSSVM/MDO/MAMC/KMOMD/ODMZ
on 31/34/35/35/41/31/19 over 44 data sets respec-
tively, and achieves the best accuracy on 29 data
sets; for RBF kernel, ODM performs significantly bet-
ter than SVM/SVR/LSSVM/MAMC/KMOMD/ODM?* on
34/36/31/41/41/13 over 44 data sets respectively, and
achieves the best accuracy on 30 data sets. In addition, as
can be seen, in comparing with other methods which does
not consider margin distribution, the win/tie/loss counts
show that ODM are always better or comparable, almost
never worse than it.

7.1.3 Results on Large Scale Data Sets

Table 4 summarizes the results on the ten large scale data
sets. LSSVM and KMOMD did not return results on some

data sets due to it lacks the mature packages to handle
huge data. As can be seen, the overall performance of
our methods are superior or highly competitive to other
methods. Specifically, ODM performs significantly better
than SVM/SVR/LSSVM/MDO/MAMC/KMOMD/ODM”
on 9/9/2/7/10/2/6 over 10 data sets, respectively, and
achieves the best accuracy on 8 data sets.

7.1.4 Margin Distributions

Figure 2 plots the cumulative frequency of margin distri-
bution for SVM, ODM% and ODM on some representative
regular scale data sets. As can be seen, the curves of ODM%
and ODM generally lies on the right side. If we fix a margin
value ¢ > 0, the proportion of instances with margin less
than ¢ for SVM is larger than our methods, i.e., our methods
can make more instances with margin larger than ¢, which
shows that the margin distribution of ODM’ and ODM are
generally better than that of SVM. In other words, for most
instances, our methods generally produce a larger margin
than SVM.

7.1.5 Time Cost

We compare the one partition training time cost of our
methods with SVM on the ten large scale data sets. All
the experiments are performed with MATLAB 2012b on a
machine with 8x2.60 GHz CPUs and 32GB main memory.
The average CPU time (in seconds) on each data set is
shown in Figure 3. We denote SVM implemented by the
LIBLINEAR [32] package as SVM; and SVM implemented
by SGD as SVM;, respectively. It can be seen that, both
SVM; and our methods are faster than SVM;, owing to
the use of SGD. ODM’” and ODM are just slightly slower
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TABLE 2
Accuracy (mean=+std.) comparison on regular scale data sets. Linear kernel is used. The best accuracy on each data set is bolded. e/o indicates
the performance of ODM is significantly better/worse than compared method (paired ¢-tests at 95% significance level). Average accuracy, top1
times and win/tie/loss counts for ODM are summarized in the last three rows.

Data set | svM SVR LSSVM MDO MAMC KMOMD ODML ODM
duke 842488  842+8.8  85.0+82  80.6+8.7e¢  462+9.1e¢  84.1+88  85.0+8.0  85.5+7.9
echocardio 68.5+£6.50  71.7£7.1 70.2+6.4e  70.1+6.8e  71.0+5.7 72.04+6.6  67.3+7.7¢  73.0+£6.7
colon-canc 81.3+7.7  823+63  81.8459e 80.3+7.0e  63.31+63e  81.047.0e 822457 823455
dbworld 86.54+5.2e 86.5+5.2e 86.5+5.2e¢ 82.6+14.3¢ 78.0+19.4e 86.5+5.2e 88.2+3.6  88.5+3.9
leukemia 93.94+6.1¢ 93.3+6.3e 93.14+64e 935+64e  659+6.1e  93.946.1e 93.946.le 94.846.0
balloons 68.1+5.9¢  68.1+7.9e¢ 71.8457e 70.9+6.6e  60.9+8.3e  72.5+5.6e 72.4+6.7e 73.9+5.6
hepatitis 82.643.1e¢ 82.643.1e 82.643.1e 83.5+3.8 82.64+3.1e  82.64+3.9¢ 83.9+3.8¢ 84.8+4.6
promoters 713+6.7e¢ 71.4+64e 713+69e 69.6+7.5¢  52.0+9.6e  71.94+6.6  73.8+6.5  73.7+6.4
colic 83.542.6  79.6+9.1e 82.4+5.6e 82.5+2.9 66.146.2¢  80.74-32e¢ 83.8428  83.743.5
parkinsons 85.54+2.9¢ 76.4+3.5¢ 84.2+4.8e  86.0+2.7 76.4+3.56  81.3+23e  87.0+2.60 86.7+2.7
colic.ORIG 61.6+3.1e¢  60.6+3.7¢ 62.6+3.5  61.8+4.le  62.3+2.7 63.5+4.6  63.0+4.6e  63.843.9
sonar 76.14£3.0  50.844.4e 72.04+3.9e  74343.6 533+4.5e 7631290 75.043.6 754438
house 93.1+2.7¢  96.8+1.1  964+13e 934427¢  88.3+29e  94.7+14e 96.8+1.1 96.84+1.1
vote 93.04+2.2¢ 97.0+1.3  97.0+1.3  934424e  88.4+23e  94942.0e 97.0+13  97.0+1.3
heart-h 79.64+2.9e¢  79.74+3.0e  79.74+3.2¢ 80.14+3.0e  63.5+4.le  81.142.6 809428 813424
heart 82.6+2.7e¢ 82.6+3.5  782+5.6e 83.1+2.8 53.7+57e  82.8+23e 834423  83.7+23
heart-stat 832424  82.7+2.6e 83.3+23 83.34+2.6 61.3+132¢ 81.742.9e 84.042.5  83.842.7
breast 713+2.8¢  70.6+2.7e¢ 72.6+2.8  71.7+3.0e  70.6+2.7¢  69.6+3.1e 72.842.5e¢  73.1+3.2
cylinder-b 64.44+2.9¢ 65843.8¢ 67.943.6e 70.243.2 64.44+29e  69.543.7¢ 70.743.3e  70.843.3
heart-c 79.74+2.3e  78.4+4.0e 79.842.5e¢ 79.94+2.7e¢  659+11.7¢ 803427  803+25  80.5+2.4
haberman 74.242.1 74.242.1 734428  71.04+3.8¢  73.842.0e  67.0+4.0e 73343.le 743422
vertebral- 85.6+1.8  67.9+2.4e 77.2+3.4e 7T1.5+5.6e  67.9+24e  840+2.4e 855+19  85.7+1.9
liver-diso 6731+2.8  622+4.7e¢ 659+33e 57.0+6.1e¢ 584428  63.6+3.4e 67.8+3.00 67.7+3.9
house-vote 94.0+1.2¢ 947+1.0  91.8+1.6e 933+1.7¢  78.9+6.0e  943+1.0e 94.5+0.8¢  94.7+0.9
vehicle 055+1.2e 94.0+1.3e 95941.1e 94942.0e  56.6+16.0e 95741.1e¢ 96.04+1.0e 96.241.1
wdbe 959+1.50 92.7+19e 947+1.6e 945+1.5¢  62.3+2.0e 968409  96.8+1.0e  96.9+1.0
isolet 99.4+04e 97.841.3e¢ 9934+04e 99.74+03e  62.1420.7¢ 99.54+0.3e¢ 99.74-03e¢  99.840.3
credit-a 86.4+12e 86.4+12e 86.4+1.2e¢ 862+13e  59.6+6.3e  86.2+1.2e¢ 86.4+12e 86.5+1.2
breastw 96.74+0.7  95.440.8e 953409e 90.64+2.9e¢  35042.1¢  96.64+08  96.94+0.80c 96.840.7
austra 85.6+1.4e 85.6+1.3e 857+l.4e 855+lde  56.7+44e  858+1.3e 86.0+l.de 86.4+1.5
australian 85.84+1.50¢ 86.1+1.7¢ 86.6+1.5¢ 84.8+14e  57.6+49e  862+1.6e 86.0+1.4e 86.7+1.5
diabetes 65.6+1.9¢ 65.6+1.9e 772414  76.7+1.6e  65.6+19e  76.1+1.7e 77.4+1.6e 77.4+1.7
fourclass 76.7+1.9¢ 71.5457e¢ 76.64+12e¢ 76.6+13e  64.14+2.0e  73.64+1.4e 77.94+1.00 77.741.1
tic-tac-to 649+12e 649+12e 6494120 639455  649+12e  57.942.1e 65.0+18e  66.4+1.6
credit-g 751416  70.8+1.9e¢ 74.8+1.6e 749415 70.0+1.2e¢  733+1.8¢ 749+1.6e 75.2+1.6
german 73.7+14e  70.84+2.2e¢ 73.9+1.4e T74.1%1.5 69.7+1.7¢  729+1.7¢ 743+14 744412
optdigits 99.74+02¢ 99.64+0.2¢ 99.74+02¢ 99.7402e  743420.4e 99.7402e¢  99.8402e¢  99.940.2
sumguide3 73.7+13e 78.5+1.8¢ 73.9+14e 79.0+2.0e  73.7+13e  78.8+1.6e 82.0+1.50 81.6+1.3
madelon 58.042.4e 58.64+1.6  57.9424e 568+1.0e  493+1.6e  559412e¢ 586413  58.841.4
splice 84.140.7 83.5+0.7¢ 84.140.7  84.0+0.7¢  58.94+10.0e 84.1+0.6  84.1+0.7  84.2+0.7
farm-ads 88.84+0.6e  88.31+0.7¢  89.1+0.6e  88.6+0.7¢  89.2+0.6 89.2+0.6  89.4+0.8  89.2+0.6
spambase 92.7+0.50 85.3+0.8¢ 88.7+0.8¢ 89.3+0.6e  76.2+2.0e  9234+0.6 923406  92.340.7
gisette 96.840.3¢  97.040.2  97.54+0.2  96.8403e  744+56e  96.8402e 97.4403  97.5403
sumguidel 95.6+0.2  87.9+0.8¢ 904+0.6e 88.9+0.4e  563+0.6¢  9534+03 955403  95.5+0.2
Avg. Acc. 81.9 80.0 81.8 81.1 65.4 81.9 83.2 83.5
Top1 Time 2 2 1 0 0 1 9 29
ODM: w/t/1 | 31/12/1 34/10/0 35/9/0 35/9/0 41/3/0 31/12/1 19/20/5

than SVM, on 2 data sets (w8a and cod-rna) but highly
competitive with SVM; on the rest data sets. Note that both
SVM,; and SVM; are very fast implementations of SVMs,
so this shows that our methods are also computationally
efficient.

7.2 Multi-class Classification

We first introduce the experimental settings and baselines
in Section 7.2.1, and then in Section 7.2.2, we compare our
method with four versions of multi-class SVMs described
in Section 2.2. We study the influence of the class size
on generalization performance and margin distribution in
Section 7.2.3. Finally, the computational cost is presented in
Section 7.2.4.

7.2.1 Experimental Setup

We evaluate the effectiveness of our proposed methods on
twenty two data sets. Table 5(a) summarizes the statistics of
these data sets. The data set size ranges from 150 to 581,012,
and the dimension ranges from 4 to 62,061. Moreover, the
class size ranges from 3 to 1,000, so these data sets cover
a broad range of properties. All features are normalized
into the interval [0, 1]. For each data set, eighty percent of
the instances are randomly selected as training data, and
the rest are used as testing data. Experiments are repeated
for 10 times with random data partitions, and the average
accuracies as well as the standard deviations are recorded.
mcODM is compared with four versions of multi-class
SVMs, ie., oviSVM, ovoSVM, ecocSVM and mcSVM. For
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TABLE 3
Accuracy (mean+std.) comparison on regular scale data sets. RBF kernel is used. The best accuracy on each data set is bolded. e/o indicates the
performance of ODM is significantly better/worse than compared method (paired t-tests at 95% significance level). Average accuracy, top1 times
and win/tie/loss counts for ODM are summarized in the last three rows. MDO is not involved here since it is specified for the linear kernel.

Data set ‘ SVM SVR LSSVM MAMC KMOMD ODME ODM
duke 84.2+82e 84.24+8.2e¢ 81.749.7¢ 71.8+11.1e¢ 744+147e¢ 853179 85.61+8.2
echocardio 61.1+7.3¢  70.8+6.3¢  73.246.5 71.0£5.7¢ 67.4+6.1e 74.04+6.0 74.4+6.7
colon-canc 80.9+10.9 78.4+7.7e¢ 78.5+8.1e¢ 63.7+7.2e 77.0+8.5¢ 83.3+5.3 82.7£6.3
dbworld 86.4+52e 86.4452e 85.7+55e 58.6+12.1¢ 57.2+143e 87.24+5.9 87.6+4.3
leukemia 93.946.1 93.3+6.3¢  92.9+6.4e¢  68.0E8.6e 86.6+10.0e  95.0+5.5 94.6£5.6
balloons 70.0+6.1¢  66.6+7.1¢  T71.6+53e  72.145.6e 67.0+£7.5¢ 73.24+4.9¢ 751445
hepatitis 82.6+3.1e¢  83.043.5 83.0+£3.3 82.6+3.1e 84.2+4.3 84.0+4.0 84.2+3.9
promoters 71.5+6.7¢  72.1£6.5¢ T1.3+6.4e 66.6E11.1e¢ 70.61+6.4e 73.846.5 74.7+£5.4
colic 81.1+3.9¢ 84.1+2.4 82.6+£3.0e  82.612.6e 82.6+3.60 83.8+2.8 84.1+2.4
parkinsons 88.7+2.7¢  90.0+3.1e¢ 89.7+3.4e 92.5+2.8e 84.71+2.6e 89.2+2.4e  93.542.8
colic.ORIG 64.1+£4.1 61.4+4.3e 63.5+3.5¢ 62.5+4.0e 62.6+4.0e 64.2+4.1 65.24+3.8
sonar 78.3+3.0e 552+7.4e 73.8+3.6e 50.714.3e 71.4+4.2e 85.7£3.6 85.8+3.6
house 959+1.7¢  96.8+1.1 96.8+1.1 56.1£13.9¢  93.442.7e 96.8+1.1 96.8£1.1
vote 95.74+1.6e  97.0+1.3 97.0+1.3 54.7+12.30¢  93.743.0e 97.0+1.3 97.0+1.3
heart-h 80.4+2.80¢ 79.442.6e 80.7+2.6e  79.742.9e 80.4+3.2¢ 80.9+2.8 81.3+2.3
heart 82.6+2.7¢ 82.1+3.1e¢ 83.7+2.3 79.945.1e 82.94+2.9¢ 8341423 83.9+2.3
heart-stat 82.8+2.9e¢ 81.54+3.4e 83.0+2.7¢ 82.6F2.7e 80.8+3.5e 84.0+2.5 83.8£2.5
breast 72.9+2.9e 733+2.4e 75.0+2.9e 74.342.3e 70.6+2.6e 73.04+2.8¢  75.54+2.7
cylinder-b 73.84+3.6e  74.1+3.8¢  73.91+3.8¢ 69.813.3e 71.944.1e 74.4+3.60  75.4+3.0
heart-c 79.6+2.9e¢ 79.7+2.6e 80.2+2.9e  78.742.2e 79.242.5¢ 80.3+2.5 80.9+2.7
haberman 74.242.1 73.74£2.0e  72.0+3.1e¢  74.242.1 73.6+2.2 742422 74.2+£2.2
vertebral- 78.6+3.0e 782+2.8¢ 789+2.5e¢ 77.313.0e 76.9+3.1e 85.6+1.9 85.5+2.1
liver-diso 71.843.2 69.2+3.5¢ 71.4+3.3e 61.3£3.9e 70.0+4.60 72.1+£3.2 72.34+3.1
house-vote 947+1.2e¢ 93.6+1.1¢ 939+1.0e 60.612.3e 91.4+2.4e 94.84+1.2¢ 95.1+1.2
vehicle 98.84+0.8¢  98.8+0.7¢  99.1+0.7¢  49.618.0e 98.8+0.8¢ 99.04+0.8¢  99.4+0.6
wdbc 97.1£1.1 953+1.1e 96.4+1.2e¢ 92.9+1.5e 94.5+2.4e 97.24+1.0 97.4+1.0
isolet 99.64+0.3¢  99.8+0.3 99.64+0.5¢  99.3+0.5e 99.6+0.3e 99.84+0.2 99.940.2
credit-a 86.4+1.2¢ 86.4+1.2e¢ 86.4+1.2 86.1+1.5 83.912.8e 86.4+1.2¢ 86.5+1.4
breastw 96.7+0.9¢  96.6+0.7¢  96.8+0.7¢  96.11+0.7e 97.34+0.60 96.9+1.1 97.0£0.7
austra 85.7+1.3e 849+19e 852+2.0e 83.4+1.7e 85.1+1.8e 86.3+1.4 86.2+1.4
australian 85.8t1.5¢ 85.8+1.5¢ 86.3£1.7 85.1£1.5e 86.0t1.6e 86.0t1.4¢ 86.8+1.3
diabetes 77.4+1.4e 76.6+1.8¢ 77.0+1.6e 73.1+1.6e 73.8+3.4e 77.44+13e  77.8+1.7
fourclass 99.84+0.3¢  99.8+0.3¢  99.9+0.1¢  99.940.1e 99.740.3e 99.940.1e¢  100.0+£0.0
tic-tac-to 98.24+0.4 98.24+0.4 98.24+0.4 82.4+1.2e 78.6+2.4e 98.24+0.4 98.4+0.6
credit-g 75.3+1.8¢  74.4+1.5e  75.5%1.5e¢ T72.7+1.5e 74.842.0e 75.3+1.7¢ 75.8+1.4
german 742+1.5¢  74.6+t1.4e 75.0+1.2 72.0%1.6e 74.6t1.7e 74.34+1.3e¢ 751412
optdigits 99.940.2¢  99.9+0.1¢  99.940.1 49.14+0.8e 99.840.2¢ 99.94+0.2¢  99.9+0.1
sumguide3 82.5+1.5¢ 81.0+1.7¢ 82.5+1.5¢ 782+1.2e 78.3+1.4e 82.7t1.4 83.1+0.9
madelon 50.44+3.3e¢ 504+3.3e 59.5+1.6 61.3+1.50 58.0+1.7e 59.7+1.2 59.9+1.2
splice 89.61+0.6e  89.7+0.6e  90.1+0.6e  71.5+9.7e 81.1+1.6e 90.440.6 90.5+0.6
farm-ads 89.1£0.8 89.0+0.7 89.34+0.7 81.6+1.2¢ 87.3+1.3e 89.3+1.1 89.3£1.2
spambase 93.2+0.5¢  92.6+0.4e 93.0+0.5¢  89.610.7e 92.3+0.7e 93.54+0.2 93.6+0.4
gisette 97.640.2 97.74£0.2 97.84+0.2 95.540.3¢ 88.5+7.2e 97.64+0.2 97.6£0.3
svmguidel 97.0+0.2 96.7+0.2¢  96.9+0.2¢  96.2+0.2e 95.7+0.8e 97.040.3 97.0+0.3
Avg. Acc. 84.1 83.5 84.5 75.2 81.3 85.5 86.0
Top1l Time 1 3 2 1 2 5 30
ODM: w/t/1 \ 34/10/0 36/8/0 31/13/0 41/2/1 41/2/1 13/31/0

all the methods, the regularization parameter A for mcODM
or C for binary SVM and mcSVM is selected by 5-fold cross
validation from the set of {2°,22, ..., 229}, For mcODM, the
regularization parameters ;1 and 0 are both selected from the
set of {0.2,0.4,0.6,0.8}. For ecocSVM, the exhaustive codes
strategy is employed, i.e., for each class, we construct a code
of length 2¥~1 — 1 as the signature. All the selections for
parameters are performed on training sets.

7.2.2 Results

Table 5(b) summarizes the detailed results on twenty two
data sets. As can be seen, the overall performance of our
method is superior or highly competitive to the other
compared methods. Specifically, mcODM performs signifi-
cantly better than mcSVM/ovrSVM/ovoSVM/ecocSVM on

17/19/18/17 over 22 data sets respectively, and achieves the
best accuracy on 20 data sets.

7.2.3 Influence of the Class Size

Figure 4 plots the generalization performance of all the
five methods on data set segment, and similar observation
can be found for other data sets. As can be seen, when
the class size is less than four, all methods perform quite
well. However, as the fifth class is added, the generalization
performance of the other four methods decreases drastically.
This might be attributable to the introduction of some noisy
data, which SVM-style algorithms are very sensitive to since
they optimize the minimum margin. On the other hand, our
method considers the whole margin distribution, so it can
be robust to noise and behave more stably.
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Accuracy (mean=std.) comparison on large scale data sets. Linear kernel is used. The best accuracy on each data set is bolded. e/o indicates the
performance of ODM is significantly better/worse than compared method (paired t-tests at 95% significance level). Average accuracy, top1 times
and win/tie/loss counts for ODM are summarized in the last three rows. LSSVM and KMOMD did not return results on some data sets in 48 hours.

Data set | svMm SVR LSSVM MDO MAMC  KMOMD ODME ODM
phishing 91.34+3.3e¢  84.84+14.0 9294+04e 93.84+0.3e 55.6+0.6e 93.6+0.3¢  93.840.3 93.9+0.3
magic04 79.24+0.3 77.0+0.8¢  78.4+0.3¢  79.24+0.3 64.9+0.3¢  78.84+0.4e¢  79.040.3 79.2+0.3
news20 95.440.1e¢  95440.1¢  95.640.2 94.9+0.3¢  77.2+1.7¢  95.540.2 95.5+0.2¢  95.61+0.2
adult-a 84.54+0.2¢  80.540.5e N/A 84.54+0.2¢  75.940.2¢ N/A 84.640.2 84.6+0.2
w8a 97.1+0.1¢  89.040.2e N/A 98.6+0.1 88.94-0.2e N/A 98.640.1 98.6+0.0
cod-rna 89.940.1¢  88.641.0e N/A 93.840.10 66.7+0.1e N/A 93.740.1¢  93.840.1
real-sim 96.24+0.1e¢  96.140.1e N/A 96.840.1e  74.24+0.4e N/A 97.240.1e¢  97.240.1
mini-boo-ne 86.1+0.60  81.742.2e N/A 84.64+0.1e¢  72.040.1e N/A 85.34+0.1¢  90.6+0.1
rcul 97.740.0e  97.140.0e N/A 97.740.0e  91.310.0e N/A 97.840.0e  97.84+0.0
url 99.340.0e  99.24-0.0e N/A 99.3+0.0e  67.040.0e N/A 99.14+0.0e  99.3+0.0
Avg. Acc. 91.7 89.0 N/A 92.3 73.4 N/A 92.5 93.1
Top1 Time 0 0 0 2 0 0 0 8
ODM: w/t/1 \ 9/1/0 9/1/0 2/1/0 7/2/1 10/0/0 2/1/0 6/4/0
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Fig. 2. Cumulative frequency (y-axis) with respect to margin (z-axis) of
SVM, ODM% and ODM on some representative regular scale data sets.
Consider a straight line parallel to y-axis with parametric equation as
x = t and intersect with the curves, then the y-axis coordinate of the
intersection points is the proportion of instances which have margin less
than ¢.
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Fig. 3. One partition training time cost of SVM;, SVM;, ODM and ODM
on the ten large scale data sets.

7.2.4 Time Cost

We compare the one partition training time cost of our
method with mcSVM, ovrSVM, ovoSVM on all the data sets
except aloi, on which ovoSVM could not return results in 48
hours. All the experiments are performed with MATLAB
2012b on a machine with 8x2.60 GHz CPUs and 32GB
main memory. The average CPU time (in seconds) on each

Fig. 4. Generalization performance of all the five methods on data set
segment with the increase of the number of classes.

data set is shown in Figure 5. The binary SVM used in
ovrSVM, ovoSVM and mcSVM are both implemented by the
LIBLINEAR [32] package. It can be seen that for small data
sets, the efficiency of all the methods are similar, however,
for data sets with more than ten classes, e.g., sector and rcv1,
mcSVM and mcODM, which learn all the scroing functions
at once, are much faster than ovriSVM and ovoSVM, owing
to the inefficiency of binary-decomposition as discussed in
Section 2.2. Note that LIBLINEAR are very fast implemen-
tations of binary SVM and mcSVM, so this shows that our
method is also computationally efficient.

8 CONCLUSIONS

Support vector machine works by maximizing the mini-
mum margin. However, theoretical results suggested that
the margin distribution, rather than the single-point margin,
is more crucial to the generalization performance. In this pa-
per, we propose the Optimal margin Distribution Machine
(ODM), which tries to optimize the margin distribution by



TABLE 5
(a) Characteristics of twenty two multi-class data sets. (b) Accuracy (mean=std.) comparison. Linear kernel is used. The best accuracy on each
data set is bolded. e/o indicates the performance of mcODM is significantly better/worse than the compared methods (paired ¢-tests at 95%
significance level). Average rank, top1 times and win/tie/loss counts for mcODM are listed in the last three rows. ovoSVM and ecocSVM did not
return results on some data sets in 48 hours.
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(@) (b)
ID Data set #Instance  #Feature  #Class Data set \ mcSVM ovrSVM ovoSVM ecocSVM  mcODM
1 iris 150 4 3 iris 84.74+5.0e  82.0+5.0e  73.0+7.1¢ 73.3+4.2e¢ 87.3+3.4
2 wine 178 13 3 wine 96.5+2.6e  97.0+2.4 96.8+3.1 91.6+2.7¢  98.4+1.9
3 glass 214 9 6 glass 62.0+7.6e 57.84+2.1¢ 62.44+6.0e 60.4+4.0e 68.2+7.3
4 sumguide2 391 20 3 sumguide2 80.9+2.6e  81.5+2.3e 74.6+54e 79.0+£3.6e 84.1+1.8
5 sumguide4 612 10 6 svmguide4 86.61+3.2¢  77.2+3.1e¢  77.116.9e¢ 742+43e  87.8+3.5
6 vehicle 846 18 4 vehicle 80.54+2.1¢  78.54+29e  73.5f£3.5¢ 76.9+2.5¢  85.6+6.6
7 vowel 990 10 11 vowel 65.44+2.1 44.1+2.6e  71.1+4.9 43.1+£2.0e  65.6+3.9
8 segment 2,310 19 7 segment 953£0.9e¢  92.3+0.7¢ 93.2+2.2e¢ 90.7£0.8e¢  96.7+1.3
9 dna 3,186 180 3 dna 95.1+0.6e  95.14+0.7¢  93.0+1.0e 90.9+1.1¢  95.6+0.7
10 satimage 6,435 36 6 satimage 81.8+0.5¢  80.1£0.7¢  77.4+42e¢ 76.0f1.4e  89.1+8.0
11 usps 9,298 256 10 usps 95.1+0.3 9424030  94.54+0.6e 92.3+0.7¢  95.14+0.6
12 sector 9,619 55,197 105 sector 93.3+0.4e 93.1+0.5¢  89.940.6e N/A 93.61+0.6
13 pendigits 10,992 16 10 pendigits 94.84+0.3¢  91.840.5¢ 95.74+0.8¢ 87.64+0.7¢  96.7+0.9
14 news20 19,928 62,061 20 news20 83.3+0.3¢  83.0£0.3¢  69.410.4e N/A 83.6+0.3
15  letter 20,000 16 26 letter 76.9+0.4e 64.9+1.0e 75.7+1.2e N/A 82.7+1.6
16 protein 24,387 357 3 protein 68.71+0.3 68.7+0.4 68.1+0.3¢  66.5+0.5¢  70.242.3
17 shuttle 58,000 9 7 shuttle 97.24+0.1e¢  89.942.8¢ 97.440.1e¢ 84.24+0.0e  99.60.0
18  connect-4 67,557 126 3 connect-4 75.74+0.1e¢  75.7+0.1¢  75.7+0.2¢  75.1+0.2¢ 94.4+7.6
19  mnist 70,000 780 10 mnist 92.5+0.2¢ 91.54+0.2e¢ 90.94+0.5¢ 87.64+0.2e¢  95.2+0.3
20  aloi 108,000 128 1,000 aloi 90.1+0.2¢  82.2+0.2e N/A N/A 91.4+0.3
21 rcevl 534,135 47,236 53 rcul 92.840.1 92.7+0.1 92.14+0.1e N/A 93.0+1.1
22 covtype 581,012 54 7 covtype 71.740.1 71.2+0.1e  72.740.1 70.6+0.1e  72.84+1.6
Avg. Rank 2.45 3.18 3.45 4.82 1.09
Topl Time 3 0 4 0 15
mcODM: w/t/1 \ 17/5/0 19/3/0 18/3/0 17/0/0
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Fig. 5. Full training time cost of mcSVM, ovrSVM, ovoSVM and mcODM
on all the data sets except aloi.

considering the margin mean and variance simultaneously.
Our method is a general learning approach which can
be applied in any place where SVMs are used. Extensive
experiments on fifty four binary data sets and twenty two
multi-class data sets validate the superiority of our method
to SVM in comparisons with other state-of-the-art methods.
In the future it will be interesting to generalize the idea of
ODM to other learning settings, i.e., multi-label learning [40]
and more cases of weakly supervised learning [14], and
try some recent nonconvex optimization algorithms such as
[41] for solving mcODM.
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