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Conjugate Function

f:R"™ - R. Its conjugate function is
f*@) = sup (y'x—f(x))

xedom f

® dom f* = {y|f*(¥) < )

B f*is always convex ?




Conjugate Function

f:R"™ - R. Its conjugate function is
f*@) = sup (y'x—f(x))

xedom f
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Conjugate examples

Affine function
B f(x)=ax+Db
B f*(y) =sup(yx —ax —b)

XER

B dom f* ={a},f"(a) = =D

Negative logarithm
B f(x)=—logx
B f*(y) = sup (yx+logx)

XER++

B dom f*=—-R,,f"(y) = —log(—y) — 1




Conjugate examples

Exponential
B f(x)=¢e*
B f*(y) =sup(xy —e¥)

XER

B domf*" =Ry, f"(y) =ylogy —y

Negative entropy
B f(x)=xlogx

B f*(y) = sup (yx — xlogx)

XER+

B dom f" =R, f"(y) ="




Conjugate examples

Inverse
B f(x)=1/x
m )= sup (xy —1/x)

B dom f" =Ry, f*(y) = —2(=»)"/

Strictly convex quadratic function
B f(x) =-xTQx,Q € ST,
B f*(y) = sup (yTx—ngQx)

xXERM

® dom f* =R"f"() =;¥Q "y




Conjugate examples

Log-determinant

B f(X)=IlogdetX 1,X eS8,
B f(Y)= sup (tr(XY) + logdet X)

Xesl,

B domf*=-S%,,f*(Y) =logdet(-Y) 1—n

Indicator function

B /(x)=0,dom/l; =S5, €R"is not
necessarily convex

B 5(y)=supy'x

XES

B /;(y) is the support function of the set S




Conjugate examples

Support function of a set
B CSRYLC#0
B Sc(x) =sup{x'y|y € C}

B domS; = {x|supx'y < oo}
yeC

Indicator function

B /(x)=0,dom/l; =S5, €R"is not
necessarily convex

B 5(y)=supy'x

XES

B /;(y) is the support function of the set S




Conjugate examples

Norm
B f(x) = |x|l,x € R*, with dual norm|| - ||.
B (y) = sup(x'y—|lxI)

xXERM

B dom f* = {ylllyll. =15 () =0

Norm squared
B f(x) =—|lx||% x € R", with dual norm || - ||,

B f*(y) = sup (x"y — 2 lIx|[?)

xERM

® dom f* =R" f*(y) =~ [lyll?




Basic properties

Fenchel’s inequality
B vxedomf,yedomf* f(x)+f*"(y)=x"y
B f*(y)=sup(x'y — f(x))

1xER"
B f(x)= ExTQx,Q €St
> x'y < %xTQx + %yTQ_ly

Conjugate of the conjugate
B fisconvex and closed = f* =f




Basic properties

Differentiable functions
B f is convex and differentiable, dom f = R"

B f*(y)=sup(x'y—f(x))

xXERM

X" = argmax(xTy — f(x)) >Vf(x") =y

B ) =2 V) - f(x) =2ty - f(x)

vV ox"t =V )



Basic properties

Scaling with affine transformation
B a>0beRglx)=af(x)+b

> 9°») =af* (%) -b
B A e R"™js nonsingular,b € R", g(x) =

flAx+b) = g*(y) = f*(A7"y) —
bTA"Ty,dom g* = ATdom f*

Sums of independent functions
B f(uv)=fi(w+ f,() f1,f, are convex =

ffw,z) = fi(w) + f;(2)
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Quasiconvex functions

Quasiconvex
B f:R"->R
B S,={xedomf|f(x) <a},Va € Ris convex




Quasiconvex functions

Quasiconvex
B f:R"->R
B S,={x€domf|f(x) <a},Va € Ris convex

Quasiconcave
B —f is quasiconvex = f is quasiconcave

Quasilinear
B f is quasiconvex and quasiconcave = f is
quasilinear




Examples

Some example on R

B Logarithm: logx on R,
v' Concave, quasiconvex, quasiconcave

B Ceiling function: ceil(x) =inf{lz € Z|z > x}
v/ quasiconvex, quasiconcave

Linear-fractional function
B () =% dom f = {x|cTx + d > 0)

cTx+d’ T ah
alx
B ix|c'x+d>0,—=
c'x+d
a'x+b
cTx+d

= f is Quasilinear

> ¢ and

xlc"x+d >0, < at is convex




Basic properties

Jensen’s inequality for quasiconvex

functions

B f is quasiconvex & dom f is convex and
Vx,yedomf,0<60<1

F(6x + (1 - 6)y) < max{f (), f3)} |

/

/
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Basic properties

Condition

B f is quasiconvex & its restriction to any line

intersecting its domain is quasiconvex

Quasiconvex functions on R

B A continuous function f:R — Ris quasiconvex <

one of the following conditions holds
v' f is nondecreasing
v' f is nonincreasing

v dcedomf,vtedomf,t < c,f is

nonincreasing, and t > ¢, f is nondecreasing



Differentiable quasiconvex
functions

First-order conditions
B f is differentiable

B f is quasiconvex & dom f is convex,Vx,y €
dom f,f(y) < f(x) =2 Vf(x)"(y —x) <0

\\ \\ | /
Vf(x) defines a supporting \\\\\_,/
hyperplane to the sublevel
set {y|f(y) = f(x)} atx |



Differentiable quasiconvex
functions

First-order conditions
M f is differentiable

B f is quasiconvex & dom f is convex,Vx,y €
domf,f(y) < f(xX) =2 Vf(x)' (y—x) <0

B It is possible that V'f(x) =0, but x is not a global
minimizer of f.

Second-order conditions
B f is twice differentiable

B fis quasiconvex = Vx € dom f,vVy e R",y'Vf(x) =
0=>yTV2f(x)y =0



Differentiable quasiconvex
functions

First-order conditions
M f is differentiable

B f is quasiconvex & dom f is convex,Vx,y €
domf,f(y) < f(xX) =2 Vf(x)' (y—x) <0

B It is possible that V'f(x) =0, but x is not a global
minimizer of f.

Second-order conditions
B f is twice differentiable

B vxedomf,VyeRL Yy Vf(x) =0=>y"V2f(x)y >
0 = f is quasiconvex



Operations that preserve
quasiconvexity

Nonnegative weighted maximum
B f;, is quasicovex, w; =2 0= f =
max{w; f1, ..., Wp [} IS quasiconvex

B g(x,y) is quasiconvex in x for each

ywiy)=0= f(x) = ilélg(W(Y)g(x» y)) is

quasiconvex



Operations that preserve
quasiconvexity

Composition
B g:R"-> Ris quasiconvex, :R->Ris
nondecreasing = f = h ° g is quasiconvex

B f:R" - Ris quasiconvex = g(x) = f(Ax+b) is

quasiconvex

B f:R" - Ris quasiconvex = g(x) = f(c“.lr’;bd) IS

quasiconvex,dom g = {x|c'x +d > 0, (Ax +
b)/(cT x + d) € dom [}

Minimization

B f(x,y)is quasicovex in x and y,C is a convex set
= g(x) = 3i]rel(f:f(x,y) IS quasiconvex
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Log-concave and log-convex
functions

Definition

B f:R" >R, f(x)>0,Vx €dom f,log f(x) is
concave (convex) = f is log-concave
(convex)

B A log-convex function is convex

B A nonnegative concave function is log-concave

Condition
B f:R" >R, f(x)>0,Vxedomf,f is log-
concave © Vx,yedomf,0<6 <1

f@x+ (1 =6)y) = f)°fFy)'°




Examples

f(x)=a'x+ b, dom f ={x|a"x + b > 0} is log-
concave

f(x)=x%domf =R, ,,a< 0= fis log-
convex, a =0 = f is log-concave

f(x) =e** is log-convex and log-concave

P (x) = —f e %*/2 du is log-concave

T[—OO

[(x) = f u*te % du is log-convex for x > 1




Properties

Twice differentiable log-convex/concave
functions

B f is twice differentiable,dom f is convex

B V2log f(x) = 15 VA () — 7 VS @VF )T

B fis log-convex & f(x)V2f(x) = VF()VF(x)T

B fis log-concave & f(x)V2f(x) < VF()VF(x)T
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Convexity with respect to a
generalized inequality

K-convex

B K € R™is a proper cone with associated
generalized inequality <g

B f:R" > R™ is K-convex if Vx,y €
domf,0<6 <1
fox+(1—-0)y) <k 0f(x)+ (1 -0)f(¥)

B f:R"™ > R™ is stricly K—convex if Vx # y €
domf,0<6<1
fox+ (1 —-0)y) <¢ 0f(x)+ (1 -0)f(¥)




Examples

Componentwise Inequality
B K =RT

B f:R" > R™ is convex with respect to
componentwise inequality & Vx,y €
dom f,0<6 <1,

fx+ (1 -0)y) <0f(x)+(1-060)f(y)

B Each f; is a convex function



Examples

Matrix Convexity

B f:R" - S™ is convex with respect to
matrix inequality © Vx,y € dom f,0 <
<1

fOx+(1-0)y) <0f(x)+(1-60)f(y)

B f(X)=XX",X € R"™" is matrix convex

B XP is matrix convex on S%, for1<p <
20r —1 < p <0, and matrix concave
foro<p<1



Convexity with respect to
generalized inequalities

Dual characterization of K-convexity

B A function f is (strictly) K-convex < For every
w =g+ 0, the real-valued function w'f is
(strictly) convex in the ordinary sense.

Differentiable K-convex functions

B A differentiable function f is K-convex < dom f
IS convex, Vx,y € dom f,
f) Zzxk f(x) +Df(x)(y — x)
B A differentiable function f is strictly K-convex
< dom f IS convex, Vx,y € dom f,x # vy,

f@) >k fX)+Df(x)(y — x)




Convexity with respect to
generalized inequalities

Composition theorem

B g:R" - RPis K-convex, h:RP - R is convex, and
h (the extended-value extension of h) is K-
nondecreasing = h ° g is convex.

Example

B g:R™" 58S g(X)=X"AX+B'X+X'B+Cis
convex, where A > 0,B € R™" and C € S"

B h:S" > R h(Y)=—-logdet(—Y) is convex and
iIncreasing on dom h = —S%,

B f(X)=—logdet(—-(XTAX+B'X+X"B+C(C))is
convex on dom f = {X e R™"|XTAX + BTX +
X"B +C < 0}




Monotonicity with respect to a |g¥.
generalized inequality st

K € R"™ is a proper cone with
associated generalized inequality <

B f:R"™ > R is K-nondecreasing if
x<gy=fx)=<f()

B f:R"™ - R is K-increasing if
x<ky,x#Fy=f)<f)
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