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Abstract—Non-stationary parametric bandits have attracted
much attention recently. There are three principled ways to deal
with non-stationarity, including sliding-window, weighted, and
restart strategies. As many non-stationary environments exhibit
gradual drifting patterns, the weighted strategy is commonly
adopted in real-world applications. However, previous theoretical
studies show that its analysis is more involved and the algorithms
are either computationally less efficient or statistically subopti-
mal. This paper revisits the weighted strategy for non-stationary
parametric bandits. In linear bandits (LB), we discover that this
undesirable feature is due to an inadequate regret analysis, which
results in an overly complex algorithm design. We propose a
refined analysis framework, which simplifies the derivation and,
importantly, produces a simpler weight-based algorithm that is as
efficient as window/restart-based algorithms while retaining the
same regret as previous studies. Furthermore, our new frame-
work can be used to improve regret bounds of other parametric
bandits, including Generalized Linear Bandits (GLB) and Self-
Concordant Bandits (SCB). For example, we develop a simple
weighted GLB algorithm with an O(k;/*c;,*/*d** P,/*T*/*) re-
gret, improving the O(kZc, 'd”/ “)P%/ °T*/5) bound in prior work,
where k, and c, characterize the reward model’s nonlinearity,
Pr measures the non-stationarity, d and 7' denote the dimension
and time horizon. Moreover, we extend our framework to non-
stationary Markov Decision Processes (MDPs) with function
approximation, focusing on Linear Mixture MDP and Multino-
mial Logit (MNL) Mixture MDP. For both classes, we propose
algorithms based on the weighted strategy and establish dynamic
regret guarantees using our analysis framework.

Index Terms—dynamic regret, non-stationary bandits, dis-
counted factor, online MDPs, function approximation.

I. INTRODUCTION

ON-STATIONARY parametric bandits model the se-

quential decision-making problems where the reward
distributions of each arm are structured with an unknown time-
varying parameter, which have been extensively studied in re-
cent years [1]-[11] due to their significance in many real-world
non-stationary online applications such as recommendation
systems [[12f], [[13[]. This line of work also has a tight connec-
tion with the theoretical foundation of Reinforcement Learning
(RL), particularly in the context of episodic Markov Decision
Processes (MDPs) with function approximation [[14]—[17]. In
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these settings, parametric bandits are frequently employed to
model both reward and transition dynamics across episodes.
Moreover, when these underlying dynamics exhibit non-
stationary behavior across different episodes, non-stationary
parametric bandit techniques naturally extend to capture the
non-stationary dynamics of rewards and transitions [[18], [19].

Linear Bandits (LB) is a fundamental instance of parametric
bandits, where the expected reward for pulling a certain arm
at time ¢ is the inner product between the arm’s feature vector
X; and an unknown parameter 6, namely, E[r; | X;] = X, ;.
Moreover, Generalized Linear Bandits (GLB) is introduced as
a generalization of LB to model a broader range of reward
functions (e.g. binary rewards), where the expected reward
obeys a generalized linear model as E[r; | X;] = u(X, 6;)
with p(-) being an inverse link function. Furthermore, LB
and GLB have fundamental applications in Markov Decision
Processes (MDPs) with function approximation. As a repre-
sentative instance, the Linear Mixture MDP adopts LB to
model both reward functions and transition dynamics. Building
on this, the Multinomial Logit (MNL) Mixture MDP was
introduced to address the limitation of linear functions to
model probabilities. By employing the MNL bandit (a special
case of GLB), it effectively models transition probabilities and
ensures valid distributions. Notably, the non-stationary models
allow the parameter 6; in the above models to be time-varying;
therefore, we use dynamic regret [20], [21]] to evaluate the al-
gorithm’s performance. There are two typical non-stationarity
measures to quantify the intensity of parameter changes: (i) in
gradually drifting cases, path length Py = Zf,T=2 16:—1 — 6l
is used to measure the cumulative variations of the underlying
parameters; and (ii) in piecewise-stationary cases, I'r denotes
the number of parameter changes in 7" rounds.

To deal with non-stationarity, there are three principled
ways: sliding-window, weighted, and restart strategies. For the
sliding-window strategy, the learner maintains a time window
that contains the most recent observed data to discard the
outdated data. For the weighted strategy, the learner assigns
more weight to the most recent data and less to older data,
gradually forgetting the outdated data. For the restart strategy,
the learner restarts the algorithm according to a certain period
to discard the outdated data. The currently best-known result
for non-stationary (generalized) linear bandits and episodic
MDPs with linear function approximation is by [8], who
developed a minimax optimal algorithm consisting of a non-
stationarity detector and a base algorithm that performs well
in near-stationary environments. Whenever the detector ex-
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TABLE I: Comparisons of our dynamic regret bounds to the previous best-known results for weight-based algorithms, under different
non-stationary bandit and MDP settings. Below, k,,/c, characterize the non-linearity in GLB/SCB (reducing to 1 for LB) and x denotes
the non-linearity in MNL Mixture MDP; d is the dimension, H is the length of an episode in the MDP setting, path length Pr and the
change number I'7 are non-stationarity measures for drifting and piecewise-stationary cases, respectively, and total path length A measures

the non-stationarity in the drifting MDP case.

Settings

Previous Work

Our Results

Drifting LB

O(d*Py'T*) 2]

O (d3/4P1/4T3/4) [Theorem

[u—y

Drifting GLB

an 9/10 P1/5T4/o

(6l 6(: 3/4P1/4T3/4) [Theorem [2]]

O )
O(tkaror ) 1) | O
o5 )

Drifting SCB & PT 3/4) [Theorem [3]
Piecewise Stationary SCB L 2/31"1T/3T2/3 17 ( 2/51“1/ *T%") [Theorem ]
Drifting Linear Mixture MDP O(H dA1/4T3/4) (18] (H dA1/4T3/4) [Theorem [3]]

Drifting MNL Mixture MDP —

O(n_lHdAl/“TJ/“) [Theorem [6]]

amines that the non-stationarity exceeds a certain limit, the
algorithm will restart itself to handle the non-stationarity. In
this sense, their algorithm can be regarded as an adaptive
restart-based algorithm. Building on the RestartUCB algo-
rithm [3] and a carefully designed non-stationarity detector
with multi-scale e /ploratlons their algorithm can achieve an

(mm{\/l"TT Py T°/*}) optimal dynamic regret for both
LB and GLB and O(mm{\/FTT A'ST?BY) dynamic regret
for Episodic MDPs where A represents the total path length
which includes the cumulative parameters variations of both
reward function and transition function.

In real-world scenarios, the distributional change of environ-
ments often exhibits gradually drifting patterns [22]—[27], in
such cases, a soft weighted strategy can be (empirically) more
advantageous than a hard restart strategy to deal with the non-
stationarity, as can be observed in bandits learning [2], [3[],
[9]], classification with concept drift [28], [29], and adaptive
system identification [30], [31]]. As a result, it will be highly
attractive to design an adaptive weight-based algorithm for
non-stationary parametric bandits, which imposes weights to
discount the importance of past data, and the weights are
set adaptively according to environments. Towards this end,
we examine existing methods for non-stationary parametric
bandits based on the weighted strategy, and (surprisingly) find
that current results exhibit unnatural gaps compared to the
other strategies, such as restart-based algorithms, as well as
unnatural regret analysis transitions from GLB to LB.

Those unnatural phenomena motivate us to revisit the algo-
rithm design and regret analysis of the weighted strategy for
non-stationary parametric bandits [2], [6], [7]. Indeed, the key
ingredient is the estimation error analysis for the weight-based
estimator, which is usually decomposed into two parts — one
is the bias part due to the parameter drift, and the other is the
variance part due to the stochastic noise. Generally, the bias
part is controlled by non-stationary strategies, and the vari-
ance part is handled by carefully designed concentration. [2]]
provided the first analysis of a weight-based algorithm for
linear bandits (LB). In their bias analysis, they introduced a

virtual window size in the analysis to control the bias in order
to mimic the analysis of a sliding-window strategy [1]]. For
the variance analysis, [2] developed a weighted version of
the self-normalized concentration inequality, which required
a specially designed local norm. This introduced additional
analytical complexity, since the previously studied sliding-
window [1] and restart strategy [3]] could directly apply the
standard self-normalized concentration inequality [32]. Con-
sequently, they have to use different local norms to control
bias and variance parts, resulting in unexpected inefficiencies
of algorithm design and complications of analysis. For LB, this
leads to an algorithm D-LinUCB [2] requiring the maintenance
of an extra covariance matrix as the local norm for the
weighted version self-normalized concentration, which is less
efficient than the window and restart-based algorithms [/1]], [3]].

This analysis framework for weighted strategy introduces
more severe issues in GLB, due to its more enriched and
complicated structure. Specifically, [6] studied the drift-
ing GLB and designed a highly complex projection oper-
ation to control bias and variance parts following the way
of [2] to mimic sliding-window analysis, and finally at-
tained an O(d”/° P,/*T*/5) dynamic regret. Unfortunately, this
cannot recover the (’3(d7/8P%/ “T°/*) bound enjoyed by the
weight-based algorithm for drifting LB (a special case of
GLB) [2]. Subsequently, [[7] investigated the non-stationary
Self-Concordant Bandits (SCB), a subclass of GLB with many
attractive structures. They can only conduct analysis under
the piecewise-stationary setting, whereas they failed in the
more challenging drifting setting, due to technical difficulties
in bounding bias using conventional analysis. Moreover, since
the weighted version of the self-normalized concentration for
LB [2] could not be extended to the SCB setting, they further
redesigned a weighted version specifically for SCB, building
on the self-normalized concentration for stationary SCB [33]],
which introduced substantial additional complexity into the
analysis. As such, two open questions are proposed in their
papers: (i) how to extend weight-based algorithms to drifting
SCB; and (ii) how to replicate recent progress in stationary
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SCB [34] to improve dependence on c¢,, in non-stationary SCB.

Our Results. In this paper, we revisit the weighted strategy
for non-stationary parametric bandits and MDPs. We discover
that the earlier analysis framework for the weighted strat-
egy may be inappropriate due to its reliance on mimicking
the sliding-window analysis and the specifically designed
weighted version of self-normalized concentration, which re-
quires bounding the bias and variance components using
different local norms, and designing new weighted versions of
this concentration tool for every new setting further introduces
significant and unnecessary analytical complexity. As a result,
there is no unified analysis framework that can be applied
directly across different settings. To address this, we propose
a refined analysis framework for the weighted strategy. In
our framework, a new analysis for the bias part is presented,
while the variance part analysis only relies on the standard
self-normalized concentration [32] without the need for an
additional weighted version and enables the use of a single
local norm to analyze both the bias and variance components.
This refinement simplifies the analysis of the weighted strategy
and makes the approach more broadly applicable to other
decision-making settings. It also brings several benefits to
algorithm design, including improved efficiency for LB and
a resolution to the projection issue encountered in GLB and
SCB. Furthermore, our analysis framework is not limited to the
bandit setting and can be extended to online Markov decision
processes (MDPs) scenarios. In this paper, we extend our
results to two fundamental classes of MDPs: (i) non-stationary
linear mixture MDPs, and (ii) non-stationary multinomial
logit (MNL) mixture MDPs. Table [I| summarizes our main
results compared with the best-known results for weight-
based algorithms. Specifically, based on our refined analysis
framework, we achieve: (i) for LB, our approach only needs
to maintain one covariance instead of two and still enjoys
the same regret as [2f; (ii) for GLB, our approach enjoys an
(5(1@,5/ 40;3/ 4d3/4P}/ “T°/*) regret bound, whose order of d, Pr
and T matches that in LB case; (iii) for SCB, we achieve
an (5(]@:/ 40;1/ 2d3/4P:1F/ *T°/*) regret bound, and for piecewise
stationary SCB, our approach achieves an O(d*°T [/ *T*/?)
regret bound that can get rid of the influence of c;l, resolving
the second open problem asked by [7]; (iv) for Linear Mixture
MDP, we achieve an O(HdA'/*T*/*) regret bound that enjoys
the same regret as [18] that was achieved by the restarted
strategy; and (v) for MNL Mixture MDP, we establish the first
dynamic regret bound of O(HdA'/*T*/*) in the literature.
Compared with our earlier conference version [11], this
extended version presents additional results, along with a
simpler, clearer analysis and refined presentation. Firstly, this
extended version further simplifies the analysis compared
to our conference version [11|]. The earlier approach [2]]
relied on three key components: an extra covariance matrix,
a weighted self-normalized concentration inequality, and a
weighted potential lemma. In our conference version [11]],
we removed the need to maintain an additional covariance
matrix. In this extended version, we take it a step further
by showing that the standard self-normalized concentration
inequality is sufficient for analyzing the weighted strategy. As

a result, the only essential component for the weighted strategy
analysis is the weighted potential lemma. The maintenance
of two covariance matrices and the use of weighted self-
normalized concentration, as done in previous works [2f], [[11],
are unnecessary. This simplification makes our analysis and
algorithm both much simpler and more general. Secondly,
this simplification makes our approach much more scalable
and easier to extend to other bandit settings. Both earlier
work [7]] and our conference version [11]] required designing a
new weighted self-normalized concentration inequality when
adapting the method to a new setting (e.g., SCB), which
limited their generality. Our refined analysis removes this need,
allowing the same framework to be applied across different
problems without requiring problem-specific weighted concen-
tration results. Thirdly, we extend our results to two funda-
mental settings of online MDPs with function approximation:
linear mixture MDPs and multinomial logit (MNL) mixture
MDPs. Notably, we provide the first dynamic regret guarantee
for MNL mixture MDPs, demonstrating both the effectiveness
and the broad applicability of our refined analytical framework
for weighted strategy.

II. RELATED WORK

Linear Bandits. The non-stationary LB problem was first
studied by [[1]. They established an Q(d*/ BP;/ *T°/*) minimax
lower bound and then proposed SW-UCB algorithm based on
the sliding-window strategy. Then [2] proposed the D-LinUCB
algorithm based on a weighted strategy, and [3]] proposed the
RestartUCB algorithm based on a restart strategy. Note that
the three works proved an O(d**P/*T*?*) regret bound, but
there exists a subtle technical gap in the regret analysis as
identified by [35]]. After fixing the technical gap, all three
aforementioned algorithms achieve an O(d”/* P,/*T*/*) regret
bound [35], [36]. However, to achieve this result, all three
algorithms require the knowledge of the path length Pr as
an input at the beginning of algorithmic implementation,
which is undesired. To address this, [1]] proposed the bandits-
over-bandits (BOB) strategy as a meta-algorithm to learn the
unknown parameter Pr, which can be combined with the
above algorithms to remove the requirement of this prior
knowledge. Afterward, [§]] proposed the MASTER algorithm
with theoretically optimal O (min{dv/T7T, dP;/ *T°/3}) regret
bound, also without requiring the non-stationarity level of en-
vironments (that is, I'r and Pr) in advance, but requires fixed
arm set assumption. Most recently, there has also been some
new progress in the non-stationary (linear) bandits [[10], [37]-
[39]. Furthermore, [40, Remark 4] bypassed the aforemen-
tioned technical gap by restarting adversarial LB algorithms.
However, it is important to note that this only applies to LB
and requires fixed arm set assumption and known Pr.

Generalized Linear Bandits. The GLB problem was first
introduced by [41]. They proposed GLM-UCB algorithm,
achieving an (’)(kucgld\/f) regret bound where k,, c,
are the problem-dependent constants and k,/c, represents
the nonlinearity of the generalized linear model. [6] ex-
tended the stationary GLB to the drifting case, and proposed
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BVD-GLM-UCB algorithm with O(k2¢;,'d”/*P,/"T*") re-
gret bound. [33|] studied a specific instance of GLB called
Logistic Bandits (LogB). They first pointed out that un-
der the GLB setting, the problem-dependent constant 1/c,,
could be very large in some cases like LogB, then they
proposed the Logistic-UCB-1 algorithm with an 9] (cﬁl/ *dV/T)
regret bound and the Logistic-UCB-2 algorithm with an
O(dVT + ¢,/ ') regret bound. Subsequently, [34] established
an Q(d\/p'(X,]0,)T) regret lower bound for logistic bandits
and provided an optimal algorithm OFULog. [7] generalized
the logistic bandits to self-concordant bandits and consid-
ered the piecewise-stationary case; their algorithm enjoys an
(5(0;1/ *d*/ 3I‘IT/3T2/ *) regret bound. To deal with Pp-unknown
cases, [6] proposed a parameter-free algorithm by combining
BVD-GLM-UCB with the BOB strategy, but the final result
is still suboptimal. Meanwhile, the black-box algorithm [§]]
can adaptively restart the stationary algorithm GLM-UCB [41]]
and achieve an O(min k,c;,'vIT7T, kﬁ/gcgldP;/3T2/3) re-
gret, which matches the lower bound for non-stationary LB in
terms of Pr and 7', and therefore optimal for non-stationary
GLBs, since LB is a special case of GLB (i.e. u(z) = z).
Recently, there has been notable progress in GLB regarding
its efficiency and regret optimality in terms of non-linearity.
Readers can refer to [42] for the latest advancements. Nonethe-
less, these results focus on the static regret setting.

MDP with Function Approximation. Reinforcement learning
with function approximation has attracted significant atten-
tion recently [16]—[18]], [43], [44], with two fundamental
approaches: linear function approximation and generalized
linear function approximation. Among these, Linear Mixture
MDP was first introduced by [43], [44]], which is a rep-
resentative model for linear function approximation. They
proposed the UCRL-VTR algorithm, achieving a regret bound
of O(dv H3T), where H is the episode horizon. Building
on this, [[18] extended the stationary Linear Mixture MDP to
drifting case, they establish Q(d®/6AY/3H2/372/3) minimax
lower bound for non-stationary linear mixture MDPs, and
then proposed the SW-LSVI-UCB algorithm, which achieves
a regret bound of O(HdA'*T®/*), where A quantifies the
cumulative variation of the underlying parameters. To better
capture the probabilistic nature of transition dynamics, [[16]]
explored a class of generalized function approximation models
and introduced the MNL Mixture MDP, which leverages the
MNL function to model transitions. They proposed the UCRL-
MNL algorithm, achieving a regret bound of O(k~1dv H3T),
where x represents the nonlinearity of the MNL model, H is
the episode horizon, and K is the total number of episodes.
Later, [[17] further achieved an O(dv H3T + x~1d? H?) regret
bound for MNL Mixture MDP.

III. LINEAR BANDIT

In this section, we first introduce the problem setting of non-
stationary LB, and describe our LB-WeightUCB algorithm and
its theoretical guarantee. Then we present a proof sketch of
Lemma [l| to illustrate our proposed analysis framework in
detail. Notably, our algorithm achieves the same regret bound
as the best-known weight-based algorithm [2] without relying

on a specially designed weighted version of self-normalized
concentration and can be more efficient.

A. Problem Setting

At each round ¢, the learner chooses an arm X; from a
feasible set X C R? and receives a reward r; such that

T = X, 0y + s (1

where 0; € R? is the unknown time-varying parameter and
1; is the R-sub-Gaussian noise. The goal of the learner is to
minimize the following (pseudo) dynamic regret:

T T
T T
D-REGp = ;I)Ilea;(x 0, ;Xt 0, 2)
which is the cumulative regret against the optimal strategy
that has full information of the unknown parameter. Here
we consider the drifting case where we use path length
Pr = Zthz |6:—1 — 0¢||, as the non-stationarity measure.
Notice that in this paper we focus on a fixed arm set X.
A time-varying arm set X; does not introduce any additional
difficulty for our weight-based algorithm. The only difference
is that the optimal comparator in the dynamic regret (2)) would
need to be updated to maxxex, x "0, and the arm selection
step (6) would be performed over the time-varying arm set X;
instead of X'. This does not affect the analysis. For simplicity,
we stick to the fixed arm set setting in this paper.
We work under the following standard boundedness as-
sumption [1]-[3]], [32].

Assumption 1. The feasible set and unknown parameters are
assumed to be bounded: Vx € X, ||x||, < L, and 6, € ©
holds for all ¢ € [T] where © £ {0 | ||0]|,, < S}.

B. Algorithm and Regret Guarantee

We propose the LB-WeightUCB algorithm, which attains
the same regret guarantees as previous methods while enjoying
better efficiency. We first give the employed estimator and then
derive its estimation error upper bound by our refined analysis
framework, which is the key for algorithm design and regret
analysis. Based on the estimation error bound, we propose our
selection criterion and finally give the theoretical guarantee on
its dynamic regret.

Estimator. We adopt a weighted regularized least square
estimator similar to D-LinUCB [2], the estimator 6; is the
solution to the following problem,

t—1

n%in >\||9H§+Zwt—l,s (X;'—Hfrs)z, 3)

s=1

where A > 0 is the regularization coefficient and Vi &
[T],s € [t — 1], ws—1 5 is the weighted factor. To deal with
non-stationarity, we set w;, = 7'~%, where v € (0,1) is
the discounted factor. This approach assigns lower weights
to older data while giving higher weights to more recent
data, thereby better adapting to changes over time. Clearly, 0;
admits a closed-form solution §; = thll(Zi;ll Wi—1,57sXs),
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Algorithm 1 LB-WeightUCB

Require: time horizon T, discounted factor -y, confidence 4§,
regularizer A, parameters S, L and R
1: Set Vo = M, 9, =0 and compute 3y by @)
2. fort=1,2,....,T do
3. Select X; = argmax,cy {(x,@) + B HxHVf_rl}
4 Receive the reward -
5. Update Vi =~V,1 + X X,T 4+ (1 =9y
6
7

Compute 0t+1 by (@) and 8; by @) with w; s ="~
: end for

where V; = My + YL w X, X, Vo = M is the
covariance matrix. Note that this closed-form solution can
be further transformed into a recursive formula such that
Vi = Vi1 + Xo X" + (1 —v)\I; where we set w; = 77,
This allows it to be updated online without storing historical
data, which is another important computational advantage of
the weighted strategy over the sliding-window strategy.

Upper Confidence Bounds. For estimator (3), we provide
the following estimation error bound. Notably, this is different
from the previous result [2, Appendix B.3, second and third
steps in Proof of Theorem 2]. This difference is key to our
algorithm’s improved efficiency, as we discuss later.

Lemma 1. For any x € X, v € (0,1) and ¢ € (0,1), with
probability at least 1 — 0, the following holds for all t € [T)]

X7 (0.~ 0,) )

d t—1 P
< Lz\fA Dol D weers 105 = Opally + Ber Il
p=1 s=1

where [y is the radius of the confidence region set by

1 L? s
Bi=VAS+R 21og5+dlog<1 Z 1wt ).(5)

The proof of Lemmal[I]is presented in Appendix Based
on Lemma |1} we can specify the arm selection criterion as

X = argmax {(x, 0:) + Be—1 [|x||y -2 } . (6)
XEX t—1
The overall algorithm is summarized in Algorithm [T} From the
update procedure in Line [5] of Algorithm [T} we can observe
that our algorithm needs to maintain a single covariance matrix
Vi_1 € R4 By contrast, the selection criterion of the
algorithm proposed in [2] is

S AT ——
where (;_1 is similar to those in our selection crlterlon @
Vi _/\Id—i—zS 17" sTLY X[ e RiXd and V,_1 = A4+
ST A20=s=D) X X T e R4 is an extra covariance matrix.
Thus, our algorithm is more efficient than their algorithm since
it only needs to maintain one covariance matrix instead of
two. This owes to the fact that our analysis of Lemma
only uses V,~} as the local norm to analyze both bias and

variance parts, but the algorrthm of [2]] requires to use lo-
norm and V,_ 1Vt 1V,~}-norm to control bias and variance
parts, respectrvely In Section we provide a sketch of
the analysis framework for Lemma [T} and a more detailed
discussion is presented in Appendix [A-A]l Furthermore, we
prove that our algorithm enjoys the same (even slightly better
in d) regret as the algorithm of [2].

S

Theorem 1. Let the weighted factor wy s = '™, where v €
(1/T,1), and let A\ = d, the dynamic regret of LB-WeightUCB
(Algorithm 1) is bounded with probability at least 1 — 1/T,
by

D-REGy < O ( Pr+d(1 - 7)1/2T> ]

1
(1 =)
Furthermore, by setting the discounted factor optimally as v =
1 —max{1/T,\/Pr/(dT)}, LB-WeightUCB ensures

0] (d3/4p;/4T3/4) when Pr > dT,
O(dv'T)

Compared to Prewous works [[1]]-[3]], our approach improves
from O(d"/* P/ T*/) to O(d**P,/*T**) when Py > d/T.
We remark that this 1mproved dimensional dependence is sim-
ply owing to the more refined tuning of the discounted factor
than the one used by [2f], who did not take the dimension into
the tuning. Their algorithm and regret can also benefit from the
refined tuning. The proof of Theorem [I]is in Appendix [A-C|

Further, notice that the optimal choice of discounted factor ~y
requires knowing Pr in advance. To achieve a parameter-free
result for unknown Pr case, our algorithm can be combined
with the BOB strategy [|1]] and achieves an (’3(d3/4P%/ ‘T
bound.We provide the BOB version of LB-WeightUCB and
detailed regret analysis in Appendix [H{However, this bound is
not optimal, and it is possible to design an adaptive weight-
based algorithm based on our result, in the spirit of [3],
to further achieve an optimal dynamic regret without prior
knowledge of Pr. This is very challenging since at each round
t € [T], we can only receive one data pair (X3, ), which is
not adequate for the learner to real-time update the discounted
factor ;. At the same time, MASTER algorithm [8] can be
considered as a special case of the adaptive weight-based
algorithm since it only includes two circumstances: setting
v+ = 0 to restart at time ¢ and setting 7; = 1 to keep going.
However, for the adaptive weight-based algorithm, the choice
of the discounted factor ; can be continuous in [0, 1], which
is more difficult than a binary decision. We leave this as an
important open question for future study. Additionally, we note
that our approach can handle time-varying arm set settings,
whereas MASTER relies on the fixed arm set assumption. It
remains unclear whether optimal regret can be achieved under
time-varying arm set.

D-REGp <
when Pr < d/T.

C. Refined analysis framework

In this section, we present a proof sketch for Lemma |1 (esti-
mation error analysis for weighted linear bandits), which also
serves as a description of our proposed analysis framework.
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Proof Sketch. From the model assumption (I)) and the estima-
tor (3), the estimation error can be split into two parts,

t—1
0y — 6, = ‘/;5:11 (Z wtfl,sXsXsT (0s — gt))

s=1
bias part
t—1
+ Vt:11 (Z wt—l,snsXs - )\0t> y
s=1

variance part

where the bias part is caused by the parameter drifting, and
the variance part is due to the stochastic noise. Then, by the
Cauchy-Schwarz inequality, for any x € &,

" (0 —
where At = ||Z lwt 1,5 X X (05 —

HZ 1wt 1,s7s s_)\etiivtill~

Choosing an appropriate local norm for is the key to
simplifying and improving the estimation error analysis. Note
that the previous analysis [2]] had to use a’zﬁerent local norms:
using lp-norm in the bias part, and V;~}'V;_1V/"!'-norm in
the variance part, namely,

" (0:

6)| < IIxlly—s (4 + B, )

Qt) Hvt—_ll and Bt =

= 00)| < lIxlly Af + Ixlly-15, -1 B, (8)

where we have A} = Hv;/:ll i;i 7t-s—iXSXS-r (0 — 6,) ||2,
= |¥ nt TINX, = Myllp-r and VY = Ma +

Zizi PIX X, Ve = My + 2 429X X Due to
the need for using sliding-window analysis to analyze the bias
part, they have to use lo-norm to get the format of Aj. For
the variance part, to use weighted Version of self-normalized
concentration, they use the Vt i Vt 1V’ —norm to control x
term so that Bj term can be normed by V

As an improvement, we directly use the same Vtzll-norm to
control both parts, which benefits from our new analysis for
the bias part and modified analysis for the variance part.

Bias Part Analysis. The key step of bias part analysis is to
extract the variations of underlying parameters as follows,

t—1 p
Ay < Lzzwt—Ls HXSH\/;}I [10p — Opsall2
p=1s=1
t—1 p
SIVAY D w10 — Opiall, -
p=1 s=1

Based on that, we can obtain an upper bound for bias part
related to the path length Pr = ZZ;Q 16:—1 — 6¢||5- A precise
proof for the above argument can be found in Lemma

Variance Part Analysis. The key lies in analyzing the
following self-normalized term with weighted factor w;_1 ,

t—1
Zwt_Lsnst +VAS
s=1

—1
Vi

+ VS,

-1
thl

Here, notice that V; = A\l + Zi:l )ZJ?ST, where we define
fls 2 \/Wi—1,ms and Xy £ /W1, X,. Notably, for all t €
[T] and s € [t — 1], it holds that |w;_1 5| < 1, which ensures
that 77, remains R-sub-Gaussian, and a precise argument can
be found in Lemma [§] Consequently, we can directly apply
the self-normalized concentration (Theorem [/) to control the
variance term, without requiring the weighted version of the
self-normalized concentration proposed in Theorem 1 of [2].

Combining the analysis for bias and variance parts, we can
finish the proof of Lemma [I] O

The estimation error analysis for weighted strategies in-
volves first decomposing the estimation error into bias and
variance parts, then analyzing them separately. [2] used dif-
ferent local norms to decompose estimation errors, mimicking
sliding window analysis for the bias term and specifically
designing a weighted version of self-normalized concentration
for the variance term. Our refined analysis framework shows
that such complexity is unnecessary. Bias and variance can be
decomposed using the same local norm, with a dedicated bias
analysis for the weighted strategy, and the variance term no
longer requires specially designed concentrations or additional
local norms. With the estimation error bound, we proceed to
the regret analysis, where we need to use a weighted potential
lemma to bound the regret.

Weighted Potential Lemma. Term ||x||,,-1 in (7) induces a
t—1
summation term ZtT 1 H_XtHV—l in the variance part of regret

analysis. Since V;_1 = /\Id+z 1 Wi—1,5Xs X incorporates

the weighted factors, we cannot directly apply the standard

potential lemma. Instead, we need to use a weighted potential

lemma (see Lemma [J)) for regret analysis with weighted factor
s = 7'7%, such that

1
Z Xl s = <T,/d10g ) ©

The next is to choose the discounted factor v appropriately, so
that the bias and variance terms in the regret bound are well
balanced. A smaller v corresponds to faster forgetting, which
helps reduce the bias caused by non-stationarity. However,
a smaller v will also increase the variance by the key term
O(4/log %) shown in (9). For details on how to optimally se-
lect 7y to balance these two parts, please refer to Appendix [A-C|

To summarize, for non-stationary LB analysis, the weighted
strategy is as simple as the restarted or sliding-window strate-
gies, with only the difference being the requirement of the
weighted potential lemma for regret analysis, without the need
for more complicated deviation results.

Remark 1. The key step in our analysis framework also
resolves the projection issue in GLB. Specifically, after the
projection step, the bias-variance decomposition can only be
performed in Vtzll-norm. To accommodate previous analy-
sis (8), [6] has to inject a highly complex projection operation
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in the algorithm, whereas our framework already satisfies this
condition owing to the usage of the same th—norm for the
bias and variance parts.

IV. GENERALIZED LINEAR BANDIT

In this section, we apply the weighted strategy to drifting
GLB. Compared to the best-known weight-based algorithm
for drifting GLB [6]], our algorithm is simpler and meanwhile
has a better dynamic regret. Additionally, we consider a key
class of GLB, known as the Self-Concordant Bandit (SCB),
and further improve the theoretical guarantees in this setting.

A. Problem Setting

GLB assumes an inverse link function p : R — R such that
ry = M(X;r 60:+) +n:, where 0; € R? is the unknown parameter
and can change over time. Similar to LB, we define dynamic
regret for GLB as follows:

T
T T
D-REGy = t; (glea% n(x"6,) — p(X, 9t)> . (10)
Under GLB, we make the same assumptions as those of LB,
which include R-sub-Gaussian noise, boundedness of feasible
set and unknown regression parameters (Assumption [I). In
addition, we work under the standard boundedness assumption
of the inverse link function [6]], [41], [45].

Assumption 2. The inverse link function p : R — R is k-
Lipschitz, and continuously differentiable with

c® inf p(07x)>0, ©={0][4], <S5}

" {pco xex)
Previous works [3]], [40] define a similar parameter ¢, £
inf (pera xeay /(0 x) > 0 and obtain regret upper bound
scaling with 1/¢,,. Clearly, ¢,, is smaller than our defined ¢,
(and can be much smaller) as c,, is defined on © while ¢, is
defined on R. Therefore, ¢, is less attractive to appear in the
regret upper bound.

B. Algorithm and Regret Guarantee

We propose GLB-WeightUCB, which is a simpler algorithm
with better theoretical guarantee compared to previous weight-
based algorithm [6]. The key improvement is owing to our
refined analysis framework, which is compatible with a simple
projection step.

Estimator. At iteration ¢, we first adopt the quasi-maximum
likelihood estimator (QMLE) without considering the projec-
tion onto the feasible domain. Specifically, the estimator 6; is
the solution of the following weighted regularized equation:
t—1
Acpf + Z w15 (WX, 0) —rs) X, =0.
s=1

(1)

Similar to the Estimator (3), we set Wi,s = ~t=%, where v €
(0, 1) is the discounted factor. Given that 6; may not belong to
the feasible set © and ¢, is defined over the parameter § € ©,
we need to perform the following projection step

0, = argmin [|g¢(8:) — g:(0)] -1 , (12)
e t-1

Algorithm 2 GLB-WeightUCB

Require: time horizon T, discounted factor -y, confidence 4§,
regularizer A, lipk function p, parameters .S, L and R

1: Set Vo = A4, 01 = 0, compute k,, c, and 3y by
2. fort=1,2,..,7T do
3 if [[04][2 < S then
4 let 9,5 = Gt
5.  else _

6: Do the projection and get 6, by (12)

7.

8

9

end if
Select X; by
: Receive the reward 7
10:  Update V; = Vi1 + X X, + (1 =9\
11:  Compute 6;,; according to (TI) with w; s =~'~
12 Compute 3; by ([4) with w; , = '~—*
13: end for

S

where V; = \I; + Zi:l meSXST and g;(0) is
t—1

9:(0) £ Xewd + > wiy (X[ 0) X,
s=1

13)

However, previous work [6] cannot conduct the same simple
projection in the drifting case as stationary GLB or piecewise-
stationary GLB, since they use different local norms to mea-
sure the bias and variance parts separately for estimation error
analysis. Consequently, they have to design a complicated
projection to ensure that the bias and variance parts could be
measured by different local norms (see [6, Section 4.1], and
our restatements in Appendix [B-A).

Our refined analysis framework is compatible with this pro-
jection operation, thanks to our analysis framework utilizing
the same local norm for the bias and variance parts.

Upper Confidence Bounds. For estimator (TI]) with projec-
tion (12), we construct following estimation error bound.

Lemma 2. For any x € X, v € (0,1) and § € (0,1), with
probability at least 1 — 0, the following holds for all t € [T

‘M(XT@) — u(x"6,)

2k t—1 )

< TM (Z C(p)10p — Optally + Bi—r |x|Vt__11> 7
B \p=1

where C(p) = k#Lz\/g\/Zgzl wy_1,s and By is the radius

of confidence region set by

2y
\/XC#S+R 210g(15+d10g<1+2:§\;1wt’5>. (14)

The proof of Lemma [2]is in Appendix [B-B| Then, based on
Lemma 2| we can specify the arm selection criterion as

2k,
X, = argmax{mﬂet) LT } as)
xeX Cu t-1

The overall algorithm is summarized in Algorithm [2]
Notice that the estimation equation and the confidence
radius (T4) are the same as those used in Algorithm 1 of [6].
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But importantly, the final (projected) estimators of the two
approaches are significantly different. With a simpler projec-
tion operation and our refined analysis framework, we can
immediately attain an improved regret guarantee for weight-
based algorithm.

Theorem 2. Let the weighted factor wy s = ~v'~%, where v €
(1/T,1), and let X = d/c?, the regret of GLB-WeightUCB
(Algorithm [Z]) is bounded wnh probability at least 1 —1/T by

~ 1 k
D-REGy < O (k2 ————Pr+ -£d(1—+)"/"T ).
<0 (gt =)
By optimally setting v = 1 — max{1/T, \/k,c,Pr/(dT)}

GLB-WeightUCB achieves the following dynamic regret,

et
6 (v

Compared to BVD-GLM-UCB (the best-known weight-
based algorithm for drifting GLB) [6], focusing on the de-
pendence on d, Pr, and T, we can see that our approach
improves the regret from O(d”/ 1°P;/ T to O(d”/ 4P;/ T,
Furthermore, our result also improves their result upon the c,,
dependence from ¢! to ¢, 2

d3/4P;/4T3/4> when Pp > —4—

wepT?

D-REGT <

whenO<PT<ch

C. Self-Concordant Bandits

This section studies Self-Concordant Bandits (SCB), an
important subclass of GLB with many attractive structures.
For SCB, the reward’s distribution belongs to a canonical
exponential family: Py [r | x] = exp(rx 0 — b(x'0) + c(r))
where b(-) is a twice continuously differentiable function and
¢(+) is a real-valued function. Owing to the benign properties
of exponential families, we have E[r|x] = b (x"6) and
Var [r | x] = b”(x"6) where b’ denotes the first derivative of
the function b, and 4" denotes its second derivative. Then, we
can introduce the (inverse) link function (-) = b/(-) such that

Efr | Xi) = w(X, 0,), Var[r, | X] = p/(X, 0,).  (16)

SCB requires the link function satisfy |p”| < p', usually
referred to general self-concordant property. We further intro-
duce the notation 7; = r; — (X, 6;) to denote the noise. SCB
successfully models many important real-world applications
and captures the reward structure. For example, choosing
w(x) = (1 + e ®)~1 yields the Logistic Bandits (LogB),
which is often adopted to model the binary-feedback reward
in recommendation system [46[]—[48].

We make several standard assumptions same as LB and
GLB, including boundedness of feasible set and unknown
parameters (Assumption [I)), and non-linearity measure on the
(inverse) link function (Assumption [2). In addition, similar
to [7], we need assumptions on boundedness of reward, and
for the convenience of analysis we let L = 1 which means
|x]]2 <1 for all x € X.

Assumption 3. The reward received at each round satisfies
0 <r; <m for all t € [T] and some constant m > 0.

Algorithm. We propose the SCB-WeightUCB algorithm.
Compared to GLB, we use a new local norm for projection and
regret analysis which is the key to improving the order of c;l.
At iteration ¢, we first adopt the same maximum likelihood
estimator as GLB which is defined in (TI). Different from
GLB, here we use a new local norm to perform the projection

onto the feasible set ©,

o= im0~
= egminfa®) =0 @] O
where g;(0) is the same as while Hy() is defined as
t—1
H(0) 2 Mepla+ > wer o/ (X 0) XX (18)
s=1

Notably, compared to V;, H;(f) depends on the function
curvature along the dynamics and thus captures more local
information. Combining this projection step with the standard
self—normalizeld concentration restated in Theorem [§] removes
a constant ¢, % in the regret. For estimator (IT)) with projec-
tion , we construct the following estimation error bound.

Lemma 3. For any x € X, v € (0,1) and § € (0,1), with
probability at least 1 — 0, the following holds for all t € [T

(T8 — pu(x01)
1485k, (<= C(p) ~
< 10p = Opsally + Be—allxlly-1 |,
Cu 1; N piiig T Vil

where C(p) £ kﬂLQ\/g\/zgzl wy—1,s, and 5,5 is the radius

of confidence region set by

~ \/Aey,
By = Cu + 2m <log1 + dlog 2)
2m A //\c“ 1)

dm L2k, S0 wy
log 14 2 fr2us=1Wis ) R
e, Og( T Ned TVAGS

The proof of Lemma [3] is in Appendix [C-AlBased on
Lemma [3} we can select the arm X as

argmax{ (x"6;) +2v1+ 28

xeX

19)

+

\/»& 1|x||V_1}. (20)

Our algorithm for SCB (named SCB-WeightUCB) follows the
same procedure of Algorithm [2 I and the difference is that 6,
is computed by (I7), Si—1 is computed by (I9) and X; is
computed by (20). Further, we have the following guarantee
for SCB-WeightUCB algorithm.

Theorem 3. For all v € (1/T,1), A = dlog(T)/c,, the
dynamic regret of SCB-WeightUCB is bounded with probability
at least 1 — 1/T, by

~ k2 1 k 1
D-REGr < O | —£ Pr+ —£d(1 — )T |.
(VCH (1 =) VCu

By setting v =1 — max{1/T,\/k,Pr/(dT)}, we achieve

(’)( w T 3/4> when Py > -4
C#

E T
o)

D-REGT <

when 0 < Pr < %.
B
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Compared to GLB, we improve the order of ¢, from c;l

to 0;1/ ® by exploiting the self-concordant properties. In near-
stationary environments (Pr is small enough), our result can
recover to the performance of LogUCBI1 algorithm [33]]. Proof
of Theorem [3] is presented in Appendix

In addition, for the piecewise-stationary SCB, we propose
SCB-PW-WeightUCB algorithm that gets rid of influence of
¢, and thus directly improves upon [7].

Theorem 4. For all v € (1/2,1), D = log(T)/log(1/7)
and X\ = dlog(T)/c,, the regret of SCB-PW-WeightUCB is
bounded with probability at least 1 — 1/T, by

+ d\/WT) .

~ 1
D-REGTSO( I'r +
1—v

1
v1i—v

By setting v = 1 — max{1/T, (FT/(dT))%}, we achieve

10) (dz/SFlT/STZ/S) when T'p > d/\/T,
D-REGT < { _
o (d\/f) when 0 < Ty < d/VT.

The overall algorithm and analysis are in Appendix

V. LINEAR MIXTURE MDP

In this section, we apply the weighted strategy to
non-stationary linear mixture MDPs, and describe our
WeightUCRL algorithm and its theoretical guarantee. Our
algorithm achieves the same regret bound as the previous
restart-based algorithm [18].

A. Problem Setting

We build upon the previously established definition of
episodic non-stationary MDPs [18]] and provide the corre-
sponding learning protocol.

Episodic Non-stationary MDPs. An episodic MDP is defined
by a tuple M = (S, A, H,P,r), where S is the state space;
.A is the action space; H is the length of each episode;
= {P} }he[H kelK] where P : S x A xS — [0,1] is
the transition probablhty at h-th step of k-th episode; and
= {r g pepry Where 7 2 S x A — [0, 1] is the reward
functlon at h-th step of k-th episode. A policy is defined as
T o= {ﬂ,’j}hE[H] welx): Where each e S = A(A) is a
function that maf)s a state s to distributions over action space
A at stage h of the k-th episode.

Learning Protocol. At the begmmng of each episode k, the
learner chooses a policy 7% = {71',’3} ,_,- At each stage h €
[H], startmg from the initial stage s%, the learner observes the
state s¥, chooses an action af sampled from 7 (sF), obtains
reward rh(sh,ah) and transitions t.o the next state s’,ﬁ +1
Py (- | sf,af) for h € [H]. The episode ends when sf,, is
reached; when this happens, no action is taken, and the reward

is equal to zero. For any policy m = {ﬂ’g}he[H] relK] and

(s,a) € S x A, we define the action-value function QZ’” and
value function V" as

H

Z T}Ii/ (SZ/, 7T}k£/ (SZ/) )

h'=h
V:’ﬂ(s) = EaNﬂ}’j(- | s) |:QI:L’7T(57 a)] :

We define VYV : S = R, [PyV] (s,a) = Eypr(. | 5,0V (5),
and the Bellman equation for policy 7 is given by

]}?ﬂ—(sa a’) =E

Q47 (s,a) = rh(s.0) + [PRV] (5,0)
V() = Eqnp o |@F7 ()] VETL =0,

arTl (-

The learner’s goal is to minimize the following dynamic regret,

K k
_ Z VT (sh),
k=1

where we denote T 2 H - K, for consistency with the
bandits notations. The dynamic regret measures the difference

between the learner’s policy and the optimal policy, namely,

7% = argmax_ V"7 (sh).

Non-stationary Linear Mixture MDP. An MDP instance
= (S8, A,H,P,r) is a linear mixture MDP if there exist

known feature maps ¢ : Sx A — R% and 1 : Sx AxS — RY

and for any k € [K],h € [H], there exist unknown vectors
0% € R% and w} € R? such that

(¢(s,a),05)

(0(s' | s,a), wh),

here we consider the drifting case where we use path
length P, = Z,ﬁ(zz Zthl ||9 B 0,’§|’2 to measure the non-
stationarity of §F and Py = Y& 2Zh Wit = wr]],
to measure the non-stationarity of wh, and we define A =
Pf+ Py as the total path length. We work under the following
standard boundedness assumption [18]].

K
D-REGr = » Vi (sh)
k=1

2y

TZ(S, a) =

22
BE(' | 5,0) = 22

Assumption 4. The feasible set and unknown parameters
are assumed to be bounded: Vs € S,a € A, |¢(s,a)| <
Ly; for any bounded function V S — [0,1] and
Vs € S,a € A, |[¢v(s,a)ll, < Ly, where iy (s,a) =
Yyes¥(s's,a)V(s'); 0F € © holds for all k € [K], h € [H]
where © £ {0] ||0]|, < Sp} and wF € W holds for all
k € [K],h € [H] where W £ {w | |w], < Sw}-

B. Algorithm and Regret Guarantee

We propose the WeightUCRL algorithm in this section.
We first give the employed reward estimator and transition
estimator, and then derive its estimation error upper bound by
our refined analysis framework, which is the key for algorithm
design and regret analysis. Based on the estimation error
bound, we propose our selection criterion and finally give the
theoretical guarantee on its dynamic regret.
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Reward Estimator. At h-th stage of k-th episode, we use
the following weighted least square estimator @fL to estimate
the unknown parameter ¥, which is the minimizer of

ai)T9>2,

where A\g > 0 is the regularization coefficient and wy_1 ; is
the weighted factor. Similar to the Estimator (3)), we set wy, ; =
v*=J, where v € (0,1) is the discounted factor. Clearly, @“h
has a closed-form solution:

k—1
Xo (2 i :
S5+ Y wee s (i (shah) - olsh,

j=1

k—1
S wiegri(shal)é(sh,al) |
Jj=1

where AF = NI, + Z?Zl wy (5%, al)p(sh,al)T.

Transition Estimator. First notice that, based on model
assumption (22, we have

[vaiﬁ_l] (Sﬁv a’;cz) = Z <¢(S/ | SE? alft)a WZ> th-l—l(sl)

’

—1

oF = (AF71) (23)

S

<z s az>vf+1<s/>,wz>

= (Y (s’ﬁ,a’é) Wi,
where we denote ¥, (s,a) = ka (s, a) for simplic-
1ty Based on Assumption A we know that Vs € S,a €
"1 (s,a H2 < HLy. We adopt the following weighted
least square estimator ?v}kl to estimate the unknown parameter
w’,j, which is the minimizer of

(24)

k—1

) o ) . 2\

J Jj o J J w 2
Zakfl,j <<wh+1(sh7a‘h)?w> - Vh+l(8h+1)> +7 Iwlly
j=1
where Ay, > 0 is the regularization coefficient and ay_1 ; is
the weighted factor, we set ay ; = v*~7, where v € (0,1) is
the discounted factor. For this least square estimator, we have

a closed-form solution for WF:

k—1

Zo"f LV ()i (Shvah) , (25)

Jj=1

(Ek 1
where Xf = Ay Ig+ Z] 1 O‘ku¢h+1(3h>ah) h+1(sh’ah)T'

Upper Confidence Bounds. For estimator (23) and (23)), we
provide the estimation error bounds, respectively.

Lemma 4. For any s € S,a € A, the following holds for all
k € [K],h € [H],

o) (B — k)| < T3+ Bo 9(s,0)l gy

k=18 72 [d k-1 P )
where Ty g7 = L\ /5o D001 /2 =1 Wk—1, ‘

Bo = /AgSe.

Lemma 5. For any s € S,a € A, and § € (0,1), with
probability at least 1 — 0§, the following holds for all k €
[K],h € [H]

Uk (s,0)" (W) —wh)|

4 p+1
Hh - 9h

Algorithm 3 WeightUCRL

Require: episode number K, time horizon H, discounted
factor ~, confidence ¢, regularizer Ay, Ay, parameters
So, Sw, Lg, Ly

1: Initialize {7 }hH . as uniform distribution policies,

{QO} _, as zero functions.

2:Sech€[ ] h—)\efd, hZ)\wIdfOI‘k‘Zl

3: for k=1,2,..., K do

4:  Receive the initial state s%

5. Initialize V| as zero function

6: for h=H H— .,1 do

T i () = Zw/}( Vi ()

8: Update AF = At 4 gb(:smah)¢(sﬁ7aﬁ)—r +(1—
Y)Aola

o Update Sf = vk (shiaf)ofy, (shoaf) ' +
! +( Y)Awla

10: Compute 9 " by (23) and W by @23)

11: Compute optlmlstlc value function QF(s,a) and

" (s) by

12:  end for

13 for h=1,...,H do

14: Choose policy as ¥ (s) = arg max,¢ 4 Q¥ (s, a)

15: Take action af ~ 7F(sk), then observe the reward

ri(sy,ay) and receive the next state s§
16:  end for
17: end for

< Thd 4+ 8 [k (5,0 ey
P p+1

k— /
Dhw = H?L}, Z \/ =1 Oh-1 || W), — W

and B‘]fv is the mdlus of conﬁdence region defined by

>

]

1 1 d
H 210g+410g<1+ o

272 5k
ngzl kﬁj>+msw.

Proof of Lemma [] and Lemma [5] are in Appendix

Arm Selection. Based on Lemma [ and Lemma 5] we define
the optimistic value function Q¥ (s,a) and V/*(s) as follows,

QZ(S, CL) £ min {Ha ¢(57G)T§Z + 69 ||¢(Sa a)”(/\:—1)71

+fe (s,0) " WE+ 85 [k (s, G)H(E'ﬁ_l)il }

Vh{C(S) £ = anﬂ'}’i(- | 's) [Q’Z(Sv a)] . (26)

k
max Qp(s,a)

At state sﬁ, we can specify the action selection criterion of our
policy 7F(sF) as af = argmax,. 4 Q5 (sF,a). The overall
algorithm is summarized in Algorithm [3] We show that our

algorithm enjoys the following regret guarantee.

Theorem 5. Let T = KH, § = 1/(4T), g = d, and A\ =
H?%d, Vk,j € [K),wp; = ayj = ¥*79, v € (1/K,1), the
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dynamic regret D-REGr is bounded with probability at least
1—-1/T by

(’)(Hd(( )3/2A+HK,/1—)+H3/2d\/ )

Furthermore, by setting the discounted factor optimally as v =

1 —max{l/K, \/W} we have

O (HdAVAT?/Y)
D-REGr < ¢ ~
" =0 (am¥2vT)
The proof of Theorem [3]is in Appendix [E-C] Compared to
previous work [18], our results achieve the same order regret
guarantees for dynamic regret in non-stationary environments.
Furthermore, in near-stationary settings, our results recover
the theoretical guarantees established for stationary environ-
ments [43], [44].

when A > H/K,
when A < H/K.

VI. MULTINOMIAL LOGIT MIXTURE MDP

In this section, we explore another class of MDPs, known as
the Multinomial Logit (MNL) Mixture MDP, under the non-
stationary setting. We introduce the MNL-WeightUCRL algo-
rithm, which applies the weighted strategy to non-stationary
MNL Mixture MDPs, and provide the first theoretical guaran-
tee for non-stationary MNL Mixture MDP.

A. Problem Setting

To address the limitation that linear function approximation
cannot guarantee valid distribution, a new class called MNL
mixture MDPs has been proposed recently [16], [[17]. The
MNL mixture MDPs share the same episodic non-stationary
MDPs structure and learning protocol as the linear mixture
MDP, with the objective of minimizing dynamic regret I).
The key distinction lies in its modeling assumptions for the
transition probabilities. Below, we present the formal definition
of MNL Mixture MDPs.

Definition 1 (Reachable States). For any (k,h,s,a) €
[K] x [H] x 8 x A, we define the “reachable states” as
the set of states that can be reached from state s taking
action a at stage h Of k-th episode within a single tran-
sition, i.e., Sk(s,a) {s' € S|P} (s'|s,a) > 0}. Also,
we define S’k(s a) ‘Sk s, a ‘ and further define U £
max(x, h,s,a) Sk v(s,a) as the maximum number of reachable
states.

Non-stationary MNL Mixture MDP. A = (S, A, H,P,r)
is a MNL mixture MDP if there exist known feature maps
¢p:SxA—-Rand ¢y : Sx AxS — R? and for any
k € [K],h € [H], there exist unknown vectors 05 € R? and
w’,j € R< such that

(¢(s,a),67)
exp (Y(s' | 5,a)
des;g(s,a) €xp (¢(§| &2 Q)Twl}i) -

We work under the following standard assumptions of MNL
Mixture MDP [16], [17].

rZ(s,a) =
T k)

Wh 27)

Pr(s' | s,a) =

Assumption 5. The feasible set and unknown parameters are
assumed to be bounded: Vs € S,a € A, |é(s,a)|| < Lg;
Vs's € S,a € A, |[¢(s'|s,a)] < Ly; 0F € © holds
for all k € [K|,h € [H] where © = {0] |||, < Sp}
and wi € W holds for all ¥k € [K|,h € [H]| where
W A{w| [[wll, < Sw}.

Assumption 6. There exists 0 < x < 1 such that for all
(s,a,h) € S x A x [H] and §',s" € SF(s,a), it holds that
lrlfWEVV ps a( )ps,a( ) > K.

B. Algorithm and Regret Guarantee

We propose the MNL-WeightUCRL algorithm, which ob-
tains the first dynamic regret guarantee for non-stationary
MNL Mixture MDPs. We begin by presenting the estimator
used in our approach and deriving its estimation error upper
bound by our refined analysis framework, which is the key
for algorithm design and regret analysis. Building on the
estimation error bound, we propose our selection criterion and
finally give the theoretical guarantee on its dynamic regret.

Reward Estimator. Since we use the same linear function
as (22) to model the reward function, here we still use
estimator (23) to estimate the unknown parameter 65.

Transition Estimator. For the traJectory {(sh,ah)}h , at
episode k, we define the variable: yF € {0,1}° ", where
yp(s') = sy, = &) for s € S £ S"(sh,ah) and
Sk £ |SF|. Furthermore, we denote p’g(w(s’ | s,a)Tw) =

exp((s’ | 5,0) T w) Tk A ok ok
Srest (o PO 5.0 W) We define ¢ (s") = (s | sy, az).

Then yF is a sample from the multinomial distribution:

multinomial (1, {pﬁ(z/?;’f(sl)—rw), .. ,pﬁ(&ﬁ(sN}JS)Tw)D .

We use the following weighted maximum likelihood estima-
tion (MLE) vAv,’j to estimate the unknown parameter W’;, which
is the minimizer of

k—1

2 w2+ Y apery S () los ) (F() Tw),
Jj=1 s'eS)

where )y, > 0 is the regularization coefficient and «y_1 ; is

the weighted factor. We set ay ; = ~*77, where v € (0,1)

is the discounted factor. Specifically the estimator vAvﬁ is the
solution of the following equation:

Zak 1,5 Z (ph d)]

s'€S)

w) = yh(s)) Bh() o8

+Awkw = 0.

Given that (fv’fb may not belong to the feasible set WV and & is
defined over the parameter w € W, we need to perform the
following projection step

Wl g1y

wh = argmln th Wh (29)
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Algorithm 4 MNL-WeightUCRL
Require: episode number K, time horizon H, discounted
factor ~y, confidence ¢, regularizer Ay, Ay, parameters
SO; Swa Ld)v Ldl
1: Initialize {7‘(‘2}5:1 as uniform distribution policies,

{Qh},C

2: fork—12

as zero functions.
., K do

3 Receive the initial state sk

4:  Initialize V}} | as zero function

5: Set Vh € [H],A(})l = /\gld,i% = A\wly

6: forh=H H-1,..,1do

7: Update AF = ’yAi_l + o(sk,af)p(sh,af)T + (1 —
) Ao La B B

f Updae S = Xy B b ) (b )T

T+ ( V) Awla

9: Compute 9 by (23) and W} by (28)

10: if | W2 S Sy then

11: let Wi =Wy

12: else

13: Do the projection and get VT/Z by 29)

14: end if

15: Compute optimistic value function QF(s,a) and
Vir(s) by

16:  end for

17 for h=1,...,H do

18: Choose policy as ¥ (s) = arg max,¢ 4 Q% (s, a)

19: Take action af ~ 7F(sk), then observe the reward

i (s, ay) and receive the next state s§
20:  end for
21: end for

where SF = Awla + )y @k X es) Vi (s)0h(s)T and
gr(w) is defined as

k—1
Gh(W) 2 Xwrw + D k1 > ol (8) W) (s),
=1 ves)

Upper Confidence Bounds. Estimator can directly apply
Lemma f] for UCB construction. And for estimator (28], we
provide the following estimation error bounds. For simplicity,
we define for any function V' : & — R, [PiV] (s,a) =

Soest PEWG | s,0) whV(S), ﬂ( Q) =
st P [ 5,0)TREV().
Lemma 6. For any x € X, and § € (0,1), Vk,j €

(K], o,; < 1, with probability at least 1 — 9, the following
holds for all k € [K],h € [H]

[Bev] v~ [25V] (.0
<Z<m;+%*géww8ﬂWﬂw”>

éLi\/%Z \/ ] 1 Ok— 1JHwh

1
p+ , and

2

BE is the radius of confidence region defined by

UL? l?_ Qs
W) + VA S

Proof of Lemma [6] is in Appendix [F-A]

1 1 d
—log =+ -1 1
20g5+40g< +

Action Selection. Based on Lemma [ and Lemma [6] we
construct the optimistic value function Q% (s,a), V;*(s) and
the action selection criteria as follow,

Qﬂ&a)mm{Hﬁwﬂf5§+%HM&a)@ggl

+ [ﬁ’iv}ﬁ_l](s,a) 5k ! max ||7/’h H }
‘_/hk(s) I(PeaXQh(s (l) Ear\/ﬂ' [Q ( )]
7 (s) = argmax Q¥ (s, a). (30)
acA

The overall algorithm is summarized in Algorithm @] We show
that our algorithm has the following regret guarantee.

Theorem 6. Let § = 1/(4T), N\g = d, and I\ = d, Vk,j €
(K], wg; = arj =9, v € (1/K, 1), the dynamic regret
D-REGr is bounded with probability at least 1 — 1/T, by

(’)<Hd<(1 1)3/2A+HK\/1— >+H3/2d\/ )

K
Furthermore, by setting the discounted factor optimally as v =
1 — max {1/K7 \/A/T}, we have
N O (k~'HdAY*T3/%)
-REG ~
1210 (v tamtAVT)
Proof of Theorem [f] is in Appendix

when A > H/K,
when A < H/K.

VII. EXPERIMENTS

In this section, we further empirically examine the perfor-
mance of our proposed algorithms. We present two synthetic
experiments on drifting LB and GLB, respectively. For each
experiment, we set the dimension of the feature space to
d = 2, the number of rounds to 7" = 6000, and the number of
arms to n = 50. The features of each arm are sampled from
the normal distribution N'(0,1) and subsequently rescaled to
satisfy L = 1. We initialize the time-varying parameter 6; to
[1, 0] and rotate it uniformly counterclockwise around the unit
circle, completing one full revolution from O to 27 over the
course of T rounds and returning to the starting point [1, 0].

A. Linear Bandits

Setting. We consider the linear model r, = XtT 0: +
where the random noise 7, is drawn from the normal dis-
tribution A(0,1) at each time ¢ independently. We compare
the performance of our proposed LB-WeightUCB algorithm
to: (a) the static algorithm OFUL [32f; (b) the restart-
based algorithm RestartUCB [3]]; (c) the weight-based algo-
rithm D-LinUCB [2]; and (d) the adaptive restart algorithm
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Fig. 1: Experiments of generalized linear bandits.

MASTER+OFUL [8]. Among these algorithms, RestartUCB
and D-LinUCB both require prior knowledge of Pr, whereas
MASTER+OFUL does not. Although MASTER+OFUL op-
erates under weaker requirements, we still include it in our
comparison because it achieves theoretically optimal regret
with a faster convergence rate, making it an important bench-
mark. Since Pr is computable, we set the discounted factor
v = 1 —max{1/T,/Pr/(dT)} for LB-WeightUCB and
D-LinUCB, and set the window size W and restarting period
H as W = H = d"/*\/T/(1 + Pr). For MASTER, there is
a parameter n representing the initial value of a multi-scale
exploration parameter (see the input of Procedure 1 in [8]),
and the origin MASTER algorithm lets it start from 0 (i.e.,
n = 0,1,...). However, a small initial value of n leads to
frequent restarts and thus poor performance. To this end, we
experiment with a larger initial value of n = 13, which yields
substantially improved performance in our case.

Results. The experimental results are averaged over 20 inde-
pendent trials. Fig. [Ta] shows the cumulative dynamic regret
performance, where the shaded area denotes the variance of
experimental results. Fig. [Td| reports the average time per run,
with each run containing 6000 rounds. Our LB-WeightUCB
algorithm performs as well as D-LinUCB but is significantly
more efficient, with over 1.5 times speedup. Fig.[Taalso shows
that when equipped with a fine-tuned n, MASTER+OFUL
(n = 13) performs better than RestartUCB, whereas a vanilla
MASTER+OFUL (n = 0) performs worse due to overly
active restarts at the beginning. However, a larger initial

value of m results in greater time overhead, since at each
restart, MASTER+OFUL needs to do Procedure 1 once, re-
sulting in an O(n2™) time complexity. More importantly, nei-
ther adaptive restart (MASTER+OFUL) nor periodical restart
(RestartUCB) outperforms our weighted strategy in slowly-
evolving environments.

B. Generalized Linear Bandits

Setting. We employ the logistic model in the GLB exper-
iment, i.e., the reward satisfies 7; ~ Bernoulli(u(X, 6;))
with logistic function p(z) = (1 4+ e~®)~1. We consider
two cases of S = 1 and S = 5, respectively. We com-
pare the performance of our proposed GLB-WeightUCB
and SCB-WeightUCB algorithm to: (a) GLM-UCB, static
algorithm for GLB [41]; (b) LogUCBI, static algorithm
for LogB [33]; (c) BVD-GLM-UCB, weight-based algo-
rithm for GLB |]§|]; (d) GLB-RestartUCB, restart algorithm
for GLB ; (e) SCB-RestartUCB, restart algorithm for
SCB [Eﬂ? (f) MASTER+GLM-UCB, adaptive restart algo-
rithm for GLB [8]|; and (g) MASTER+LogUCBI, adaptive
restart algorithm for LogB [8]]. We set discounted factor
v = 1 —max{1/T,+\/c,Pr/(dT)} for GLB-WeightUCB,
v = 1 — (Pp/(/dT))*> for BVD-GLM-UCB and
v = 1—max{1/T,/Pr/(dT)} for SCB-WeightUCB. We
set restarting period H = d'/*\/T/(1+ Pr) for both
GLB-RestartUCB and SCB-RestartUCB. We set regularizer
A = d for GLM-UCB, BVD-GLM-UCB, GLB-RestartUCB
and MASTER+GLM-UCB, \ = d/ci for GLB-WeightUCB
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and A = dlogT/c, for LogUCBI, SCB-RestartUCB,
MASTER+LogUCB1 and SCB-WeightUCB. Note that for
LogB, k, =1 /4 < 1, so we don’t need to control the order
of k,. For two MASTER algorithms, we set n = 13.

Results. We present the average cumulative dynamic re-
gret results of our experiments on 20 independent trials in
Fig. When S is small (S = 1,0;1 ~ 5), all of the
weight-based algorithms outperform the static algorithms, and
our GLB-WeightUCB and SCB-WeightUCB are better than
BVD-GLM-UCB. When S is large (S = 5,¢,' ~ 152),
SCB-WeightUCB significantly outperforms GLB-WeightUCB,
demonstrating the importance of considering the self-
concordant property (recall that LogB is an instance of SCB).
In contrast, the performance of BVD-GLM-UCB drops dra-
matically, as it does not take the c;l issue into account. Similar
to LB, the experimental results of GLB also demonstrate
the empirical advantage of the weighted strategy over (adap-
tive) restart strategy in slowly-evolving environments. Specif-
ically, we observe that GLB-WeightUCB consistently outper-
forms MASTER+GLM-UCB, and SCB-WeightUCB consis-
tently outperforms MASTER+LogUCBI.

VIII. CONCLUSION

This paper revisits the weight-based algorithms for three
non-stationary parametric bandit models (LB, GLB, SCB)
and two non-stationary MDP settings (Linear Mixture MDP,
MNL Mixture MDP). We identify that the inadequacies of
the previous work are due to the inadequate analysis of the
estimation error. We thus propose a refined analysis framework
that enables the usage of the same local norm for both the bias
and variance parts in estimation error analysis. Our framework
ensures more efficient algorithms for all three bandit models
and two RL models, improves the regret bounds for GLB and
SCB settings, and establishes the first dynamic regret bound
for MNL Mixture MDP.

The importance of our work lies in the fact that we have
now made the weight-based algorithms for non-stationary
parametric bandits and MDPs as competitive as the restart-
based algorithms, in terms of both computational efficiency
and regret guarantee. Note that the current window-based,
restart-based, and weight-based algorithms can only achieve
a regret bound of O(P%/ *T73/4), which does not match the
optimal rate (;)v(P%/ T72/3) attained by the MASTER algo-
rithm, an adaptive restart strategy [8|]. In the spirit of this
best-known result, it is essential to design adaptive weight-
based algorithms that can achieve the optimal dynamic regret
bound without requiring prior knowledge of the environment’s
non-stationarity, given that weighted strategies are particu-
larly effective in gradually drifting environments, which are
commonly encountered in real-world applications. The current
lower bound of Q(P;/*T2/3) is established under the fixed
arm set assumption [40]]. The MASTER algorithm [[8]] matches
this rate with the same assumption, making O (P, *T2/3) the
minimax optimal rate for the fixed arm set case. However, the
minimax rate remains open for time-varying arm sets.

In this work, we employ Pr = 23;2 161 — 04|y as
a measure to capture the gradually changing environment.

However, this metric may not be precise enough in capturing
only the gradual changes in the environment, as it can also
include other types of variations, such as abrupt changes and
restless changes [[49]], [50]]. This might be able to explain why
weight-based algorithms do not exhibit a significant theoretical
advantage, yet perform remarkably well in experiments on
gradually changing environments compared to restart-based
algorithms. To overcome this limitation, future research could
explore more refined characterizations of gradual changes,
drawing inspiration from the ideas behind Sobolev or Holder
classes [51]] or other information-theoretic tools [10].

APPENDIX A
ANALYSIS OF LB-WEIGHTUCB

In this section, we provide the analysis for LB-WeightUCB
algorithm. In Appendix [A-A] we review the D-LinUCB al-
gorithm proposed by [2] and restate their estimation error
analysis. In Appendix we present our own estimation
error analysis for the proposed LB-WeightUCB algorithm,
which is captured in Lemma [1} Finally, in Appendix we
provide an analysis of dynamic regret, as stated in Theorem I}

A. Review Estimation Error Analysis of D-LinUCB Algorithm

In this part, we review the previous estimation error analysis
of the D-LinUCB algorithm [2]], which has the same estimator
as ours (3). The first step is to divide the estimation error into
the bias and variance parts, where the bias part represents the
error caused by parameter drift and the variance part represents
the error caused by stochastic noise. Based on the reward
model assumption and estimator (same as and (3)), the
estimation error of D-LinUCB algorithm can be decomposed
as

t—1
é\t - et = V;I:ll <Z 'yt_s_lrsXs> - 915
s=1
t—1
= v/ <Z A= (XT 6, +ny) Xs>

s=1
t—1
A (Md +Y ATIXLX] > 0
s=1

t—1 t—1
= V;tl:ll (Z ,ytfslesX;ros + Z ,YtslnSXs>
s=1 s=1

bias part

t—1
+ ‘/t/:ll ( VtisilnsXs - Aat)a
s=1

€1V

variance part
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where V/ = Az + 22;11 VX X, Afterward, [2] uses
different local norms (we will explain the reason for using
different local norms later) for the bias and variance parts as

X7 @ — ) < IIxlly A% + [Xlly-15 1 B (32
where V; = A\, + S 29X X and
t—1
A{t = ‘/;5/:11 Z'Yt_s_leX;r (95 - et)
s=1 2
t—1
Bé = Z’Yt_s_lnsXs - )\et
s=1 V.4

For the bias part, [2] divide it into two parts on the timeline
by introducing a virtual window size D,

t—1

Z th:ll,ytfsflxsX;F (93 - ot)
s=t—D

/
A, <

2

virtual window

_|_

)

2

t—D—1
Z V;/:ll,yt—s—leX;I' (95 _ at)
s=1

small term

The first term can be considered as a virtual window con-
taining the most recent data obtained after time ¢t — D, and
can be directly analyzed by the analysis of SW-UCB [1]] since
it corresponds to the bias part of the estimation error of the
window strategy, and this is why they use lo-norm for the
bias part. The second term reflects the influence formed by
the outdated data obtained before time ¢ — D. Since v~°~!
will be very small when s < ¢t — D — 1, this small term is
dominated by the first virtual window term, which means the
bias part is actually controlled by the virtual window size D.

For the variance part, [2] extend the previous self-
normalized concentration [32, Theorem 1] to the weighted
version. This concentration requires the use of V; as the local
norm. To this end, [2] split the variance part as

t—1
S <Z VI X — A@)
s=1

S ||X||Vt/:11‘271‘/;/:11 Ct/a

where
t—1
Ct/ = ‘/;/:11 (Z 7t7$717/sXs - )‘et)
s=1 Vi VAV
t—1
- Z’Yt s 775Xs - )\9t
=1 Vi
t—1
< DA+ VS,
s=1 \7*11

Then term || 22;11 71757 X||7-1 can be bounded by the
© t—1

weighted version self-normalized concentration. Finally, based
on this analysis, D-LinUCB needs to use the following action

selection criterion, which only depends on the variance part
since the bias part doesn’t contain x,

X = arg max {(x, 01) + Bi—1 ||X||Vt':11‘7t—1‘/1/:11} ,
where 3;_1 is the upper bound of B which is the same as (5).
From this selection criterion, it can be seen that D-LinUCB
needs to maintain two covariance matrices, namely, V; and V;
at round ¢ during the algorithm running.

In the next section, we present our proof for the estimation
error upper bound. The difference between our analysis and
D-LinUCB’s analysis mainly starts at step (32), which is the
key step of analysis, and our new analysis framework allows
us to employ same local norm for both bias and variance parts.

B. Proof of Lemma []]

Proof. Using the same derivation in (3I)), the estimation error
of LB-WeightUCB algorithm can also be decomposed as

t—1
et - et = V;ill (Z 7~Uz‘/71,s)(s)(;r (08 - 915))

s=1

bias part

t—1
+ ‘/;:11 <Z wtfl,snsXs - >\9t> .

s=1

variance part

Therefore, by the Cauchy-Schwarz inequality, we know that
for any x € &,

5T (0= 0:)| < Iy A+ B), G33)
where

t—1

At = X:wt—l,s)(s)(;r (99 - 915)
s=1 ‘/t_—ll
t—1

By = > wi 1.1 Xs — M
s=1 Vi

The above two terms can be bounded separately, as summa-
rized in the following two lemmas,

Lemma 7. For any t € [T], we have

t—1

-1
Viaa
p

—1 |
< L\/az Zwt—l,s 10p = Opsall, -
p=1 s=1

Lemma 8. For any § € (0,1), with probability at least 1 — 0,
the following holds for all t € [T,

t—1
Z wtfl,snsXs - >\9t
s=1

—1
Vi

1 L2 t—1 .
<VAS+R 21og5+dlog <14_ng\:iwt1’>7
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Based on the inequality (33), Lemma[7} Lemma 8] the bound-
edness assumption of the feasible set and the fact that for any
X, HxHV;l1 < ||x|y /V/A since V1 = Ay, for any x € X,
~v € (0,1) and 6 € (0, 1), with probability at least 1 — §, the
following holds for all ¢ € [T7,

x" (0, - 0,)]

gl |
< Lz\/:Z Zwtfl,s 10p — Opt1ll, + Bt*1||x||‘/f-11’
p=1 s=1

where 3 £ VAS + Ry/2log % + dlog (1 4+ L2 Zizi\wrl—l‘s)

is the confidence radius used in LB-WeightUCB. Hence, we
complete the proof. O

Proof of Lemma 7} The first step is to extract the variations
of the parameter 6, as follows,

t—1
D w1 XX (0 - 600)
s=1 Vt:ll
t—1 t—1
= Zwtfl,sXsXsT Z (917 - 9p+1)
s=1 p=s 1A 1
t—1 p
= D2 w1 X X[ (0, = 0p11)
p=1 s=1 Vf__11
t—1 P
< D wee s Xl X1 = Opa o
p=1||s=1 Vt—_l1
t—1 p
< Lzzwtfl,s ‘|XSH\4—_11 16p — Opt1ll2,
p=1s=1 )

and term ) " w1, || X[y, -1 can further derive to an
t—1
expression about the discounted factor v as follows,

p
§ Wi—1,s
s=1

p p
|XSHV;_11 < Zwtfl,s Zwtfl’s ||XSH%/;_11
s=1 s=1 )

<Vd (34)

In above, the second last step holds by the Cauchy-Schwarz
inequality. Besides, the last step follows the Lemma [23] by
letting A, = VWi—1sXs and Ui—y = V;_;. Hence, we
complete the proof. O

Proof of Lemma [§}

t—1
Z wt—l,snsXs - A925
s=1

—1
Vi

+V\S.

t—1
< Z wt—l,snsXs
s=1

-1
Vi

We define 77, £ /Wi 157, and X, 2 /w; 15X, and notice
that Vt € [T],s € [t — 1], Jwi—1,s| < 1, then 7, is still R-sub-
Gaussian, then by Theorem [/| we have

t—1
E wt—l,snsXs
s=1

-1
Vish

det(Vy_1)3 det(vo)—%>

< .|2R?%log < 5

Then, based on Lemma [26| and det (V) = A%, we have

t—1
§ wtfl,snsXs
s=1

—1
thl

1 251 .
<R 2log5+dlog<1+zsc—i;wth>_

which completes the proof. O

C. Proof of Theorem |

Proof. Let X; £ argmax,y X' 60;. Due to Lemma [1| and
the fact that X}, X; € X, each of the following holds with
probability at least 1 — 6,

Vte [T], X 0, < X0, + Be-1l1X Ny

p
> w16 [10p = Opially
s=1

Wt € [T], X, 0, > X6, — Bra | Xilly
d t—1
2
Sa P>
p=1

By the union bound, the following holds with probability at
least 1 — 24, Vt € [T],

p
> w16 [10p = Opially -
s=1

X T, — X0,
N R d t—1
< X770, - X, 0, + QLQ\/:Z
p=1
+ Btfl(HX:”Vt:ll + HXtHVtill)
d t—1

2

<o /15
p=1

where the last step comes from the arm selection criterion (6))
such that

P
Zwt—l,s 16p = Optall,
=1

P
Zwt—lvs 16p = Optall, + Qﬂt—lHXtHVt:ll,
=1

X{T0+ Bioal1X{ Ny 1 < X 00+ B | Xally -



WANG et al.: REVISITING WEIGHTED STRATEGY FOR NON-STATIONARY PARAMETRIC BANDITS AND MDPS 17

Hence, the following dynamic regret bound holds with prob-
ability at least 1 — 29 and can be divided into two parts,

T
D-REGy = Z (X770, — X 6,)

d T t 1 P
< 2I? 16, — O, |
)\ Wi—1,s [|Up p+1llo
t=1 p= 1 s=1
bias part

T
+26r ) [ Xelly-1

t=1

variance part

where 87 = VAS + R\/2log(1§ + dlog (1 + )\((17“’2:))) is
the confidence radius.

Now we derive the upper bound for the bias and variance
parts separately.

Bias Part. Notice that w;_q s = v'=5~! with v € (1/T,1).
For the bias part, we need to extract the path length Pr and
show the control of the discounted factor v on Pr.

p
Zwt 19”9

P+1||2

2L2\fiti

p=1 s=1
) d T-1 T P
=2L7/ 5 > > w110 = Opially
p=1 t=p+1 s=1

i R A )
=2L XZZFVZ Z’Y 160p — ol

2 d %
=2L X % H@ P+1H2

d vENTE
gmﬂz 6y~ byl
p=1 (1—72) 555 yT—7
d 1
< 4L2\/>P .
e PYEmRER
So for the bias part, we have
PR p
TENED 3) D) S A
t=1p=1 \ s=1 (35)

d 1
< 4L2\/7P .
S DY

Variance Part. First, use the Cauchy-Schwarz inequality, we
hmmgﬁmms%Waw&me

by Lemma [9] (weighted potential lemma) with w;, = 7'~ =

1,¢ = wys/wys—1 =7y, we have the following upper bound:

T
12
267 Z ”XtHV;jl < 2071/ 2max{1, T}dT
t=1

22 =1 WT,s
d\ '

Notice that the main differences between weighted LB and
standard LB in analysis are the need for path length analysis
and the use of the weighted potential lemma. Further we have
22:1 Wi = 11:"5 < ﬁ Combining the upper bounds
of the bias and variance parts and with confidence level
0 =1/(2T), by union bound, we have the following dynamic
regret bound with probability at least 1 — 1/7,

d 1 L2
1 L?
-1 [Tlog — + log <1+ )7
\/ v Ad(1 =)

Br = VAS + R\/2logT+2log2+dlog (1+ %)

Since the regret bound contains a term T\/log(1l/v), we
cannot let v close to 0, so we set v > 1/T and have
log(1/v) < C(1 — ), where C' = logT/(1 — 1/T). Then,
ignoring logarithmic factors in time horizon 7', and let A\ = d,
we finally obtain

(36)
1

Tlog—+1log |1+
Y

D-REGT < 5 < Pr+ d(l — ’7)1/2T> . (37)

1
(1 =)
When Pr < d/T (which corresponds to a small amount of
non-stationarity), we simply set v = 1 — 1/7" and achieve
an O(dvV/T) regret bound. Besides, when coming to the
non-degenerated case (Pr > d/T), We set the discounted
factor optimally as 1 — v = +/Pr/(dT) and attain an
O(d*/* Py/*T*/*) regret bound, which completes the proof. [

Lemma 9 (Weighted Version Potential Lemma). Suppose
Vi = Sl wi X X + My, Vo = Mg, the weight sat-
isfies that, ¥t € [T],s € [t — 1], wps/wi—1s = ¢ < 1,
Vt,s € [T],wys € (0,1),wey = 1 and || X,||, < L for all
t > 1, then the following inequality holds,

T
; Ith7tXt||f/;11

L2 1 2y’ s
<2maxql,— ¢ d Tlogf+log<l+M> .
A c dX

Proof of Lemma

t
Vo= wis XX + Ay
s=1
t—1
= Z Wy o X X 4w 1 X X, 4 My
s=1
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t—1

= cZwt,LSXSX; + XtXtT + Al (wge =1)
s=1
t—1
= c (Z w1 XX+ X X[+ )\Id> . (e<)
s=1

=c (Vi1 + XuX/")
= oV} (1 + VXX V) VI,
Taking the determinant on both sides and we obtain,
det(V;) > det(cVi—1) det (Id +V,_ 1/2XtXTV 1/2)
det(V;) > e det(Vi1) (1+ |1 X013+ )

log det(V;) > dlog ¢ + log det(Vi—1) + log (1+\|Xt|\v_1>

1 det( ) 2
dlog — +log — " > log (1+ |1 X}, )
o +log gt X
Then summing from 1 to 7, and telescoping we have,

1 det(V;
dr log — + log <d2t(( Z))>

V
T

> S log (1+ X7,
t=1

T
1 2
> I B
= tZE . log ( max{l LZ//\} thvt_l)

> 1
- 2max{1 LQ/)\} Z”Xt”V

So we have

Z 1,

L2 1 det(VT)
< = L. - .
_211(180({17 Y } (dTlogC—Hog(det(Vo)))

Finally, by using Lemma 26| and the fact det(Vy) = A9, we
complete the proof. O

APPENDIX B
ANALYSIS OF GLB-WEIGHTUCB

In this section, we provide analysis for GLB-WeightUCB
algorithm. In Appendix we review the projection issue
of GLB and restate the BVD-GLM-UCB algorithm of [6].
In Appendix we present the proof of the estimation
error upper bound of our GLB-WeightUCB algorithm (namely,
Lemma [2). Finally, in Appendix we provide the proof of
dynamic regret upper bound as stated in Theorem [2]

A. Review Projection Step of BVD-GLM-UCB Algorithm

As mentioned in Section[[V-B] the main difficulty of GLB is
that the result of MLE or QMLE estimator #; may not belong
to the feasible set © and c, is defined over the parameter
f# € O. Under stationary environments, [41]] overcame this
difficulty by introducing a projection step as

0, = argmin g, (6:) — g1(0)| .-+ , (38)
e t-1

where Vi = My + >\ X X] and ¢;() = M. +
22;11 u(XJ0)X, are the static version (by setting v = 1).
Based on the QMLE, we know that

t—1
9:(00) = A+ > p(X]0,)X Zré o (39
s=1
and then by the mean value theorem, we know that
9:(01) — g¢(02) = G¢(01,02) (61 — 62), (40)

where G (61, 02) = fol Vgi(s02+(1—5)01)ds € R4¥4, Notice
that for any 6 € ©, the gradient of g; satisfies

t—1
=Aepla+ > 4 (X]O)X X[ = e Vi,

s=1
which clearly implies V601,602 € ©,Gy(01,02) = ¢, Vi—1. By
this projection step, [41] can analyze the estimation error like,

Vg:(0)

(%" 80) — plxT0)| < kulx (@, - 6,)]
= kulx "Gy (04, 00)(9:(0:) — 91(61)))]
< kMHXHG—l(etﬁt)Hgt(et) Gt et)”c; 1(04,0¢)

k
< iy g Br) -
123
2k

— ey llge(6:)
Cu

where the last step comes from the projection step. After
doing the projection step, term g;(6;) — g:(6;) is the estimation
error of the MLE without projection. Notice that in piecewise-
stationary case, [7] can also use this projection step. [6]
believe that these two previous works could use this projec-
tion operation mainly due to their stationary or piecewise-
stationary setting. They mention that for the drifting case, the
estimation error is always divided into the bias (tracking error)
and variance (learning error) part, and this simple projection
operation ignores the bias part which needs to be generalized
to adapt to the two sources of deviation. In the analysis,
the problem is that after the projection step estimation error
term g¢(6;) — g¢(6;) need to be separate into the bias part
and variance parts, and [6] need to use /s-norm for bias part
and V,~} for variance part. But the whole estimation error is
already normed by Vtzll, which means they cannot use the
previous analysis of the window strategy for the bias part.

To this end, [6] propose the BVD-GLM-UCB algorithm for
drifting generalized linear bandits, as restated in Algorithm [5
where a new projection step is devised to solve this problem.
Specifically, at each round ¢, the first step is to construct the
confidence set £7(#) which represents the influence of the
stochastic noise.

&(0):={0' e R llg0 (6

gt(et)HVt:ll

I /\

_gt(et)”\/;llv

—a®llg <A@} @D

The second step is to find a confidence set £(67) that
intersects with the feasible set, and the gap between 6% and 6,
represents the influence of parameter drift.

g:(0) _gt(é\t)

07 € argmin‘ L,
f€RrRd Vi

(42)
stONEN(H) £
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Algorithm 5 BVD-GLM-UCB [6]

Require: time horizon T, discounted factor -, confidence 6,
regularizer A, inverse link function p, parameters .S, L and
R
1: Set Vo = A4, 01 = 0 and compute k,, and ¢,
2: for t =1,2,...,T do
3. Solving 67 € argmingcpa {‘

ONEN () # @}

4 Select 0, € © N E(F) where EX(0) =
{0 € |llg: 0) = 5Ol < Bi(®)

s Get fi_q1 = R\/Qlogfs +dlog (1 + %) +
Ve, S

6:  Get X; = argmax,y {,u(x—rgt) + %Bt,l “X"‘/vt—_ll}

S.t

— (6,
gt( t) v

g:(0)

Receive the reward r; _
Update V;, = Vi, + XtXtT + (1 =Y, V; =
VVicr + X X, + (1 - ))\Id
9:  Compute y11 by S\ 7' (u(X[]0) —ry) X, +
Ac,0 =0
10: end for

After obtaining the solution 6% via computing the optimization
problem (@2), the third step is to select §; from © N &Y (6Y).
Based on this projection step, [[6] can separate the bias and
variance parts before projection as follows,

|(x"0) — pu(x"0,)| < K|x" (0, — 6,)]
= kulx "G (00,01) (9:(0)) — gu(6))]
< kulx "G (01, 00) (9¢(00) — ge(07) + e (67)
+ gt(é\t) — gt(ét) + gt(ét) —gt(6y))]
< kulxT G (0r,01) (g:(0r) — g1 (67) + g0(Br)
H(01,0:) (9:(07) — g1(0:) + g0(61)

variance part

~ ~—

_gt(é\t)

*gt(étm

+ ku|x" Gy —9:(64))] -

Their bias-variance decomposition motivates the choice of
different local norms for bounding bias and variance parts
in their algorithm and analysis. Notably, due to the com-
plications of the projection step (see and (@2)), the
overall algorithm is fairly complicated and less attractive for
practical implementations, and MOTreover, it needs to maintain
two covariance matrices V; and V; (due to the constructed
confidence region {I)) at each round ¢ during the algorithm
running. In the next section, we will show that the simple
projection used in the stationary GLB can be sufficient for
coping with drifting GLB via our refined analysis framework.

B. Proof of Lemma
Proof. Based on the estimator equation (11, we know that

t—1

gt(é\t) = )\Cué\t + Zwt—l,sM(XsTé\t)X
s=1
1 (43)
= Zwt—l,srsXsa
s=1
and then by the mean value theorem, we know that
9:(01) — g¢(02) = G(01,02) (61 — 62), (44)

where Gy (61, 02) = f01 Vgi(s02+(1—s)6;)ds € R4, Notice
that for any 6 € ©, the gradient of g; is

t—1
Vg (0) = el + > weyop (X)X X] = cuViiy,

s=1

which clearly implies V61,0, € ©,G¢(61,62) = ¢, V;—1.
By Assumption [2} the mean value theorem @4) on g; and
the projection (12)), we have

(" 0) — pu(x"0,)] < Kyulx" (6, —
= kulx "G (04, 00) (9:(61) — g:(601)))|
< kuHXHthl(g“@t)Hgt(et) - gt(at)”G:l(@tﬁt)

-1 ||9t(5t) - gt(at)”Vt:ll

01)

k
< x|,
Cu
2k
=y e Be)
Cu

| /\

9:(00) |y, -1

then based on the model assumption, the function g; (I3) and
9+(6;) @3). we have,

9:(6:) — g:(6%)

i+ Y s (X 00X
s=1
t—1

el + > w1 on(X]0)X
s=1

*Zwt 19 X 6)+779)X€

§ Wt — lsTs

= Zwtfl,S(N(XsTQt) — p(XJ05)) X,
s=1

bias part
t—1
+ /\clﬂt — E wt—l,snsXs .
s=1

variance part

Then, by the Cauchy-Schwarz inequality, we know that for
any x € &,
p(x"0;)

2k
— (x| < C—MHXHVt:l1 (Ci+ D),  (45)
m
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where

WX 00) — (X[ 60,)X

§ Wt— 15
E Wt — 197’3

This two terms can be bounded separately, as summarized in
the following lemmas.

—1
Vi

>‘C,u0t

-1
Vt—l

Lemma 10. For any t € [T], we have

wa 19

w(XJ0:) — (X[ 0,) X,

-1
Visa

(46)

9P+1||2'

t—1 P
S LhVd ) D w16,
p=1 s=1

Lemma 11. For any 6 € (0, 1), with probability at least 1 —,
the following holds for all t € [T,

t—1
Zwt_l sNsXs — Ac by < \F)\CHS
s=1 ‘/t,:ll
47)
1 2 Z Wt—1,s
2log = + d1 1+ # .
+ R og ; + dlog ( d

Based on the inequality (@3], Lemma [T0} Lemma [TT] and the
boundedness assumption of the feasible set, we have for any
xe X,ve(0,1),d € (0,1), with probability at least 1 — 4,
the following holds for all ¢ € [T7,
2k,
— nT00)| < T
Cu

‘M(XT@)

P

t—1
Lk, Vdy D wes |
p=1 s=1

Op — Opsally + Bia

cp [ 6p+1||2

2k d P
< (Lk IS S o
s=1

+ 5t1||x||vt11>7

where B; 2 VA, S + Ry [2log L + dlog (1 n LZAizw)
is the confidence radius used in GLB-WeightUCB. Hence we
complete the proof. O

Proof of Lemma [I0} Here we need to extract the variations of
the time-varying parameter 6;

Zwtls (X[ 0,) — n(X]0))X
Vi
t—1
1 (X 0y) — (X[ Gp40)) X
pP=s

-1
Visa

t—1

- p
Zzwt 1,s¢¢ X579pa9p+1)(X 9 X 9P+1)

p=1s=1 Vt__ll
t—1
< I w10 (X O, ) X[ X216 — Oy 2
p=1 Vich
t—1 p
<IN wiss ala(Xa b, Op) Xl 16, — By 2
p=1s=1
t—1 p
< Lk, Wi—1,s ||Xs||vt:11 16p — Ops1ll2.
p=1s=1

where the fourth equatlon is due to the mean value theorem

where «(x, 01, 03) fo "(ox "0y + (1 —v)x6;)dv:
H(XT 0,) (X T Op1) = X0, By11) (X 6, X 001).

Next, the derivation of bound of term Y 7_, w;_1 4 || X HV L

is the same as the inequality (34) in Appendix [A-B] hence we
complete the proof. O

Proof of Lemma |7_7| Same as the linear case, we define 77, £
VWi—isns and X, £ /w1 X, and notice that Vi €
[T],s € [t — 1], |lwi—1,s] <1, then 75 is still R-sub-Gaussian,
then by Theorem [7] we have

t—1
D; = Zwtfl,snsXs — )\clﬁt

s=1 Vi
t—1

< Zwt—LsnsX + ||/\CM9tHVtill
s=1 Vo4
t—1 _

< ZﬁsXé + Ve, S
s=1 v,

<R

]

1 L2 s
2log — + dlog (1 Z:Sd;\wtl> + ﬁcﬂS.

The proof here is the same as the proof of Lemma [§] in [A-B]
the only difference is an extra ¢, in the second term. O

C. Proof of Theorem

Proof. Let X; £ argmax, .y f1(x' ;). Due to Lemma and
the fact that X}, X; € X, each of the following holds with
probability at least 1 — 6,

vt € [T), w(X;T0,) < u(X;76y)
p
<L2 u\/72 D w0y — Opially
=1 s=1
+ Bt—lllXt*Ivtll) ;
vt € [T], (X, 0r) > p(X, 0)

P

> w1 )l6, -6
s=1

+ Bt_lnxtnvtl).

P+1||2

2 (s \/E
I/ B 23 S e

c ( TN Z

13 p=1
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By the union bound, the following holds with probability at
least 1 — 24: Vt € [T]

(XT6) — (X[ 600) < p(XT0:) — p(X,[6)
2k,
+ 2 (Bl Xy + Bt XKl

4L2k2 \/E
)\

p-‘rle

p
> we1s 6,6
s=1

D _9p+1H2

4k, -
+ T:Bt—l ||Xt HV;_11’

where the last step comes from the arm selection criterion (I3))
such that

*Tp 2ky 5 *
(X7 T00) + =B | X [y
Cu t—1

2k,
Zﬂtfl ||-XV15||Vt—_11 .

(X, 0:) +

Hence the following dynamic regret bound holds with proba-
bility at least 1 — 2§ and can be divided into two parts,

T
D-REGT = Z{cnea% w(x"0;) — u(X, 6;)
t=1

412k2 [qg Z
"

= xz

t=1

=1 p=

wi—1,s |0

t—1
P 9p+1||2
1

bias part
T
4k, -
+ =B ) 1 Xelly-r
Cu ] t—1

variance part

where B, = V/Ac,S + R\/ 2log + + dlog (1 + M<(11 f’;) is
the confidence radius.

Now we derive the upper bound for these two parts.

Bias Part. Similar to the proof of inequality (33), we have

Ttl D

S S wiasllo, -0

t 1p 1 s=1
8L2k2
< #\/E 1 5 PT~
Cu A1 =)~

Variance Part. Similar to the proof of inequality (36}, let
CGLB £ “ Br/2max {1, L2/A} dT we have

ALK

p+1 ”2

k
SEBT Z X202 s

1 L?
< CSHB, [Tlog — +1 1+ ——.
<Cr \/ ogry—i- og +/\d(1—fy)

Algorithm 6 SCB-WeightUCB

Require: time horizon T, discounted factor -y, confidence 4§,
regularizer ), inverse link function p, parameters .S, L and
m
1: Set Vo = Mg, 51 = 0 and compute k, and c,
2. fort=1,2,..,7T do
3 if |62 < S then
4 let 915 = 91&
5.  else _
6: Do the projection and get 6; by
7.
8
9

end if
Compute 3;—; by (19)
. Select X; by (20)
10:  Receive the reward r;
11:  Update V; = Vi1 + X X, 4+ (1 =)y
12:  Compute 9t+1 according to @
13: end for

Combine the upper bound for the bias and variance parts, and
let § = 1/(2T?), we have the following regret bound with
probability at least 1 — 1/T,

8L2k? \/E 1
_ - Pr
Cu A(L =)

1
+ CGLB\/Tlog + log (1 +
Y

D-REGT <

R\/4 logT + 2log 2 + dlog (1 + /\d((ll_’ly))) +
ﬁcﬂs. We set v > 1/T and A = d/c#, and obtain that,

~ 1 ku 1
Cu

When Pr < d/(k,c,T), we set v = 1 — 1/T and achieve
an O (k¢ . 1d\/T) regret bound. When Pr > d/(k,c,T), We
set 7 opt;mally as 1 —~ = /kuc,Pr/(dT) and attain an
O(ky/ ey, d*/* Py/*T*/*) regret bound. Notice that, if k, <
1, we just let 1 — v = /¢, Pr/(dT’) and the regret bound
becomes O(kZc;, *d*/* P,/ T**). O

where (8, =

APPENDIX C
ANALYSIS OF SCB-WEIGHTUCB

In this section, we first present SCB-WeightUCB algorithm
in Algorithm [6] Then, in Appendix [C-A] we present the proof
of the estimation error upper bound of our SCB-WeightUCB
algorithm (Lemma [3)). Finally, in Appendix we provide
the proof of dynamic regret upper bound (Theorem [3)).

A. Proof of Lemma
Proof. Based on the estimator equation (TI)), we know that
t—1

= )\Cué\t + Zwt—l,sM(XsTé\wf)X

s=1

t—1
= E wt—l,sTsXsa
s=1

gt(@)
(48)
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and then by the mean value theorem, we know that

gi(61)

where G (01, 05) = fol Vgi(s02+(1—5)01)ds € R?¥9, Notice
that for any 6 € O, the gradient of g, is

—9¢(02) = G¢(01,02)(01 — 0), (49)

t—1
=Acpla+ Y wi o (X)X X[ = e, Vi,

s=1

Vg:(0)

which clearly implies V61,6, € ©,G(61,602) = ¢,V;—1 and
V8, Hy(0) = ¢, Vi—1, where H(0) is defined as

t—1
Hy(0) 2 Aepla+ Y weq o/ (X]0) XX,

s=1

(50)

By Assumption [2} the mean value theorem (@4) on g;, the
projection (I7) and Lemma 28] we have

(x " 0r) = p(x"00)| < Kylx " (6 — 04)]
= kulx "Gy (01, 0:)(9:(0:) — 9:(61))]
< ku\|XHthl(9t7§t)||9t(§t) - gt(gt)”c;;l(etﬁt)
< kuHXHG;l(at,eﬁ) (||gt(5t) - gt(at)”c;;l(e,ﬁt)
+ ||gt(§t) - Qt(et)”c;;l(etﬁt))
< \/14—725k,b||x||ct—1(9t’§t) (Hgt(gt) - gt(é\t)HH;l@)
+ ||gt<oz> ~ 500l 510

<2V1+25 ||X||v ! 19:(8:) = 9:(6) | 1 0,

then based on the model assumption (T6)), the function g; (13)
and the g;(6;) @), we have,
- gt(é\t)

9:(0¢)
t—1 t—1

= Acuat + Zwtfl,slu/(XsTet)Xs - Zwtfl,srsXs

s=1 s=1
t—1

= Acubr + > wi1 (X 0)X
s=1
t—1
- Zwt—l,S(N(
= Zwt 13

- § wt—l,snsXsa
s=1

then, by Cauchy-Schwarz inequality, we have

XsTQS) + 1) X

X Gt) (XsTes))Xs + )\C,Ll,et

n(x"8,) - <xT9t>

2v1+ 28 Gb
< +
f

——lxlly- (Be + Fy),

where

w(X ] 0:) — (X[ 6,))X,

Zwt 1 s
Zwt 1 5775
H; ' (0:)

This two terms can be bounded separately.

H ' (6:)

)\c,ﬁt

Lemma 12. For any t € [T], we have

Ewt 15

(X 0)) X,

w(XJ 0;) —

H; (6,
(6:) (52)

P+1||2'

k t—1 p
SL=ENVAY D wia s ]l6, -6
\/q p=1 s=1

Lemma 13. For any ¢ € (0, 1), with probability at least 1— 0,
we have for all t € [T,

t—1
Z Wi—1,sNs Xs — Acuby
s=1 Hfl(gt
v/ e 2m 1 2m
< oy log — + ——=dlog(2) + \/Ac,S (53)
- 2m v Acy & 0 ,/)\cﬂ 8(2 .

dm L%k, Z W15
4+ 10 1 + / S= 1 ,
N, ( Aepd

Based on the inequality (5I), Lemma [I0] and Lemma [IT] and
the boundedness assumption of the feasible set, we have for
any x € X, § € (0, 1), with probability at least 1 — 4, we have
for all ¢t € [T,

(x"00) u(x%)
24/1 + 28 By_1
oy,

k t—1 p
+L\/TH—\/aZ Zwtfl,s ||0p_9p+1||2>
H p=1 s=1

k ~
<2v1+ 25\/% <5t1||x||vt—_11

p
dz D w16, - p+1||2>7

p=1 s=1

*/)‘Cu

~ t—1 c
where /Bt 2 jﬂlog (1 + L°k, ZA-j::ijwtfly5> + \/Qi‘nu +
2m 1 2m
e log 5+ dlog(2)++/Ac,S is the confidence radius

used in SCB-We1ghtUCB Hence we completes the proof. [
Proof of Lemma[I2] Since V9, H;(0) = ¢, V;—1, we have

t—1
Zwt—l,S(ﬂ(Xs 0,) — (X, 05)) X
s=1 H:l(et)
t—1
< — |12 weens (X 0r) — p(X [ 05)) X
Ven sz; v}

t—1
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Then use Lemma [I0] and we complete the proof. [0 By the union bound, the following holds with probability at

least 1 — 24: Vt € [T

Proof of Lemma[I3] We define 7, = 7th|;n1‘n’ X, 2 . - e o
VW1 X, and notice that V¢ € [T],s € [t— 1], Jwy_y 4| <1, #X7 00) — (X 1) < (X[ 00) — (X, 01)

then 775 is bounded by 1 with variance o, then we have

L2k2
s (5 fZ Zwt e 1By = Byl
Fy = Zwtfl,snsXs - )\Cuet i 5=
= H7 (0 = * 2
. ) + 7\/% (5t71||Xt ly-1 + 5t71||XtHV[_11) )
< Wi — s7sX + v/ e, S
; . L " ATF25022 [did | &
- H, ' (00) <" XZ > wi1s 10y — Opally
— ~ H p=1 s=1
= ~5‘X V L
an B ) + )\ClS 4 1+25k#~
s=1 HH(0:) + Bl Xelly 1,
A ! (X 0) 3 Ve -
cu t—
where H,(6) £ SEla+ 30 m XX/ By the model where the last step comes from the arm selection criterion (20)
assumption @]) we know that o7 M < E[n?|F] = such that
Var[re|Fe] _ ' (X:0:)

= , then from the Self—normahzed concen- N
m? . m? . w(X; T¢9t)+2\/1+2 ﬂt X7y

tration inequality for self-concordant bandits [33| Theorem 1],

restated in Theorem [8] we can get the bound for the first term
Hzt L ~SH as follows, ed 9t)+2v1+2 Bt 1||XtHV i
a7 Ve

s=1"s

Hence, the following dynamic regret bound holds with prob-
ability at least 1 — 24 and can be divided into two parts,

H ' (0r) T
< VAcy n 2m 1 (det(Ht)1/2> N om dlog(2) D-REGy = ZN(Xngt) — u(X, 6,)
(o) 0) 5 =
=Tom T e B\G0e) ™ ) T e 8 =
4\/1+2 L2k? d d ’f Ly e
then we have )\ Zwt—l,s 16p — Opiall,
t—1 t=1p=1 s=1
\/Ac, 2m 1
Z ’YisnsXs S 2 ! + A IOg 5 bias part
s=1 Aoy VA
L i 4v/1+ 25k,
dm e ) 2m + g, Z 1Xelly-1 -
+ log [ 1+ 2 = |+ dlog(2). Veu
VA Acud VA
variance part
Therefore, we get the upper bound for F} term. O _ J (1% ) )
where 3; = \//’\Llog (1+ = "d(l 'L)) + \//’\”—logg +
B. Proof of Theorem 3] ”zi\:“ + \/Qldlog )+ /A, S is the confidence radius.
Proof. Let X; £ arg max,y pu(x"60;). Due to Lemma and Now we derive the upper bound for these two parts.

the fact that X, X; € X, each of the following holds with

probability at least 1 — & Bias Part. Similar to the proof of inequality (33, we have

vt [T], (X570 4WL2]£2 T t 1| p
zwt—l,s ||9p - 9p+1||2
(X*Tet)+2m (m [ Xy N 1" A
Ve - 8\/1+728L2/cg\f LI
= n X( )3/2

Variance Part. First use the Cauchy-Schwarz inequality, we
know that

AT F 25k, ~
————LBr ) | Xelly
Ven P
4vT + 28k, ~ )
< —————BrVT\ | Y I

= n




24 IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 1, NO. 1, DECEMBER 2025

For term Zthl HXtHf/_l, we can use the Lemma H to
t—1

bound it, Let C5°B £ 47“1\2*2‘%“ET v/2max{1, L2/\}dT then
m

41+ 25k, ~ r
Y R BT § :||Xt||2 .
1/C,J — t—1

< O3B Tlo lJrlo 1+L72
R e T Y A

Combining the upper bound for the bias and variance parts,
and letting 6 = 1/(2T), we have the following regret bound
with probability at least 1 — 1/T,

8v1+25L%k? \/E 1
A )*/2

Cu

1 L2

dm L2ku(1_ t) 2m
rlog (1 + e d(lff’};) ) T r
\/EJF 2m dlog (2)4+/Ac,S. Since there is a T'/log(1/7)

2m
term in the regret bound, which means that we cannot let v
close to 0, so we set y > 1/T, then we have log(1/y) < C(1—
v), where C' = logT/(1 — 1/T). Then, ignoring logarithmic
factors in time horizon T', and let A = dlog(T")/c,,, we finally
obtain that,

D-REGT <

where 3, = log (2T') +

~( k2 1 k
D-REGy < O [ —£ Pr+ —Ed(1—~)T .
' (\/Cu (1—n)*2 g VEeu ( )

When Pr < d/(k,T) (which corresponds a small amount of
non-stationarity), we simply set v = 1 — 1/T" and achieve
an 6(kuc;1/ *dv/T) regret bound. Besides, when coming to
the non-degenerated case of Pr > d/(k,T'), We set the dis-
counted factor optimally as 1 —~ = \/k,Pr/(dT) and attain
an (9( k!t _1/ 2d?’/”‘Pl/ “T°/*) regret bound, which completes
the proof O

APPENDIX D
PIECEWISE-STATIONARY SCB

In this section, we study SCB under piecewise-stationary
environment and our work is a direct improvement over [/7].
Next, we will first propose our SCB-PW-WeightUCB algo-
rithm, and then, present the analysis of the confidence set.
Finally, we give the proof of the dynamic regret upper bound.

A. SCB-PW-WeightUCB Algorithm

Inspired by [34], we make a direct improvement over [7].
Just like [7], for D > 1, define T(D) {1 <t <
T, such that 6y = 6, fort — D < s < t—1}.t € T(D)
when ¢ is at least D steps away from the previous closest
changing point. But the difference is that [7] considers D as
an analysis parameter, and we treat D as a tunable algorithm
parameter. Notice that, the D here is not a virtual window size,
but the algorithm’s estimate of how durable the environment
is stationary.

Algorithm 7 SCB-PW-WeightUCB

Require: time horizon T, discounted factor -y, confidence 4§,

regularizer ), inverse link function p, parameters .S, L and
m, changing confidence D

1: Set 0p = 0 and compute £, and ¢,

2: fort=1,2,3,..,T do

3 Compute (Xy,0;) = argmaXycy gec, (5)

4 Select X; /glnd receive the reward 7

5:  Compute 0,1 according to (1)

6: end for

p(x"0)

Estimator. At iteration ¢, we adopt the same maximum
likelihood estimator (T1I) with w; s = v*~* as in the drifting
case.

Confidence Set. We further construct confidence set for the
real 0;. For 6 € (0,1), we define,

Ci(0) 2 {0€ © | 119u(0) = 910 16 < 1 }

N 2128k, ~P L
where p; = )\C“ 1177 + ;\ZM% + B and
dm \/ Cu 2m
Bf—\ﬁk’g(“r Acd(l 'y) ) Mlogé

jﬂdlog +/Ac,S.

Lemma 14. For any 6 € (0, 1), with probability at least 1 —,
we have Vt € T(D),0; € C(0).

C(6) = {9 €01 194(6) — 5@l 0

2L2Sk,, ~P Lm AP L5,
- e, 11— \/ 1=
3 dm ku(1— D) V Acy
where [ N log (1 + (I ,y) ) + ot
\/2/’\% log 3 + \;m—dlog + v/ Ac,S.

The proof of Lemma [[4] is presented in Appendix

Selection Criteria. Algorithms discussed earlier for drifting
cases are using bonus-based selection criteria. But here we use
a parameter-based selection criterion as follows,

(X1, 60,) = argmax p(x'6).

xEX,0€C(6) (54)

The main difference between parameter-based and bonus-
based selection criteria is discussed in Section 3.2 of [34].
The overall algorithm is summarized in Algorithm

B. Proof of Lemma [I4]
Proof. Based on the model assumption (I6), the function
g+ (13) and the g:( Gf ) @8), we have,

9¢(0¢) — ge(0r)

_/\cut9t+2’yt s—1 XTHt )X — Zv e X,



WANG et al.: REVISITING WEIGHTED STRATEGY FOR NON-STATIONARY PARAMETRIC BANDITS AND MDPS 25

t—1
=Acubr + > AT (X[ 00X

s=1

- Z’Yt_s_l(u(XsTes) + ns)XS

tis*l(M(XsTot) - ILL(XSTHS))XS + Acuby

I
2

Then,

||gt(9t) - gt(é\t)HH;l(Qt)

sl (u(X [T 0,) — (X 6,)) X,

t—1
—+ )\Cﬂet — Z ’Yt_s_lnsXS

s=1

IN

el u(X [0 — (X[ 0,))X

t—1
)\Cuet - Z ’Vt_s_lnsXs

s=1

H{(0y)
t—1

Sy u(xT 6y

s=1

IN

— (X[ 0,))X,

H ' (6)

H ' (0y)

H{'(6r)

TERM (A)
t—D—1

+ i t—s—1
v

s=1

H ' (0y)

TERM (B)
t—1

DD AT X = Acuby
s=t—D

Hy ' (6r)

TERM (C)

Term (a). Since ¢ € T(D), we have

YN (X 0y) — (X[ 0.)X

H(0:)

= YN (X[ 6) — (X[ 0,))X

IN

VT e, X (0, — 05) X

H ' (0r)

(]

IN

Hy ' (60:)

Y7 | Xl 1B = 8)lz 1 Xl s,

Term (b).
t—D—1 t—D—1
>yt < VT m | X
s=1 Ht—l(gt) s=1
t—D—1
Lm
S ,yt—e—l
Ay SZ:;
< Lm ~P
A, 1 =7

Term (c).We define 7, 2 % X, 2 i slx,
and notice that V¢ € [T],s € [t —1],[y"*7' < 1,
then 75 is bounded by 1 with variance 7,. Let H;(0) =
2, + S ESO X XT and Hypa(0) = Acnla +

Sl %XSXJ :

t—1
AT X = Al
s=i=b H{ ' (0)
< Z ’Y o Ns X + \/ES
s=t—D H;l(gt)
§ Z nsXs + V )\C#S,
s=t—D H D:t(gt)

where fNIt(G) = Ht p:+(0). Next, we need to bound
the term || 3°0_ 1 b7 X s ||H 11 (00) using self-normalization
bound [33, Theorem 1], restated in Theorem [§} similar to the
proof of Lemma [T3] we have

t—1
> X

s=t—D ﬁi—lD:t(et)

e det ( H, 2

A 2 et ( th:t) 2
<7C“+ n log + n dlog(2)

“om /A, S(Acy) /2 YN

Ve 2m 1 dm L%k, (1 —~4%P)
< £ log = + ——1 (1 + “)
~ 2m VYN %85 Ay o8 Ac,d(l —7)

2m
VA,
o m L2k, (1—~2D m

Let 3, = klog(l—!—%) + jrlog% +

\/2;\71?“ + \/Qm*dlog +1/Ac,S , finally we have,

+ dlog(2).

19¢(6+) = 9e(0) | 571 (g,
2L25ku ~P Lm ~P

ey, L= fAeu1—

which completes the proof. O

+Bta
Y
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C. Proof of Theorem

Proof. Let Ry = p(X;T0;) — (X, 0;)

T
D'REGT:ZRt_ Z R, + Z Ry
t=1 t¢ T (D) teT (D)
=TrD+ Z R;.
teT (D)
For t € T(D), by selection criterion (54),
Ry = p(X;"0,) — (X, 60,)
< (X[ 0r) — (X[ 0) + (X, 0;) — (X, 6r)

< a(X¢,61,,) ‘XtT (gt - é\t)‘ + (X4, 0,0, ‘XtT (975 - @:)‘
<V1+28

(0l 808 VX273 )~ B

J,
|90(01) o

(X, 0:,6;) ||Xt||(;;1(9t,é})

where a(x, 01, 02) fo "(vx "0y + (1 —v)z " 01)dv, and the
last second inequality comes from the mean value theorem
p(x"61) — p(x"62) a(x,0:,02)(x"0; — x6y). Since
that 6; € C;(d) and with probability at least 1 — J, Vt €
[T],6, € Ci(), and by union bound, the following dynamic
regret bound hold with probability at least 1 — 4,

Yo Ri< Y VI+2S(a(Xe.0,.0:) 1Xell o 5, 5, P

’gt(at) - gt(é\t)HH{I(@) )

teT (D) teT (D)
+ Xy, 04, 0r) ||Xt||G;1(.9t7§,,) pt)
< WzspT( S a8 Xl
teT(D) '
+ Z Xtaet,et ”Xt“th(ﬂt,@))‘
teT(D)
Now we try to derive the upper bound for term
ZteT(D)a(Xt79t’9t) HXtHG (04.,0%)
Based on the definition of g, , we have
9+(01) — g:(62)
t—1
= Aeu(0r— 02) + 3 A M (X 00) - (X[ 02))X

s=1
t—1

A(B1 = 02) +> 7' (X, 01,02) X X (61 — 62)

s=1
t—1
— (AcH +) A (X, 04, 92)XSTXS> (01 — 65).
s=1

Then based on the definition of G (#9), we know G (61, 62) =
Acy + S 17t s—lo (Xs,91,92)XTX~ which means
Gt(ﬁt,ot) = AC#IdJFZé 1’yt Sfloz(Xs,Qt,@t)XsXsT,

let XS = a(XS79t,6‘t) <, then

2

teT (D)

if we

(X0, 00,00 1Xl g 5,

T T
') ') 2

<\ 2 0K B B1)y | 3 alXe, 80 0) 1XilE 2 6,

t=1 t=1

T o2

< V&, T HX’ .

8 ; Nler @6
Then for the term \/ZtT al ~t||2 AL we can di-

rectly use the Lemma EI to bound it, let CEWSCB 2

V/2k, max{1, L%k, /(Ac,) }dT we have

k r ZH G (0:,0y)

PWSCB 1 L2kﬂ

We can bound term 3, p) a(Xy, 0, 0;) HXtHG
the same way and get,

>

teT (D)

1(64,8,) n

a(Xy,0:,0,) | X,

HG 1(6,,0,)

PWSCB 1 Lgkll«
"

Combine these two bounds and let 6 = 1/7', we have the
following regret bound with probability at least 1 — 1/T,

D-REGy <T'pD

1 L2k
+ 2v/1 + 2S5p7CEVSCB [T log = + log (1 + ”),
) Newd(l )
2 D D
where p; 2L Skp oy 4 Lm 27 4 B oand f, =
Ve, 1= Acy 1=y
dm lo (1 + szu(f—’YzD)) + v Acu + 2m lo (T) +
VAcu B Acpd(1—7) 2m \ Acu B
2/'\” dlog(2)++/Ac,,S. Since there is a T'y/log(1/7) term in

the regret bound, which means that we cannot let ~y close to 0,
so we set ¥ > 1/2, then we have log(1/v) < 2log(2)(1—~).
Then, we set D log(T)/log(1/7), noticing that 0 <
1/ —1 < 1 and using log(l + ) > x/2 for 0 < z < 1,
we have

1 —
log— =log(1+1/y—1)> —".
5 ( / ) o

Therefore, we have D < M. Then, ignoring logarithmic
factors in time horizon T, and let A = dlog(T)/c,, we finally
obtain that,

D-REGT

<ot ~Tr ! + Vd | /A1 —y)T
<01 JiT -
<(5<1F+ L4 (1 )T>
s T - .
1—7 V31—
When I'r < d/ VT (which corresponds a small amount of
non-stationarity), we simply set v = 1 — 1/7" and achieve
an O(dv/T) regret bound. Besides, when coming to the non-
degenerate case of I'y > d/ VT, We set the discounted
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factor optimally as 1 —~v = (I'r/ (dT))Q/ * and attain an
O(d**T/*T**) regret, which completes the proof. O

APPENDIX E
ANALYSIS OF WEIGHTUCRL

A. Proof of Lemma

Proof. Fix h € [H], based on the reward model assump-
tion (22) and the estimator (23), the estimation error of reward
estimation can be decomposed as

o}, — 0
= (A | Do wemrgrh (s ap)élshap) | - 6F
j=1
_ k—1
= (Ai_l) Zwk 1,;9( Sh’ah TG] —95
Jj=1
s
= (Alii_l) Zwk 1,;9( Sh’ah TQ]
Jj=1
-1 k-1 . . . .
f(AZ_l) Ag[dJrZwk_17j¢(si,afl)¢(sfl,ai)T or
j=1
= (A7) X w6t ad)slshal)T (6 - 0F)
j=1
bias part
iy —1
— (A7) ety -

variance part

Then, by the Cauchy-Schwarz inequality, we know that for
any s € S,a € A,

é(s,a)" (0F — 08 )| = llo(s, @)l yu-ry-1 (AF + BE),
(A7)

(55
where
k—1
Ay = |3 wiols) alols) al)T (61— o) ,
= ()™

B = [[Xobhl (x-1)
The above two terms can be bounded separately,

Term AIZ- The first step is to extract the variations of the
parameter 9,’3 as follows,

k—1
Zwk—l,j¢(5%7a%)¢(5ivai)T (‘% - 95)
j=1 (AZ’1)71
k—1 - kel
= | wnrols), a)otshal) TS (0 - 04)
Jj=1 p=j (Ai—l)*l
= Z Zwk—l,jéf)(%,a%)éb(%,aif (95 - 951“)
p=1 =1 (AE)

N

-1

D)t

p=1||j=1

Wk—1 J¢ Sh’ah

14 p+1
[o(sho o], [t - e

k-1 p

<Ly Y Y wiay H¢(Sivai)

p=1j=1

D p+1
eh - Hh ‘

)

(A7
and term >0 wi_1 Hq&(si,a{l)H U be able to
h

further derive an expression about weight wy_1 ; as follows,

p
> g [otshoab) | iy
j:l h

p P ) ) 2
<UDk | Y wey H(ﬁ(sivaﬁ)u Jra
i=1 P ()

p
> W
i=1

In above, the first step holds by the Cauchy-Schwarz inequal-
1ty Besides, the last step follows the Lemma [23] by letting

/Wk— u(;ﬁ(sh,ah) and Up_, = Ak L. which means for
Term 1 we have

k—1

Zwk_l’m(si’aiw(sh»ah) (Gj - 9h>
"~ (ap)7"
k=1 [ p
< L¢\/&Z Zwk,l’j ‘ or — QZH‘ 7 56)
p=1 \ j=1 2
Term BY.
A
[Pabill pz-ry- < ?k_l) 165l < VAoSa (57,
min h

Plug Eq (36) and Eq (57) into Eq (33) and we have
ok k
Hoh —Oh AR—L

k—1 P
< L¢\/EZ Zwkq,j
p=1 j=1
further we have
o(s,a)T (3%~ 01) |
< —1
> ||¢(Saa)||(A:*1)

k—1 P
. <L¢\/le Zwk_l’j
p=1 Jj=1
k—1
d
<L/ =D
= ¢
Ao =
+ Bo [l (s, a)||(A,;,1)71 5

whete [l6(s, @)l ey < [90s,0)ll, /A0 and Gy 2

o — 9;;““2 + VoS,

o — ||+ \/E&))

917 9p+1 H

§wk1j’
j=1

-1 4/XySp, which completes the proof. O

(a5
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B. Proof of Lemma 3]

Proof. Fix h € [H], based on the model assumption (22) and
estimator (23)), we have

k—1

Zak 1th+1(5h+1)¢h+1 ( h’ah)

Jj=1

T .
= (=) (Zak 1,4 <¢h+1 ( h’ah) Wi+77ib+1>
J=1
() ) o

J J
Vit (5h+1> -

Wh— (Ek 1

where we define the noise as 7, 11

[IP’J V,fﬂ} (sfl, ai), and we have
1\ -1
w = (277 ()\wld

k-1
J J o J J o
JFE W—1,j V41 (5h7ah) ht1 (%a%)

j=1

(59)

T k
Wh)

combine Eq (58) and Eq (59) and we have the estimation error

~k k
Wi — Wy

k— 1 = T
(2 Zak 1,J¢h+1 (Sh7ah) z/Jh+1 ( h’ah)
_ j=1
)

bias part
k—1
k— 1 k
(Z E Qf—1 177h+1¢h+1 (Shvah) — AwWj
j=1

variance part

Then, by the Cauchy-Schwarz inequality, we know that for
any s € S,a € A,

T / ~
[ (s, ) " (W — w)|
k k k (60)
< ||7/1h+1 (Sva)H(ngl)*l (Ch + Dh,) )
where
k-1
>k
=1
i (g N (e i) (i ok
ht1 (Sh’ah> h+1 (Sh’ah) (Wh_wh)
(=™
k—1 ' , o
>tV (5heah) = Awwh
Jj=1 (Z;ﬂ—l)*l

The above two terms can be bounded separately, as summa-
rized in the following two lemmas,

Lemma 15. For any k € [K], we have

Ch<HL¢fZ Zak 1]HWh

Lemma 16. If Vk,j € [K], a1, < 1, for any § € (0,1),

with probability at least 1 — 6, the following holds for all
k € [K],

i
2

Awd

+ vV Aw S
Based on the inequality (60), Lemma [I3] Lemma [I6]
) Pl MO Y e
H Ly/\/Aw, with probability at least 1—4, the following holds
for all k € [K],

[0k (5.0) T (Wh = wh)|

1 1 d o
Dy <H 210g6+410g<1+ Z 1 b= M)

< T+ 8 [k (5,0l gy
where
rhle g2 \/7 .
BE1AH | Zlog =+ -1 Zrll -1,
v ®eT A Awd
+ vV AwSw,
which completes the proof. O

Proof of Lemma [I3] The first step is to extract the variations
of the parameter w,’j as follows,

E—1
E ohyd J 7
ak—lddjh-‘rl (sh’ a’h)
i=1
j i\ (wd ok
ht1 <5h»ah) (Wh_wh)

k—1\—1
(Zh 1)
k—1
E ohyd J 7
Oék—lyjdjh-‘rl (sh’ a’h)
k—1
T
J Jj o7 p p+1
Uy (Sh>ah) E :(Wh_wh )
p=j (=)
k—1 p
E E O — Lﬂbhﬂ (5 & )
p=1j=1
T
JjoJ D p+1
h+1 (Sh’ah) (W W )
k—1
(=)
k—1 p
S § § af— 1,g¢h+1 (S Y )
p:l :
T
Jj o D p+1
h+1 (Sh’ah) (W Wy )
k—1
(=)
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p
< HLd, Zzak 1,5 qu[}h-u (Sh’ah>H Ek 1

p=1j=1

p+1
w? ] :

2

'Hwh

P Nap? J I
and term > %) a1, “¢h+1 (sh,ah) H —— be able
h

to further derive an expression about weight a1 ; as follows,

P
J J gJ
st ()
j=1 h

P P ) ) ] 2
. . J J J
< E Q1,5 E Qk—1,5 Hthrl <8h7ah> H(Ek’1)7
j=1 j=1 h

In above, the second last step holds by the Cauchy-Schwarz
inequality. Besides, the last step follows the Lemma [25] by

letting X; = /@ 1507 (5,0]) and Uy = S
Hence we complete the proof. O
Proof of Lemma
J J Jj . J k
Zakfl,j”h+1¢h+1 (Sh’ah> —AwWy,
J=1 (2271)71
k-1
J J Jj . J
< Zak—17jnh+1wh+1 (Sh’ah>
Jj=1 (Z;c—l)*l
Aw WP 1y~
+ [ Awwi | oy
k-1
< 1> arer sV (sh.ah) v AwS
Jj=1 (Z;ﬂ—l)*l
Let 77 7)h+1 N 1]77h+1 and X; = /ak—l,j¢i+1 (s% )
then we have notice that since the reward r € [0,1], and

ag—1,; < 1, the noise ﬁ{LH is bounded by:

() - i () < 5.

based on Lemma we find that the noise ﬁi 4118 I _sub-
Gaussian. Then, by Theorem [/, we have with probability at
least 1 — 4, the following holds for all k € [K].

~J _ - J
Th+1 = VO—1,5 (Vh+1

k—1 )
D X
j=1 (E;c—l)*l
2 k—1 1
< E;log<det(2 );et(EOh) 2>

where

d
b1 trace(XF1)
det(X ) < —

2
k—1 i P g
dAw + Zj:l Hakfl,jzﬁwl (‘Sgw agl) H2
d

d
<d/\W+H2L2Z . u)
d

det(Zo.5) < A,

so we have
> a1y (shoad)
j=1 (Zkfl)—l
1 1 d H2L2 Z 1 Ap—1,5
<H, zlog=-+-1 1+ = = .
= 2°g5+4°g< At
which completes the proof. O

C. Proof of Theorem 5]

Proof. To prove the theorem, we first introduce the following
lemma

Lemma 17. We define the model prediction error as

Ej(s,a) =ry(s,a) + PEV (s,a) — Qk(s,a),  (61)

then with probability at least 1 — 20, the following holds for
all k€ [K], h € [H] and Vs € S,a € A,

- 269 ||¢(57a)||(1\:*1)—1 - 25@_1 H’(/J}k{+1 (S’G)H(Effl)_l

k—1 k—1 k k—1 k—1
_ Fh,e - < E}(s,a) < Fh,e +Fh,w.

We can further connect the dynamic regret to the model
prediction error, by the following Lemma.

Lemma 18. For the policies {7} }ne(m) ke[ With a) =
argmax,c 4 Q¥ (s, a), and the optimal policies and & €
(0,1), we have the following decompostion holds with proba-
bility at least 1 — 20,

K H
D-REGT < Z Z (]E”f,h

k=1h=1

[Efli(s’}fw CL’Z)] - Eﬁ(sfm ai))

+4H+\/2T log(1/96).
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Based on Lemma and notice that Vs € S,a € A,
]E,’j(s,a)‘ < 2H, we have
Ene, [BE(sh ab)] — BEGsh,ab)
< min {4H,2T} ;' 4 2T} + 28 || (57, a’,;)H(Aﬁ,l),

h,w

+ 26":,—1 HwZJfl (sﬁ,ah)H Zk_l)—l }

k—1 k—1 ' yrol HWP—WPHH
< Tt 42Tk +m1n{4H 269 [ @(sh af) | e } . P W

+min {4H, 25 [ (sh,ah>|\@:_1)fl}

< oTft 4 20 4 4H By min {1,

<4H?L? —_— ng WZHH , (63)
(Sﬁﬂﬁ)H(AlZ—l)*l} v p=1 h=1 2
CRAIISISI

the last inequality comes from that 85 > 1, 3571 > H. so we
have with probability at least 1 — 49, AH B, Z Z min {1 H¢ shvah H (2) }

K H . k=1h=1
D-ReGr < 4H8y Y Y min {1, [o(sh, )| i1y | <
h
k=1h=1 §4H2ﬁ9\/? Zmin{l,
k=1

variance partl

+ 46";_1 min {1,

Variance. For variance part 1, we have

sk b agry - -

+4zzﬁk 1m1n{1 ||¢h+1 (sh,ah)H (k1) } Based on the Lemma [J] (Potential Lemma), and let X;, =
k=1 h=1 o(sk,ak), Uy = A1, we know that Vh € [H], we have

variance part2

K
. 2
£23 S TR 103 S A ST ToR(1/B) > min {1 (s 0} g1y}

k=1h=1 k=1h=1

bi <2d| Kl ! +1 1+ 71%
ias part og — O, )
B 8378 Aod(1—7)

Bias. Now we set wy, ; = v*~7,v € (0,1),

K H
9 k1
;}; 1,0 4Hﬂ922mm{1 sk, af)|| (AE1) }

k=1h=1

so we have

L2
<4H?ByVK ,|2d Klogl—&—log 1+ —2—1).
gl Aod(1—7)

For variance part 2, we have

K H
43230 At min {1 s o) gy }

p=1 h=1k=p+1 k=1h=1
K H
K ko k

— 212 d R <48y Y > min { (Shvah)H(zﬁ—l)*l} (64)

)\9 — = 1_ 5 k=1 h=1
2 v D p+1 <4H6K\/> Zmln (s a )H
e D DI LAl INC i)l mgry
p=1 h=1
then we set ay, ; = Wk_j ,7 € (0,1) and have Based on potential lemma, we know that Vh € [H|, we have

K
> min {1, [0 (o5 ) [y}
k=1

<2d| Kl ! 1 HLy
s\ on o (1))
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so we have

K H
430> ot wmin {1 ok (shah) g}

k=1h=1

1 H2L12/}
S4H6VI§\/? 2d Klog;—i—log 1+m .

Since there is a term HK+/log(1/7) in the regret bound,
we cannot let y close to 0 , so we set v > 1/K and have
log(1/y) < C(1 —~), where C =log K/(1 —1/K). We set
Xo = d, and \y, = H?d. Combining the upper bounds of the
bias and variance parts and with confidence level 6 = 1/(47),
by union bound we have the following dynamic regret bound
with probability at least 1 — 1/7,

Furthermore, by setting the discounted factor optimally as v =

1 — max {I/K, \/W}, we have

when A > H/K,
(65)
when A < H/K.

bR < O (HdAVAT3/4)
I 10 (ar®/2vT)
O

Proof of Lemma [I7} We first consider the upper bound of EF,
based on the definition of Q¥ (26) and model assumption (22)
and Eq. (24), we have Va € A,s € S,

rh(s,a) + [PhVii] (s,a) — Q5(s, a)
= (s, a) + [PRVii] (s,0) — o(s,

— Bo llo(s, a)||(A,Z,1)_1 - 55‘71 ||1/Jh+1 (&@H(EQA)—
= 0(s,0)" (0 = OF) + ¥k (s,0) " (wh —Wh)

— Bo llo(s, a)”(AZ—l)*l = B ki (s,a H(Zﬁ—l)*l
<Thg +Thw

where the last inequality comes from Lemma 4 and Lemma [3}
Similarly, we can get the lower bound of EF, Va € A,s € S,

Qili(sa a) - TZ(& Cl) - [PIFCLV}ZC—H] (Sa Cl)
— 6(5,0) 705 + B |6(5,0) | (o) + Vs (5,0) 7

W

+ B [Yha (Sva)H(z;;fl)*l — (s, a) —
= o(s,0)" (O = 0F) + vk (s,0) " (Wh = wh)

+Bollo(s; a)ll pu—ry-1 + B [0k (S,G)H@H—l
< Tyt + i + 260 16(s, a)ll (px-1y-1

+ 2857 [ ¥k (s, 0 H(gli—l)—l ;

thus completes the proof. O

T~
a) 0} — by (s,0)" W

[PQV}?H] (s,a

Proof of Lemma [I§] We first decompose the one step dy-
namic regret,

ﬂ'k - 7'rk
VI (sK) = ViR (sT)
7'rk’ .
= Vlk’ * (s’f) — Vlk (slf) —l—Vlk (sll‘)

TERM (1)

k
— VT (sh)

TERM (2)

TERM (1). We first have Vs € S,

Vi () = Vi (s)
=Eqork () 'le,w’:(&a)} Eqornt(s) [Qh(5,0)]
=Eoork () ijﬂf(sva)} Eonrt, (s) (Qh(s,a)]
+Eont () (QFi(s,a)] — Eanrk(s) @k (s,a)]
< By () | Q07 (5,0) — Qh(s.0)]
where the last inequality comes from 7f(s) =

arg max,c 4 QF(s,a). Then we have

Qi (5,) ~ Qk(s,a)

= ri(s,0) + [PEVaT ] (s5,0) = vh(s.0) = [PRVEL] (5,0)
+rh(s.) + [PEVEL] (5,0) — Qh(s.0)

= [ph (Vi = viEL)] (5. ) + B (s, a),

where the last equality comes from the definition of model
prediction error. For notational simglicity, we define the oper-

ators J5 f(s) = <f($, ')77Tf,h(' | s)

, then we have

ﬂ_k
V™ (s )=V
< Jth ( h+1 Vh+1) (s,a) JFJEEE(&Q)?

recursively expanding the above inequality and we have

Vlk»ﬂf (s) — Vi (%)
(H"thk> (VH+1(5H+1) V1§+1(5H+1)>
H

+> HJ’“}P”“ IEEF (s, al)
=1 \j=1
H
< ZE

h=1

N Eh Sh,ah)]

where the last inequality comes from that VW,V}]}L(-) =
0,VE 1(-) = 0. Then we have

— Vi (k)

K H
< ZZEnih Eh ShaaZ)]

k=1h=1

(66)
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TERM (2). Based on Eq (6I), we have Vs € S,a € A,
By (s.a) = ri(s,a) + [PEVii] (s,a) — Qi(s, a)
= rf(s.0) + [BEVE] (5,0) = Q4 (s.0)
+ Qi (s.0) - Qf(s.0)
= ([PhVia] (5,0 - [PVET | (5, )
+ QN (5,0) - Qh(s,0).
By applying this equality, we further have
Vi (sh) = Vi (sh)
= Eqontst) [@Qn(5h:@)] = Eqnhsk [Qh (sh, )}
+ Eh - Eh
= B o) [Qh (55 @)] = Earpiapy [QF7 (55 0)]
+ ([PthH} (Sﬁ’ah) {kaii:; } (sﬁ,aﬁ))
+ Qi (sh,ak) - Q% (shoak) — Ef (shaf).
we define
My = ([PhVEL] (shah) = [PEVIT] (shaah) )
- (th+1 (shy1) — foflk (5§+1))
MZ,Q = anwh( ) {Qlﬁ(Slliva) - Q:’ﬂﬁ(sﬁv a)}
— (@ (shoak) — Q™ (shoal))
then we have
Vil (sh) = Vi (o) = (Viir (ki) = Vit (sh))
= by + Mg — BE (k).

Summing up for k € [K] and h € [H], since V}j,, = 0,
VT, = 0, we have

K k
VI (st) = Vi (s1)
1

k=
K H

<> (=B (shiap) +ZZM‘“v+ZZM
k=1h=1 k=1 h=1 k=1 h=1

Since M¥ h,v and MY h, are martingale difference which
bounded by 2H, then based on Lemma [24] we have the
following holds each with probability at least 1 — &,

K H
SN ME < 2H\/2T10g(1/5),

k=1h=1
K H
>N My o < 2H /2T log(1/9),
k=1h=1

where T' = K H. Then the following holds with probability at
least 1 — 24,

(v (sh)

Mw

- vt (sh))

>
Il

! (67)

H
Z Eh sk ak )) + 4H+/2T log(1/5).

1h=

TTMN

Combining Eq (66) and Eq (67) and we have

VI (sh) = VT (sh)
K H
= ZZ (E v [ER(syp,af)] — Ef (sﬁ,aﬁ))
k=1h=1
+4H /2T 1og(1/9).

APPENDIX F
ANALYSIS OF MNL-WEIGHTUCRL

A. Proof of Lemma [6]

Proof. Based on Lemma 2 of [17], we know that

Hf”ﬁV} (s,a) — [PFV] (s,a)‘

=1 Y i

s ES’j

(5" | s,a) TWHV(s)

s'|s,a) "WV (s)

= D ph(

s'eSF

< H max [¢(s' | s,a)" (W —wh)].
ma [ 00’ )7 (%~ wh)
We first construct the following Lemma.

Lemma 19. For any x € X, and § € (0,1), Vk,j €
(K], ak,; < 1, with probability at least 1 — 6, the following
holds for all k € [K],h € [H]

0" | 5,0) T (W), — w})]
1 _
< (F’jv—l + B G 5,0) sy )

k—1 & 72 / p
I's Ly, Z ] 1 Qk—1,5 Hwh_

BE is the radms of conﬁdence region set by

k
UL?ZJ Ej:l QL. 5
Awd

+ vV AwkSw.

1
Wi—i_ , and

.

ey
=
>

d
= 10g5+ log(1+

Then we have

HI?’ZV} (s,a) — [IP’ZV] (s,a)‘
H _
<— (F’&l + B! e (s | Sva)(gﬁl)*) :

s

k-1 2 712 d k—1 p ) D
where I'G7H = L3 /5= 30 ) Zj:la’ffl,JHWh_

BE s the radius of confidence region set by

k
UL%;; Zj:l Qg j
Awd

4+ vV AwkSw.

p+1
w? (

- 1 1 d
gE & §1og5+110g <1+
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Proof of Lemma [I9) Fix h € [H], based on the estimator (28,
we have

k—1

TR SETEE S ACCACO I ALACH
j=1 s'eS}
k—1
= a1y Y w ()
J=1 s'€S]
DI R DN ACACOM AR ACO) REACOR
Jj=1 S’GS}{

where we define 777 (s') £ y7.(s') — pl (. (s') Tw?). Then by

the mean value theorem, we know that
GZ (W1 — Wg), (68)

gr(wi) — gi(ws) =

where GF(wy — wa) = fol Vgl (swa+ (1 —s)wy)ds €
R4*4_ Notice that for any w € W, the gradient of g is

DI A

5’68}{ s"ESi’

T‘”)PiW_’i<S”>Tw>&f;<s'>zﬁf;<s">T>

Based on Lemma 5 of [[17], we know that

Sk—1
—mEh ,

>‘>\WI€Id+HZak 1, Z wh

s 657

which clearly implies Vw1, wo € W, G¥(wy, wq) = k35 1.
By Assumption [6| the mean value theorem (8) on g¥ and the
projection (29), we have

(s | s,0)" (Wi —wp)|

(s’ | 5,0)T (GhWEwh) ™ (9h()

- g;’i(wl’i))‘

< H‘/’(S/ | S’a)”(Gﬁ(\Tv;‘;,w’ﬁ))71
’ HQZ(VNVI]?) - gE(WZ)H(G’fL(\Tvﬁ,wﬁ))_I
1 -
< " 19(s" | S»G)H(gz—l)—l Hgfli(wﬁ) - 92(""2)“(21@—1)—1
1 .
<A )l gy [l — g o

1)—1 5

we further have

gfi(v?/;’i)*g;’i( 9)
= Zak D SN CACACORARACO REACD
s 65,]1
7>\w"’€wh Zak 1,5 Z ph d)j )1/_) (5/)

s'€S]

33

bias part

7)\W1€Wh+zak 1, Z nh

s'€S]

variance part

Then, by the Cauchy-Schwarz inequality, we know that for

any s € S,a € A,
[(s" | s,a)" (Wi —wp)| )
1 (69)
s [9(s" | 570)\\(2271)*1 (B + Fy),

where

k—1
o
Sy X (A@E )
Jj=1 s’ESﬁL

pWi(szZ))

,)\w/ﬁwh + Zak 1, Z 77};

s ES’ (ik—l)*l

The above two terms can be bounded separately, as summa-
rized in the following two lemmas,

Lemma 20. For any k € [K], we have

Eh < Lw\[Z Zak 1,5 Hwh

p=1

o

Lemma 21. If Vk € [K},Vj € [k—1,ap-1,; <1, for any
d € (0,1), with probability at least 1 — 6, the following holds
foral k € [K],

UL(Q/} Zf;ll Qk—1.5
Awd

1 1 d
—log = + -1 1
2og5+4og<+
+ vV AwkSw.

Based on the inequality (69), Lemma 20| Lemma [21] and
(s s, a)ll (gp-ny-1 < 190" s, 0)lly /vVAw < Lo /v,
with probability at least 1 — §, the following holds for all
k € [K],

Fr <

s |s,a)T (v~v§ fwﬁ)’

(477 B et |5, -

d k—1

A 72
= Ly EZ
p=1

d
flogd—&- log <1—|—

|
<1
K

).

i

E :O‘k 1,j Hwh

2

k—1
ULQQ/; 2j=1 k-1,

Awd )

+ v Aw K Sw,

>
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which completes the proof. O

Proof of Lemma The first step is to extract the variations
of the parameter wﬁ as follows,

zak Y z(ph (FL(5) Twh)

s'eS) P=J

The gradient of p), (47 (s') Tw) is given by

ph (0 (s) Tw) = pl (v, (s") Tw)di (s)) T
—ph @) w) D ph (s Twl(s") "

s”ES

h

by the mean value theorem, there exist W}, = vw} + (1 —
v)wht for some v € [0,1], such that

ph (0l (s") TWh) — ph (B (") Twh )
)T (@z;w LY A )

es
p+1
(- wit)
Tap
Wh))

< Lok ()W) (1 S (%

s”ESf;
p+1
[ -,
J (13 (T P D p+1
SvaPh(wh(S) Wh)HWh Wy, ‘27

j(&j( /)Tfp) _

Then we have

where we define Vph(wj (s)
PR3 TWE) X ey PR (s") T w

k—1

n)-

,l/‘)i(s//)'r>

p p+1
Hwh W H2
k—1 p
<Lyd D onory| ) VP () W)
p=1j=1 s'eS]
+1
meéagg%( s') Wi, — W), H2
s (iz,l)—l
k=1 p
+1
<Ly 30D || max gi(s) p-wit
p=1;j=1 €5 (=)
where the last inequality comes from the fact that

’Zs'es,{ Vpi(zﬂi(s’)TWf;)’ < 1. Further, for the term
2o k1 Hmaxs/es; EACY

ther derive an expression about weight ag_1 ; as follows,

§Oék 1,5

Jj=1

can be able to fur-

=k — —1
sEt
\

max w]( )

» 2
< 5 Qg—1,j E Qg—1,; || max 1/%( s')
— s'€S) ck—1)—1
Jj=1 Jj=1 g (=N
p
< E Ok—1,j E E Qap_1,j Hiﬁh H (51
\ j=1 j=1 é/ESJ

In above, the second last step holds by the Cauchy-Schwarz
inequality. Besides, the last step follows that

Z Z Qk—1,5 Hwh Ek 1
Jj=1lg 63]
Z > Tr(ak—1,485(s)T (5571 (s
i=lges]
e (@YY e ()T
Jj=1lg 657,
1 k-1 _
<Tr (Ei_l) Z Z -1 (8] ()T
J=1 s’ESi
d
+ Tr (Ut_ll)\ Zem?)
i=1
= Tr([d) =d
Hence we complete the proof. O
Proof of Lemma [21]
—)\w/ﬁwh—i-Zozk 1,5 Z ()l (s
s'€S] (2271)—1
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<Fk 1+HF

h(s,a)‘ < 2H, we have

B [E5(sh: ap)] — Ex(sh,, ah)

< Zak L.j Z 77h h + ||>\WK’W/I§H(§_]"’1 -
s'€S] (2?‘,—1)*1

< Zak 1,j Z (s + VAwkSw.
s ESJ (2;‘:_1)—1

we define 7; = \/ar_1,7; and X; = \/@r_1,;¢}(s'), then

we have notice that since the reward r € [0,1], and ay_1,; <
1, the noise 7); is bounded by:

i = Va1 (s(s) ~ P ) Twh)) < 1,

based on Lemma we find that the noise 7); is %—sub-
Gaussian. Then, by Theorem [/| we have with probability at
least 1 — 4, the following holds for all k € [K].

k—1 k—1 0y—1
~ 1 detZ det(Z 2
S| < (LY
Jj=1 (21;71)71
where
_ d

det(2F1) g

d
dA\w + Z Zs resi k=1, Hd)h
N d
d
B (d/\ —|—UL2 J 1ak 1,])
det(29) < (Aw)?,
so we have
k—1 B o
> k1 (sh0f)
j=1 (ik—l)—l
1.1 d UL% S5 agey
<.lzlog=+ -1 1+ = ].
= 20g5+4°g< Awd
which completes the proof. O

B. Proof of Theorem [6]

Proof. To prove the theorem, we first introduce the following
lemma

Lemma 22. We define the model prediction error as
Qi(s,a),

then with probability at least 1 — 20, the following holds for
all k € [K], h € [H] and Vs € S,a € A

Ef(s,a) = rf(s,a) + PRV (s,a) — (70)

_ H_,._
—-Ihy' - ;Fi,wl — 20 H¢(S,a)||(,\zfl)—1

H
_9 k—1 / < Ek
P Bw sn’leagi% H,(/)(S ‘ S, a)”(zi 1) 1> h(S,CL)

< min {4H QFZQ +2Hl—‘ﬁw1+25 | 6(s,ap)|| (A5

H_,
+ 2;5@ ' S,me%;}% [o(s" | 5’12#’}2)”(;271)—1 }
H
< 20} 5" + 2+ min {48,289 [[o(sh, af)| ey |
. H o _
+ min {4H’2,$B‘l§’ ! Slrrgg}; Hw(s’ | SQ,GE)H(EE—l)l}
<2F];; 91+2HF —|—4H,39m1n{1 ||¢) Sh,ah || Ak 1 }
+ 4;35‘;1 min {1,3162?9)% ||¢(3' ‘ S];:”aZ)H(ZZl)I} ,

By Lemma [I8] we can further connect the dynamic regret to
the model prediction error, we have with probability at least
1 — 494,

K H
D-Rer < 4H5)’> " min {1 (st o)l yr) 1)
k=1h=1
variance partl
H K H
+4*ZZBIC 1mm{l max ||1/) s'| si,ap)|| (SE1) }
k=1 h=1

variance part2

+QZZFh 0 +2—ZZF,LW +4H /2T log(1/9).

k=1h=1 k=1h=1

bias part

Bias. Now we set wy, ; = v*77 v € (0,1), same as Eq (62),

we have
K-1 H
k—1 2 p+1
DI PTIEFIE I o ] ]
k=1 h=1 p=1 h=1

then we set ay; = 7",y € (0,1), similar to Eq (63), we
have

K H
%zm;&

k=1h=1

/ d
4 L?
P

Variance. Same as Eq (64), we have

K-1 H

1=~ > ZHwh

p=1 h=1

b

p+1’

4Hﬂ922m1n{1 o5k, af)ll per =

k=1h=1

L2

¢
Apd(1 ’Y)))

1
< 4HByWKH,|H2d (K log = + log <1 +
ot

)
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For the second term,

gXK A
4zz_fvlm1n{1 manH?lJS | sh» ) || )‘1}
P == s
H*K a A . !/ k k
<A—fy ;hglmm lﬂi’} [(s" | st @)l sy
K
<4—pEVK Zmln{l max ||¢ s'| sk, ak) || (k1) }
k=1

Hsz
§47,8w\/ﬁ me 1, Z H’(/J s'| sk ak) H

s ESk

Based on the Lemma|§| (Potential Lemma), we know that Vh €

[H], we have
{1 max ||1/) s'| sk af) || (k1) }

UL? )))

1 »
<2d| Klog—+1 1+ ———
= ( 0g7+0g< +>\wd(1—7

so we have

H
Zﬁk ! min

1h=1

K

E min

k=1

H K
K {1 max ||1/) s |sh,ah ||
k=

H? . 1 UL?
<4—BEVEK |2d| Klog=+1log [ 1+ ——2 | .
K Y )‘wd(l_'Y)

Since there is a term HK+/log(1/~) in the regret bound,
we cannot let y close to 0 , so we set v > 1/K and have
log(1/y) < C(1 —~), where C =log K/(1 —1/K). We set
Ao = d, and A\, = d. Combining the upper bounds of the bias
and variance parts and with confidence level 6 = 1/(47), by
union bound we have the following dynamic regret bound with
probability at least 1 — 1/7,

1 H 1
( )3/2 T +—

W

Kk (1—~)p32° T

K A= v+ HS/Qd\/HK>

D-REGT < O(

dH?
+dH?K+\/1—~+

co(™

K

Furthermore, by setting the discounted factor optimally as v =

1 —max{l/K, \/W}, we have

O (- HAA/ATS/)

DR - when A > H/K,
-REG ~
=10 (n—ldH?’/?ﬁ)

when A < H/K.

O

((1 1)3/2A+HK¢f>+H3/2dF).
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Proof of Lemma [22] We first consider the upper bound of Ek,
based on the definition of Q¥ (26) and model assumption (22)
and Eq. 249), we have Va € A,s € S,

7”,’2(87 a) + []P)I;Viﬁrl} (87 a) - QZ(
= rf(s a) + []P’Zviﬁ_ﬂ (s,a) — &(s,
— B 1606, )l g+~ BE V)0

H nk—1 /
- b Iax l[4(s Is,a)ll(i:f

a)
a)' 6}

1)—1
os.a) " (0 = 81 ) = Bollo(s,@)l| ysry
+ ([PhVEA] (5,0) = [BEVEL ] (s,0))
B max (s 5, )l s

1)71
H
k—
<F 1+ Fhw’

where the last 1nequahty comes from Lemma [4] and Lemma [6]
Similarly, we can get the lower bound of E’g ,Vae A,s €S,

Qh(s,a) = rh(s,a) = [PEVEL] (5,0)
= 6(5,) O3 + Bo 9(s, )| ey + PRV (5, 0)
H -

+ B ma 00 )l -
—1h(s,0) = [PhVE] (s,0)
o(s,a)T (5 = 0) + ([PhViE | (s.0) = PRV (5.0))

+ B \W(S»G)H(Al}ifl)—l

1)71

H Rk—1 /
+ Hﬁw S,m:;iHT/)(S |S,a)||(iﬁ_1)—1

H
k
<1“,L91+ r

w + 280 [18(s, )]l -1y
Rk—1 1
+ 2;6‘” s’Hg?’S)}% ||1/}(8 ‘ S, a’)”(i:’—l)*l )
thus completes the proof.

APPENDIX G
TECHNICAL LEMMAS

In this section, we provide several useful lemmas, mainly
about concentrations, and some derivatives of self-concordant

property.

A. Concentration inequalities

Lemma 23 (Hoeffding’s Lemma). Let Z be a real random
variable such that Z € [a,b] almost surely. Then

201 \2
VAR E {@(H[zn} < exp (WSQ)) ,

. . (b—a
or variable (Z — E|[Z]) is %

-sub-Gaussian.

Lemma 24 (Azuma-Hoeffding inequality). Let M > 0 be
a constant. Let {x;}!_, be a martingale difference sequence
with respect to a filtration {G;}, (E[x; | G;] = 0 a.s. and x;
is Giy1-measurable) such that for all i € [n], |x;| < M holds
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almost surely. Then, for any 0 < § < 1, with probability at
least 1 — 6, we have

> @ < M+/2nlog(1/6).

i=1
Theorem 7 (Self-normalized concentration inequality for lin-
ear bandits [32, Theorem 11). Let {F}}3°, be a filtration.
Let {n:}32, be a real-valued stochastic process such that 1,
is Fi-measurable and v, is conditionally R-sub-Gaussian for
some R >0 ie, YA € R, E[eM | F;_4] <exp(AR) Let
{X}22, be an Ri-valued stochastic process such that X; is
F,_1-measurable. Assume that V is a d X d positive definite
matrix. For any t > 0, define

t
Vi=Vo+ Y X.X[,
s=1

t
Se= X
s=1

Then, for any 6 > 0, with probability at least 1 — 9, for all
t>0,

Theorem 8 (Self-normalized concentration inequality for self-
-concordant bandits [33, Theorem 1]). Let {]-'t}?i o be a
filtration. Let {nt}fi o be a martingale difference sequence
such that 1, is F, measurable. Let {X;},~, be a stochas-
tic process on RY such that X, is Fi_1 measurable and
| X¢|ly < 1. Furthermore, assume that conditionally on F;
we have || < 1 a.s., and denote o} = E [n}? | Fi_1]. For
any t > 0, define

t
= Z 2X X+ M,

s=1

t
S =Y s Xs,
s=1

with X > 0. Then, for any § > 0, with probability at least
1—46, forall t >0,

VA2 det (H,)"/? 2
Sell -1 < — + —1 B —dlog(2).
|| t”Ht =9 + \/X 0og 6>\d/2 + \/X Og( )

Lemma 25. Suppose Uy = Ny, Uy = Uy + AsA], and
A; € RY then

Vp e [t —1], (71)

ZHA HU L <d.

Proof of Lemma
ZHA ||U L —ZﬁATUt 1A
t—1

<Tr (U 1ZA AD) + (U ) AA])
s=1 s=p+1

p
12 AAT)

d
+ Tr(Ut__ll/\ Z eieiT)

i=1

= Tr([d) =d.

O

Lemma 26 (Determinant inequality). We let the V, =
22:1 wy s Xs X + Mg, Vo = My. Assume ||x||2 < L and
we have,

d
2yt .
det(V;) < </\+ 72551% ) .

Proof. Now we have V; = 22:1 wt,sX&.X;r + A, take the
trace on both sides, and get the upper bound of Tr(V})

t
Tr(V;) = Tr(A\g) + Z we s Tr (X, X))

s=1 , (72)

t
=AM+ wi [ X3 <M+ LD wys.

s=1 s=1

Base on the definition of determinant and the upper bound of
Tr(Vi) (72), we can get the upper bound for det(V}),

2 S ’ Te(V) )

i=1
d
(A + L2 ZZ:l wta5>

A

IN

B. Self-Concordant Properties

Based on the generalized self-concordant property of the
(inverse) link function p(-), we have the following lemma,
which will be later used to derive Lemma

Lemma 27 (Lemma 9 of [33]]). For any z1, 22 € R, we have
the following inequality:

1 —exp(—|z1 — 2
() (=|21 — 22])
|21 — 22|

1
< / w21 +v(z2 —21))dv
0

ex 21 — R —
< () p(|z1 — 22])
|21 — 22

F urthermore fo
z|) ™t

(21 +v(zg — 21))dv > p/(21)(1 + |21 —

The following lemma provides a weighted version of
Lemma 10 of [33]] which can be easily proven.

Lemma 28. With G defined in (@9) and H; defined in (50),

the following inequalities hold
vgl; 02 S @7 Gt(gla 92)
G(61,02) >

(1 +25)*1
(1+29)"!

t(01)7
Hy(62).

Lemma 29 (Lemma 7 of [36]). Denote by L; the abso-
lute value of cumulative rewards for episode i, ie., L; =

’Zt (i—1)At1 Tt (Xt)‘ then

T 2
) . < _ | >1 - —.
Vi € [[T/A]], Li < LSA + 2R, | Aln f] >1-

Pr
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APPENDIX H
BANDITS OVER BANDITS

A. BOB Algorithm

We divide the T rounds into equal-length episodes of
size A, such that A = [dy/T]. In each episode, we run
LB-WeightUCB with different discounted factors ~. Specif-
ically, the v comes from the candidate set W,

W = {%:1751*%21*%6 [N}},

where N = [log,(T/v/d)] + 1 is the number of candidate
values, and recall that S is the upper bound on the norm of
the underlying regression parameters.

To adaptively select the optimal ~, we model the selection
procedure as an adversarial bandit problem. In this formu-
lation, each step corresponds to one episode of length A,
such that has total [T'/A] rounds. At each step, a bandit
algorithm selects a « from the candidate set WV, observes the
cumulative reward from the LB-WeightUCB with correspond-
ing discounted factor, and uses it as feedback to update its
selection strategy.

Let Yimin (Ymax) be the minimal (maximal) discounted factor
in the candidate set WV, then it is evident to verify that

(73)

1 1
min:1777 1 mleff
B. Regret Analysis

Theorem 9. LB-WeightUCB without the knowledge of path-
length Pr, together with Bandits-over-Bandits mechanism
satisfies with probability at least 1 — 3/T,

T T
~ e A
D-REGr = ZI,EIE&?XTHt — ZXtTHt =0 (d3/4PT/4T3/4) )
t=1 t=1
Proof of Theorem [9 We begin by decomposing the dynamic
regret. Let X; £ arg max, c y x "6, and we have

T
D-REGT = Z (XZ‘TGt — X;Qt)
t=1
T [T/A] iA N
SRS S S )
t=1 i=1 t=(i—1)A+1
base-regret
[T/A] iA _
Py (e x0T,
i=1 t=(i—1)A+1
meta-regret
where 7* is the best discounted factor in the candidate set

to approximate the optimal discounted factor v* = 1 —

max{1/T,\/Pr/(dT)}.
Base-regret. Based on (37), and the union bound, we have
with probability at least 1 — 2N,

T [T/A] iA

base-regret = ZX;"THt - Z Z X?*TGt

t=1 i=1 t=(i—1)A+1

[T/A]

< §Z<9( y#)+dﬂ—?UWA)

Sé(ufw%%*“1’”>

~ 1

<0 (g7
~, 1

< O(d" P T*).

P%+dﬂ—vU%T)
(74)

We know that v* = 1 —max{1/T,/Pr/(dT)} is the optimal
discounted factor. Since v* € [Ymin, Ymax), the candidate set
W covers v*. Furthermore, due to the geometric spacing of
W, there exists some 7* € W such that

-3 <1-q" <201 -7,

Meta-regret. The analysis of meta-regret follows the proof for
window-based algorithm [52, Proposition 1].

meta-regret
[T/A] iA

SY S (0w
i=1 t=(i—1)A+1
[T/A] A
= Z Z ( 9t+77t X,;Yﬁet*ﬁt>
i=1 t=(i—1)A+1
[T/A] iA -
=X > (7w

i=1 t=(i—1)A+1
[T/A]

%

Based on Lemma [29] we know that with probability at least

1— 2, we have Vi € [[T/A]],L; < LSA + 2R, /Aln%
we define L., £ LSA + 2R Aln%.

Exp3.IX [53] as the meta algorithm. Then we have with
probability at least 1 — 6,

L}L‘) -0 (Lmax iN)
-0 (\/ATN) — &PT,

Combining the upper bounds of base-regret (74) and meta-

_ L%

We choose

[T/A]

S (17 -
=1

(75)

regret (73), by the union bound, and let § = m, we
have with probability at least 1 — 3/T,

D-REGr = O (/P *T*/* 4 1)
Thus we complete the proof. [
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