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Maximal ancestral graph

• Maximal ancestral graph (MAGs) is widely used to characterize 
causal relations among observable variables in the presence of latent 
confounders and selection variables

• With observational data and under mild assumptions, we generally 
cannot identify a MAG, instead, only a partial ancestral graph (PAG)

• A PAG represents a Markov equivalence class (MEC) of MAGs
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(AOS’02) Thomas Richardson, Peter Spirtes. Ancestral Graph Markov models
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Orientation rules

• There are ten rules for learning a PAG with observational data by 
exploiting conditional independence
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(AIJ 2008) Jiji Zhang. On the completeness of orientation rules for causal discovery 

in the presence of latent confounders and selection bias



Incorporating background knowledge

• There are ten rules for learning a PAG with observational data by 
exploiting conditional independence

• If there is background knowledge (BK) beyond observational data, it 
remains an open problem what causal relations are identifiable
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Causal sufficiency Meek rules

(From Perkovic et al. 2017)

• Our research revolves around the orientation rules for incorporating the 
background knowledge, which is applied in some tasks



Tian-Zuo Wang (Nanjing University) 5

Task 1: IDA under latent confounders



IDA under latent confounders
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Enumerating all MAGs is inefficient, 
with super-exponential complexity

A similar task for CPDAG: IDA

• Fact: The causal effect of 𝑋 on 𝑌 in a PAG is possibly unidentifiable, since 
the large number of consistent MAGs are possibly associated with 
different causal effects

• Task: How to determine the set of possible causal effects by finding 
adjustment set for (𝑿, 𝒀) in all the MAGs consistent with the PAG? – Set 
determination
• Adjustment set : a set 𝒁 such that 𝑃 𝑌 𝑑𝑜 𝑋 = ∫ 𝑃 𝑍 𝑃 𝑌 𝑋, 𝑍 𝑑𝑍



IDA under latent confounders
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• Fact: The causal effect of 𝑋 on 𝑌 in a PAG is possibly unidentifiable, since 
the large number of consistent MAGs are possibly associated with 
different causal effects

• Task: How to determine the set of possible causal effects by finding 
adjustment set for (𝑿, 𝒀) in all the MAGs consistent with the PAG? – Set 
determination
• Adjustment set : a set 𝒁 such that 𝑃 𝑌 𝑑𝑜 𝑋 = ∫ 𝑃 𝑍 𝑃 𝑌 𝑋, 𝑍 𝑑𝑍

We enumerate each variable set instead of MAGs, 
and determine whether each set could be an 
adjustment set in some MAGs in the MEC?

Main Idea



An example
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Target: output the set of causal effects of 𝑋 on 𝑌

Enumerate: ∅, 𝐴 , 𝐵 , 𝐴, 𝐵 ⊆ 2{𝐴,𝐵}

For 𝑾 = ∅, 𝐴 , 𝐵 , 𝐴, 𝐵 , determine the existence of MAGs 

represented by the PAG with 𝑾 as an adjustment set for (𝑋, 𝑌)

Given any a set 𝑾 ⊆ {𝑨,𝑩}, how to determine the existence of MAGs 

represented by the PAG with adjustment set for (𝑋, 𝑌) being 𝑾?

The main challenge

It cannot be achieved based on only a PAG!



Two step procedure

• Step 1: enumerate the local structures of 𝑋
• We propose the sufficient and necessary condition for 

determining the validity of each local structure

• For example, 3 circles -> enumerate 23 local structures
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Utilizing the complete 
orientation rules for local 
background knowledge

(Wang et al. 2023)



Two step procedure

• Step 2: for any a set 𝑾 ⊆ {𝐴, 𝐵}, determining whether 𝑾
could be an adjustment set in MAG consistent with 𝕄

• A key observation: There exists such a MAG ℳ if and only if 
we can make some specific vertices not ancestors of 𝑌 in ℳY

A

X B

For 𝑾 = ∅, if we can construct a MAG with adjustment set ∅

An example

Y

A

X B

Y

A
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 We need to prevent 𝐴 ∈ Anc 𝑌 in the 

constructed MAG, for otherwise 𝐴 belongs to 

the adjustment set for (𝑋, 𝑌) such that 𝑾 ≠ ∅

10

Determining whether we can construct a MAG by adding arrowheads
based on 𝕄 such that the specific vertices not ancestors of 𝑌



Two step procedure

• Step 2: for any a set 𝑾 ⊆ {𝐴, 𝐵}, determining whether 𝑾
could be an adjustment set in MAG consistent with 𝕄

• A key observation: There exists such a MAG ℳ if and only if 
we can make some specific vertices not ancestors of 𝑌 in ℳY

A

X B
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𝑺: characterize the variables 𝑉 where 
arrowheads need to be introduced

Intuitively, we need to search whether there 
is a transformation characterize by 𝑆 such that 
𝑊 is an adjustment set in the obtained MAG

Exponential number of 𝑆

One main theorem

For each 𝑆, it can be verified in polynomial time



Algorithm
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If the causal effect is identifiable 
given a PAG, stop

Enumerate each valid local 
structure

Enumerate each subset 𝑾 possibly 
being adjustment set

Enumerate each block set 𝑺

Determine the existence of MAGs 
with adjustment set W given circles 

transformation dictated by 𝑺

1. Our method can return the identical set as the SOTA MAG enumeration method;

2. Our method takes super-exponentially less time than SOTA MAG enumeration method

Theoretical results



Simulations
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Improved version

• We need to enumerate exponential number of 𝑺 to determine whether 
we could construct a MAG based on 𝕄 by adding arrowheads dictated 
by 𝑺 such that the specific vertices not ancestors of 𝑌
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• Could we directly find the proper 𝑺 without the exponential 
number of enumeration?

If 𝑊 = ∅ is an adjustment set in some MAG consistent with 𝕄, then 𝐴

cannot be an ancestor of 𝑌, to achieve this, we 

1. Transforming 𝐴 ∘→ 𝐶1/𝐶2 to 𝐴↔ 𝐶1/𝐶2
2. Some circles can be further oriented given the BK

𝕄

Background knowledge



Orienting graphs with BK
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PAG Incor. BK

Counterexample 1

• What arrowheads are identifiable given the necessary transformation?
 Existing rules are not complete to incorporate the transformation

For contradiction



Orienting graphs with BK
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Incor. BK

(Proposed by Venkateswaran & Perkovic (2024) and us independently)

• What arrowheads are identifiable given the necessary transformation?
 Existing rules are not complete to incorporate the transformation

Counterexample 2

PAG



Orienting graphs with BK
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Whether 𝑊 = ∅ is an adjustment set in some MAG consistent with 𝕄

1. Transforming 𝐴 ∘→ 𝐶1/𝐶2 to 𝐴↔ 𝐶1/𝐶2
2. Some circles can be further oriented given the novel orientation rules:

transforming 𝐴 ∘→ 𝐵 to 𝐴↔ 𝐵

3. Obtaining 𝑺 = {𝐶1, 𝐵, 𝐶2}, then detecting given 𝑾 and 𝑺, whether the 

conditions in Thm. 2 are satisfied, i.e., we can construct a MAG by adding 

arrowheads dictated by 𝑺 such that the specific vertices not ancestors of 𝑌

𝕄

• What arrowheads are identifiable given the necessary transformation?
 Existing rules are not complete to incorporate the transformation

• Motivated by the two counterexamples, two orientation rules are 
proposed to incorporate the transformation, and the updated rules can 
identify all the arrowheads at the specific variables

Avoiding the enumeration of exponential number of 𝑺



Simulations
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• All the methods can find the same set of causal effects

• The application of the novel rules can help reduce the complexity
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Task 2: MAG Listing



MAG Listing

• What does MAG listing do?

• Outputting all the MAGs consistent with a given PAG 

• Why MAG listing?

1. Causal discovery with active interventions: Select interventional variable

2. Causal effect estimation: LV-IDA, obtaining the distribution of causal effect

3. Structure learning with additional structural knowledge
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MAG Listing

• How?

1. Directly enumerating the orientation combinations of all circles (brute-force)
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MAG Listing

• How?

1. Directly enumerating the orientation combinations of all circles (brute-force)

2. Recursively introduce background knowledge (BK) and utilize orientation rules
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MAG Listing

• How?

1. Directly enumerating the orientation combinations of all circles (brute-force)

2. Recursively introduce background knowledge (BK) and utilize orientation rules
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Risk

When BK is introduced, the rules need 
to be sound and complete to orient the 
circles that may be enumerated later.
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Invalid MAGs
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MAG Listing

• How?

1. Directly enumerating the orientation combinations of all circles (brute-force)

2. Recursively introduce background knowledge (BK) and utilize orientation rules

① MAGList-Wang et al. 2024 (introduce local BK and utilize existing rules)

(ICML 2024) An efficient maximal ancestral graph listing algorithm
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Search Tree

Local BK

Utilize orientation rules for local BK 



Simulations
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MAG Listing

• How?

1. Directly enumerating the orientation combinations of all circles (brute-force)

2. Recursively introduce background knowledge (BK) and utilize orientation rules

① MAGList-Wang et al. 2024 (introduce local BK and utilize existing rules)

• Suffers an exponential delay (time for outputting each MAG)
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Example

The search of local BK leads to the 
exponential delay!



MAG Listing

• How?

1. Directly enumerating the orientation combinations of all circles (brute-force)

2. Recursively introduce background knowledge (BK) and utilize orientation rules

a) MAGList-Wang et al. 2024 (introduce local BK and utilize existing rules)

• Suffers an exponential delay (time for outputting each MAG)

b) (Our method) Transform each circle at the selected variable one by one
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MAG Listing

• How?

1. Directly enumerating the orientation combinations of all circles (brute-force)

2. Recursively introduce background knowledge (BK) and utilize orientation rules

a) MAGList-Wang et al. 2024 (introduce local BK and utilize existing rules)

• Suffers an exponential delay (time for outputting each MAG)

b) (Our method) Transform each circle at the selected variable one by one

• Establish the sound and locally complete orientation rules for singleton BK
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Local BK Singleton BK



The novel rules
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PAG Incorporate BK For contradiction

BK: 𝐶1↔ 𝑋↔ 𝐶2

Identification: 𝑋 → 𝐹

Suppose: 𝑋↔ 𝐹

Identification: 𝑇1 ∘→ 𝑋 ←∘ 𝑇2

(New unshielded colliders!)



MAG Listing procedure

• We have established the sound and locally complete rules for singleton BK

Tian-Zuo Wang (Nanjing University) 30

Search Tree

Select A to orient 
circles one by one 
and use the rules

• We can prove that the method has a polynomial delay



Simulations

Tian-Zuo Wang (Nanjing University) 31



Additional rules

• Are the rules in the current complete?
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No!
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Thanks for listening！


