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concave Optimization (5XO).

ExcessRisk = IJB;[f(iT)] — IIJ%IEIJB;U(U)]

With online-to-batch conversion (0O2BC), ONS incurs runtime O(d*/¢).

Objective: ExcessRisk < ¢

Open Problem. For SXO, (i) is it possible to achieve runtime O(d?/e)?

Eachround ¢t =1,2,...,T: Algorithm Regret Runtime ONS-Like
e learner picks a decision x; € X C R¢ OGD JT aT N/A
e at the same time, environment plcks convex loss f; : X - R ONS dlog T 2T + d3T log T Yes
e the learner suffers f;(x;) and observes V f;(x;)
OQNS dlog I d2Tlog T + d3\/Tlog T No
: . . : (constants x25)
f is a-exponentially-concave (o > 0), i.e., exp(—af(+)) is concave. o0 T
[Kivinen and Warmuth, COLT'99] LightONS 08 42T + d3/TTlog T Yes
T T (same constants as ONYS)
Objective: regret minimization Regy = Z fe(xe) — Hél;{l Z fr(u) LightONS achieves (D optimal regret, @ reduced runtime, @ “ONS-like”
t=1 t=1

. . Simply changing 1 line of ONS
Regret-Runtime Challenge in OXO ‘

Xt+1

Online Newton Step (ONS)

Initialize x; € X, Ag = €l.
Eachround ¢t =1,2,...,T":

e Play x;, observe V f;(x¢)
e Ay =A 1+ Vft(Xt)Vft(Xt)T
Xit1 =X — = A7 'V fi(xy)

Yo
o xip1 =114 [Rei| My[y] = min (x —y) TA(x — y)

[Hazan, Kalai, Kale, Agarwal, COLT'06]
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Newton-style update with

v

Hessian-like matrix

t
B T
Ay =€l + 32231 V fs(xs)V fs(xs) from x;,1 = Hit X¢41]

X if ||X¢t1]|2 < kD/2
OXi41 =9 4,1~ .
II5"[X¢41] otherwise

° Mahalanobis projection

ONS achieves minimax optimal regret O(dlogT). However, each
Mahalanobis projection costs O(d?) time even for simple domains

including the unit ball, leading to O(d®T) total runtime.

B(D/2)
X, 2 B(kD/2)

achieves minimax optimal regret O(dlogT") and reduces runtime to
O(d*T + d°+/TlogT). However, this is improper learning which may
reduce the intrinsic difficulty of OXO. Example: for logistic regression,

proper regret is Q(de® log T'), while improper regret reaches O(d log(GT)).

[Hazan, Koren, Levy, COLT'14; Foster, Kale, Luo, Mohri, Sridharan, COLT'18]

LightONS (Our Method)

Online Gradient Descent (OGD) achieves suboptimal regret O(v/T)

Initialize y; € Xk, Ag = €l.
Eachroundt=1,2,...,T:

 |Play x; = Il x|y:],|lobserve V f(x;),
compute Vg, (y:)

e Ay =41+ Vgt(Yt)Vgt(Yt)T
* Yir1 =Y — 1A Vai(ye)

for OXO, but only takes O(dT’) runtime for the unit ball.

Online Quasi-Newton Steps (OQNS)

OQNS circumvents Mahalanobis projections with log barrier:
Xi41 = X; — Approximate((V?®,(x;)) ' V®(x;)) where &(x) £

[Mhammedi and Gatmiry, COLT'23]

Domain conversion settles
improper learning issue:
Run deferred projections

on surrogate loss, then use

if |Yer1ll2 < kD/2

¢ 2
ndlog 1 + S x]2 + (st<xs>Tx F (V)T (x — x.) ) :
s=1 otherwise

v Yiti
t+1 — Ap 1
ngk [Yt+1]

cheap Euclidean projection

OQNS achieves minimax optimal regret O(dlog T') and reduces runtime to

O(d*T log T + d>+/TlogT). However, OQNS is not “ONS-like” (does not
apply to downstream results where ONS is backbone)!

Surrogate loss: g:(y) = V fi(x:)'y +

True decision: x; = x|yl

' to ensure proper learning.
max{ —V fe(x¢)' (yt—x¢),0
{ (7P | ly = ILx[y]ll2

[Cutkosky and Orabona, COLT'18; Cutkosky, ICML'20]

(ii) is it possible to perform any better than runtime O(d*/e)?

With O2BC, LightONS achieves runtime O(d? /) in expectation, and
with high probability, thus answers part (i1) of the open problem.

Applications to Downstream Results

Compared with OQNS, LightONS is simple, incurs small constants,
most importantly, is “ONS-like” (applies to downstream results).

(D Gradient-Norm Adaptivity: problem-dependent regret sacles with

Gr 23, IVfi(x)|3 < G*T. In benign cases, G = o(T) yields much
better regret. For unbounded online convex optimization, this implies

comparator-norm adaptivity, i.e., Reg; < O(]|u|l2vdGr).
[Orabona, Cesa-Bianchi, Gentile, AISTATS'12; Cutkosky and Orabona, COLT'18]

@) Jointly Efficient Generalized Linear Bandits: e.g., logistic bandits,

K-arm, 0/1-feedback, P(y; = 0 | x;) = 1/(1 + exp(w'x;)). Challenge:

(a) regret dependence on condition number x o exp(D), (b) one pass.
[Zhang, Xu, Zhao, Sugiyama, NeurIPS'25]

(3 Memory-Efficient OXO: only store top d’ eigenvectors of the Hessian-

like matrix 4; in ONS (d’ < d), reduce memory from O(d?) to O(d'd).

[Luo, Agarwal, Cesa-Bianchi, Langford, NIPS'16]

Regret (ONS Runtime Runtime OQNS?
& LightONS) (ONS) (LightONS) '
@D | O(dlogGr) O(d3T) O(d*T + d*>v/TlogT) | Hardly
~ ~ O(d*KT + d*
T + kd? PKT + d°T Hardl
@ | O(dVT + kd?) | Of + d°T) min{V/rdT log k. TV ardly
® | O(dlogT) O(d3T) O(d'dT + d®\T) | Intricate
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