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Abstract— Neural network models generally involve two impor-
tant components, i.e., network architecture and neuron model.
Although there are abundant studies about network architec-
tures, only a few neuron models have been developed, such as
the MP neuron model developed in 1943 and the spiking neuron
model developed in the 1950s. Recently, a new bio-plausible
neuron model, flexible transmitter (FT) model (Zhang and Zhou,
2021), has been proposed. It exhibits promising behaviors, partic-
ularly on temporal-spatial signals, even when simply embedded
into the common feedforward network architecture. This article
attempts to understand the properties of the FT network (FTNet)
theoretically. Under mild assumptions, we show that: 1) FTNet
is a universal approximator; 2) the approximation complexity of
FTNet can be exponentially smaller than those of commonly used
real-valued neural networks with feedforward/recurrent architec-
tures and is of the same order in the worst case; and 3) any local
minimum of FTNet is the global minimum, implying that it is
possible to identify global minima by local search algorithms.

Index Terms— Approximation complexity, flexible transmitter
(FT) model, local minimum, neural networks.

I. INTRODUCTION

EEP neural networks have become mainstream in
artificial intelligence and have exhibited excellent per-
formance in many applications, such as disease detection [2],
machine translation [3], emotion recognition [4], etc. Typ-
ically, a neural network model is composed of a network
architecture and a neuron model. The past decade has wit-
nessed abundant studies about network architectures, whereas
the modeling of neurons is relatively less considered. Typ-
ical neuron models include the MP neuron model [5] and
the spiking neuron model [6], [7]. Recently, a new bio-
plausible neuron model, flexible transmitter (FT) model [1],
has been proposed. In contrast to the classical neuron models,
the FT neuron model mimics neurotrophic potentiation and
depression effects by a formulation of a two-variable function,
exhibiting great potential for temporal—spatial data processing.
Furthermore, Zhang and Zhou [1] developed the FT network
(FTNet), a feed-forward neural network (FNN) composed of
FT neurons, which performs competitively with the state-of-
the-art models when handling temporal-spatial data.
However, the theoretical properties of the FT model remain
unknown. This work takes one step in this direction. We notice
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that the formulation of the FT model provides greater flexibil-
ity for the representation of neuron models, and its benefits are
twofold. First, the complex-valued implementation takes into
account the magnitude and phase of variables and is thus good
at processing data with norm-preserving and antisymmetric
structures. Second, the modeling of neurotrophic potentiation
and depression effects derives a local recurrent system, and
FTNet intrinsically has temporal—spatial representation ability
even in a feed-forward architecture. Inspired by these insights,
we present the theoretical advantages over the FNN and
recurrent neural network (RNN) from the perspectives of
approximation and local minima. Our main contributions can
be summarized as follows.

1) FTNet is a universal approximator, i.e., a one-hidden-
layer FTNet with admissible activation functions can
approximate any continuous function and discrete-time
open dynamical system (DODS) on any compact set
arbitrarily well, stated in Theorems 1 and 2, respectively.

2) We present the approximation-complexity advantages
and the worst case guarantees of FTNet over the
FNN and RNN. Specifically, separation results exist
between one-hidden-layer FTNet and one-hidden-layer
FNN/RNN, as shown in Theorems 3 and 4, respec-
tively. In addition, any function expressible by a
one-hidden-layer FNN or RNN can be approximated
by a one-hidden-layer FTNet with a similar number
of hidden neurons, as shown in Theorems 5 and 6,
respectively. These theorems imply that FTNet is capa-
ble of expressing functions more efficiently than FNN
and RNN.

3) We show that FTNet in the feedforward architecture has
no suboptimal local minimum using general activations
and loss functions, as illustrated in Theorem 7. This
implies that local search algorithms for FTNet have the
potential to converge to the global minimum.

The rest of this article is organized as follows. Section II
introduces related work. Section III provides basic notations,
definitions, and the formulation of FTNet. Section IV proves
the universal approximation of FTNet. Section V investigates
the approximation complexity of FTNet. Section VI studies the
property of the local minima of FTNet. Section VII concludes
our work with prospect.

II. RELATED WORKS

A. Universal Approximation

The universal approximation confirms the powerful expres-
sivity of neural networks. The earliest research is the universal
approximation theorem of FNN, which proves that FNN with
suitable activation functions can approximate any continuous
function on any compact set arbitrarily well [8], [9], [10].
Furthermore, Leshno et al. [11] point out that a nonpoly-
nomial activation function is the necessary and sufficient
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condition for FNNs to achieve universal approximation. Later,
some researchers extend the universal approximation theo-
rems to other real-weighted neural networks with different
architectures, such as RNN [12], [13], [14], [15], [16] and
convolutional neural networks [17]. For complex-weighted
neural networks, it has been proven that they can approximate
any continuous complex-valued functions on any compact set
using some activation function [18], and that nonholomorphic
and nonantiholomorphic activation functions are the necessary
and sufficient condition of universal approximation [19]. Our
work investigates the universal approximation of FTNet, i.e.,
the capability of complex-weighted neural networks to approx-
imate real-valued functions and dynamical systems.

B. Approximation Complexity

The universal approximation theorems only prove the possi-
bility of approximating certain functions, but do not consider
approximation complexity, i.e., the number of required hid-
den neurons for approximating particular functions. It is
also important to consider approximation complexity, which
reflects the efficiency of approximation. Early works focus on
the degree of approximation of one-hidden-layer FNN, i.e.,
how approximation error depends on the input dimension and
the number of hidden units [20], [21], [22], [23]. Recent works
prove separation results, i.e., one model cannot be expressed
by another model with the same order of parameters [24],
[25], [26], [27]. A notable work proves that one-hidden-layer
FNN needs at least exponential parameters to express a given
complex-reaction network (CRNet) [28]. Our work not only
provides the separation results between FTNet and FNN/RNN
but also guarantees that any FNN/RNN can be expressed by
FTNet with a similar hidden size.

C. Local Minima

Suboptimal local minima are undesirable points of the loss
surface, without which it is tractable to train neural networks
using local search algorithms. Early works show that one-
hidden-layer FNN using the squared loss has no suboptimal
local minimum under suitable conditions [29], [30], [31], [32].
These results are extended to multilayer FNN [33], [34] and
other types of neural networks, such as deep ResNet [35], deep
convolutional neural networks [36], deep linear networks [37],
[38], and overparameterized deep neural networks [39]. From
another perspective of algorithms, some researchers prove that
some commonly used gradient-based algorithms, e.g., GD and
SGD, can converge to the global minimum or an almost
optimal solution when optimizing overparameterized neural
networks [40], [41], [42], [43], [44], [45], [46], [47], [48], [49],
[50]. Our work extends the classical results of FNN to FTNet
in the feedforward architecture and generalizes the condition
on the loss function from the squared loss to a large class of
analytic functions.

III. PRELIMINARY

We denote by i = +/—1 the imaginary unit. Let Re(z),
Im(z), 6, and 7z be the real part, imaginary part, phase, and
complex conjugate of the complex number z, respectively. Let
0<% denote the zero matrix with a rows and b columns.

This work considers FTNet with two typical architectures,
that is, recurrent FTNet (R-FTNet) and feedforward FTNet
(F-FTNet), and the time-series regression task with 1-D out-
puts throughout this article. We focus on one-hidden-layer
FTNet throughout this article. For deep FTNet, it would be
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interesting to study feature space transformation, which might
be a key to understanding the mysteries behind the success
of deep neural networks [51]. Let x, € R’ be the input
vector at time ¢, and x;.;7 = (x1; X2;...;x7) € RT denotes
the concatenated input vector at time 7. We employ the
mapping fxr to denote a one-hidden-layer R-FTNet with
H, > I + 1 hidden neurons as follows:

Sxr:iXtr = (V1 -5 Yx,T)
si+ri =0 (Wi + Vi) (k(x,, He) +ri11))
t€[T] (D

where r,, s, € R¥x, and yx: € R represent the receptor,
stimulus, and output at time ¢, respectively, W,., V,, and o«
denote real-valued weight parameters, x : R/ x N* — R~
stretches the input to a higher dimensional space in which

k(x,Hy) = (x;0;...;0;1) € R, with Hy > 1+ 1 2)
and o, is an activation function applied componentwise.
Notice that (1) is a multiplicative (rather than additive) form
of FTNet since multiplication is the last operation before
applying the activation function. In addition, we also employ
the mapping fx r to denote a one-hidden-layer F-FTNet with
H, > I + 1 hidden neurons as follows:

fxr i x > e Re[ox (W + Vi (x, Hy))]. 3)

The zReLU activation function [52] is a promising choice
of the activation function in FTNet, which extends the
widely used real-valued activation function ReLU [53] to the
complex-valued domain, and is defined as

o(z) = [é’ if o < [0.7/2] U [7,37/2] @
, otherwise.

Dynamical systems are of great interest when considering
the universal approximation of neuron models in the recurrent
architecture. We focus on the DODS defined as follows.

Definition 1: Given an initial hidden state hy € R with
Hp € N*t, a DODS is a mapping fp defined by

T
)’x,z = axsh

Sforxrr=> O, easy7)
yi = ¥ (hy)
hy =@, hi_1), telT] ®)

where x; € R/, h, € R, and y, € R represent the
input, hidden state, and output at time ¢, respectively, ¢ :
R! x Rfo — R" and ¢ : Rf® — RO are continuous
mappings.

IV. UNIVERSAL APPROXIMATION

We show the universal approximation of F-FTNet and
R-FTNet in Sections IV-A and IV-B, respectively.

A. Universal Approximation of F-FTNet

Let || f Il > (o) denote the essential supremum of the function

f on the domain €2, i.e.,

I f L@ =inf{d | uix o |f(x)| = A} = 0}
where p is the Lebesgue measure. We now present the
universal approximation for F-FTNet as follows.

Theorem 1: Let K c Rl bea compact set, g is a continuous
function on K, and o is the activation function of F-FTNet.
Suppose there exists a constant ¢ € R, such that the function
o (x) = Re[ox(x + ci)] is continuous almost everywhere and
not polynomial almost everywhere. Then for any ¢ > 0, there
exists an F-FTNet f. g, such that

H fxr—g ||L°C(K) S e
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Theorem 1 indicates that F-FTNet with suitable activation
functions can approximate any continuous function on any
compact set arbitrarily well. The conditions in this theorem
are satisfied by many commonly used activation functions,
such as modReLU [54], zReLU [52], and CReLU [553].
Previous studies focus on the universal approximation of
real-weighted networks with real-valued target functions or
complex-weighted networks with complex-valued target func-
tions. To our knowledge, Theorem 1 is the first result
considering the approximation capability of complex-weighted
networks with real-valued target functions. The condition
about ¢ of FTNet is the same as that of FNN [11], but
the activation o, of FTNet is more flexible since o is just
the restriction of oy on a particular direction. The require-
ment of not polynomial o is weaker than non-holomorphic
and non-antiholomorphic activation, which is the necessary
requirement of complex-weighted networks with complex-
valued target functions [19]. Thus, FTNet successfully benefits
from expressing real-valued functions instead of complex-
valued ones. We begin our proof with the following lemma.

Lemma 1 [11, Th. 1]: Let K C R’ be a compact set, and g
is a continuous function on K. Suppose the activation function
or is continuous almost everywhere and not polynomial almost
everywhere. Then for any ¢ > 0, there exist Hr € N, Wk €
RA>! and @, ap € R¥*, such that

||oc;oF(pr —60p) — g(x)”Lm(K) < e
Lemma 1 shows that one-hidden-layer FNN can approxi-
mate any continuous function on any compact set arbitrarily
well, using suitable activation functions.

Proof of Theorem 1: Based on Lemma 1, it suffices
to construct an F-FTNet that has the same output as any
given FNN. Since the function o(x) is continuous almost
everywhere and not polynomial almost everywhere, it satisfies
the conditions in Lemma 1. According to Lemma 1, there exist
Hp € NT, Wp € R and @, ap € R¥¥, such that

loeg o (Wex —05) — g(0) || e gy <& (6)

We now construct an F-FTNet with H, = max{/ + 1, Hg}
hidden neurons as follows:

We 0 -8
Wx=[0F 0 OF:|

_ 0 0 Cl _ or
e G Sk
Thus, one has
fup(x) = a[Re[on (W, + Vi) (x, Hy))]

= aRe[o, ([Wpx — 0 + cli; 0]) ]

= a;Re[aX (Wgx — 0 + cli)]

= af o (Wpx — 0) (7)
where the first equality holds according to (3), the second and
third equalities hold from the construction of the F-FTNet,
and the fourth equality holds because of the definition of the
function o. From (6) and (7), we obtain

| fr@) =g | g, <€
which completes the proof. ]

B. Universal Approximation of R-FTNet

We proceed to study the universal approximation for
R-FTNet as follows.

Theorem 2: Let K C R/ be a convex compact set, fp is
a DODS defined by (5), and oy is the activation function
of R-FTNet satisfying o4 (0) = 0. Suppose there exists a
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constant ¢ € R, such that both o;(x) = Re[ox(x + ci)] and
07(x) = Im[oy (x +ci)] are continuous almost everywhere and
not polynomials almost everywhere. Then for any ¢ > 0, there
exists an R-FTNet f, r, such that

fo,R - fD”Loc(KT) <e.

Theorem 2 shows that R-FTNet is a universal approximator.
The requirement of convex domain K is trivial since it is
always possible to find a convex domain including a given
compact domain. The conditions of the activation function are
satisfied by many commonly used activation functions, such as
modReLU, zReLLU, and CReLU. Existing studies investigate
the universal approximation of RNN, and the most general
condition uses sigmoidal activation functions [16]. We extend
the results to complex-weighted networks and generalize the
requirement of activation functions.

Proof of Theorem 2: We start our proof with the universal
approximation of an intermediate network, named additive
FTNet. One-hidden-layer additive FTNet with H, hidden
neurons can be viewed as a mapping f, r, defined by

Jrr X = s oo Y4T)
p, = o1(Ax, +Bq,_| — ¢)
q, = 02(Ax; +Bq,_; — ¢)

Yoo =oip, t€[T] ®)
where A € R+ B e RI>H+ o ¢ e R+ indicates
weight parameters, and p,,q, € R+ denotes hidden states.
We claim that there exists an additive FTNet f, r, such that

” Jrr = o HL“(KT) Se ©)
This claim indicates the universal approximation of additive
FTNet. The proof of (9) is similar to that of the universal
approximation of RNN and is provided in Appendix A.
Based on (9), it suffices to prove that any additive FTNet
using induced activation functions o) and o, is equivalent to
an R-FTNet using the activation function o.

First, provided an additive FTNet, the R-FTNet with H, =
I 4+ H. + 1 hidden neurons is constructed as follows:

o< 0 0 0
W,=| 0 B —cl|, r0=|:q0i|
0 o o 0

A\ (10)

0 0 o 0
|:A 0 —;:|, (XX=|:Ol+:|.
0 0 o0 0

Second, we calculate the receptor, stimulus, and output
of the above R-FTNet. We prove r, = [0'*!;¢q,;0"%!] by
mathematical induction as follows.

1) For t = 0, the conclusion holds according to (10).
2) Suppose that the conclusion holds for + = t with 7 <
T — 1. Thus, one has
revr = Imf[oy (0; c1 + (Axo41 +Bg, — £)i; 0)]
= [0: 92(Ax 41 + Bg, — £); 0]
= [0:4.,1:0]
where the first equality holds from (1), (10), and the
induction hypothesis, the second equality holds based on
the definition of the activation function o, in Theorem 2,
and the third equality holds according to (8). Thus, the
conclusion holds for r = 7 + 1.

For any t € [T], the stimulus satisfies
s; = Re[o,(0; c1 + (Ax, + Bg,_; — ¢)i; 0)]
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= [0§ oa2(cl,Ax; +Bq,
= [0: p,: 0]
which leads to y., = als, = alp, = yy.. Therefore, the

R-FTNet defined by (10) has the same output as the additive
FTNet defined by (8), i.e.,

fxr@ir) = frr(xir) Vxpr e KT,
Finally, from (9) and (11), one has

||f><,R(x1:T) -

—-£):0]

(1)

o) ey
= || firr(x17) —

which completes the proof.

foxrr)lipekry <&
O

V. APPROXIMATION COMPLEXITY

We show the approximation advantage of FTNet over FNN
and RNN in Section V-A and provide worst case guarantees in
Section V-B. Let us introduce the (g, D)-approximation, which
is used throughout this section.

Definition 2: Let g be a function from R’ to R, F is a class
of functions from R’ to R, and D is a distribution over R’.
The function g can be (g, D)-approximated by function class
JF if there exists a function f € F, such that

Eep[(g(x) = f(¥))*] <e

The (e, D)-approximation means that the minimal expected
squared difference between a function from the function class
F and the target function g is small. Let F be the function
space of a neural network, and g is the learning target. Then
the (e, D)-approximation indicates that it is possible to find
a set of parameters for the neural network, such that the
neural network suffers a negligible loss under the task of
learning g.

A. Approximation-Complexity Advantage of FTNet

We now present two theorems showing the separation results
between FTNet and FNN/RNN, respectively.

Theorem 3: There exist constants I; € N*, ¢, > 0, and
c1 > 0, such that for any input dimension / > I, there exist
a distribution D; over R’ and a function f; : R’ — R, such
that

1) For any ¢ > 0, the target function f; can be (g, Dy)-
approximated by one-hidden-layer F-FTNet with at most
max{3 c¢21'5/2/¢% 271%} parameters using the zReLU
activation function.

The target function f| cannot be (g1, D;)-approximated
by one-hidden-layer FNN with at most &,e®!! parameters
using the ReLU activation function.

Theorem 4: There exist constants I, € NT, g, > 0, and
¢y > 0, such that for any input dimension I > I, there exist
a distribution D, over R’ and a DODS fp : R/T — RT, such
that

1) For any ¢ > 0, the DODS fp can be (T, DJ)-
approximated by one-hidden-layer R-FTNet with at most
3(c2 1'% /e 4 31)* parameters using the zReLU activa-
tion function.

The DODS fp cannot be (Tey, DI)-approximated by
one-hidden-layer RNN with at most e’ /4 parameters
using the ReLU activation function.

Theorems 3 and 4 show the approximation-complexity
advantage of FTNet over FNN and RNN, respectively, i.e.,
there exists a target function such that FTNet can express
it with polynomial parameters, but FNN or RNN cannot

2)

2)
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approximate it unless exponential parameters are used. Pre-
vious studies usually demonstrate separation results between
deep networks and shallow networks [24], [25], [26]. A recent
study shows exponential separation between one-hidden-layer
CRNet and one-hidden-layer FNN [28]. Our results consider
both feedforward and recurrent architectures and demonstrate
the advantage of FTNet by showing that it is sufficient for
one-hidden-layer FTNet to possess exponential separation over
FNN and RNN. We begin our proof by introducing the CRNet
and an important lemma.

The CRNet is a recently proposed neural network with
complex-valued operations [28]. The real-valued input vector
x = (x1;x2;...:x7) € RI is folded by a transformation
mapping 7 : R/ — C!/? to form a complex-valued vector,
ie.,

Tix > (X a2 X)) + (Krpen X X )i

where the input dimension [/ is assumed to be an even
number without loss of generality. Recalling the formulation of
CRNet [28], one-hidden-layer CRNet with Hc hidden neurons

is a mapping fc : R’ — R of the following form:
fc i x > Re[eloc(Wet(x) + be)| (12)

where W € CHexd| po e CHe, g e CHe indicate weight
parameters, and oc : C — C is a complex-valued activation
function applied componentwise.

Lemma 2 [24, Th. 1] and [28, Th. 2]: There exist constants
Io € N, g9 > 0, and ¢y > 0, such that for any input dimension
I > I, there exist a distribution Dy over R’ and a function
fo : R = R, such that.

1) For any ¢ > 0, fy can be (g, Dy)-approximated by one-
hidden-layer CRNet with at most ¢y/'%*/¢ parameters
using the zZReLU activation function.

2) The function fy cannot be (g9, Dy)-approximated by
one-hidden-layer FNN with at most gye®! parameters
using the ReLU activation function.

Lemma 2 indicates the approximation-complexity advantage
of CRNet over FNN, i.e., there exists a target function such
that CRNet can express it with polynomial parameters, but
FNN cannot express it unless exponential parameters are used.

Proof of Theorem 3: Let I} = Iy, &1 = €y, and ¢; = ¢,
where 1y, €9, and ¢( are defined in Lemma 2. For any I > I,
let D; = D and f; = fo. Without loss of generality, let the
input dimension / be an even number.

First, we prove that F-FTNet can approximate the target
function f| using polynomial parameters. Recalling the defi-
nition of CRNet in (12), we define

Wce = We g + Wc i

bc = bc g + be ii
ac = ac g +oc;i (13)
where Wc g, We; € RHXIZ2 pep be;, € RHc, and

oc R, 0c € R are real-valued parameters. The rest of the
proof is divided into several steps.

Step 1: We construct an F-FTNet with the same output as
a given CRNet. The F-FTNet with H, = max{2Hc, I + 1}
hidden neurons is constructed as follows:

Wer —Wer 0 bep

= Wc 1 L 0 b,
0 0

WC I WC R0 bc;

= WC R c 1 0 bcr
0 0
=0, a,= [OLCR, _“CIsO]
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and o is the zZReLU activation function. The output of the
constructed F-FTNet above satisfies

fxp(x) = alRe[o (Wy + Vi) (k (x, Hy) + roi)]
= aIRe[aC([WCz(x) T be: Wer(x) + beis 0])]
= al gRe[oc(Wet (x) + be)]
— &g Refoc(Wer () + bei) |
It is observed that

Re[ac(x + yi)] = Im[ac(x + yi i)] = [

(14)

x, ifxy >0,
0, otherwise.
Thus, one has

fer@®) = Re| (ac.r +ac.ri) "oc(Wer(x) + bo) |
= Re[aloc(Wet(x) + bo)]

= fe(x) 15)
which indicates that any CRNet with hidden size Hc can be
expressed by an F-FTNet with hidden size max{2Hc, I + 1}.

Step 2: We bound the number of required parameters in the
constructed F-FTNet. From Lemma 2, for any ¢ > 0, there
exists CRNet fc with at most (c;/'%*)/e parameters using
the zZReLU activation function, such that

Ex-p[(fe(x) = fitx)?] <e. (16)
For CRNet with Hc hidden neurons, it has 2Hc(I + 2)
parameters. Thus, the hidden size of CRNet satisfies

e 1194 e 1'5/4
21 +2)e = 2¢

According to Step 2, there exists an F-FTNet, with no more
than max{2Hc, I + 1} hidden neurons, satisfying f p(x) =
fc(x). This property, together with (16), indicates that

Ex~D[(f><,F(x) - fl(x))Z:I <e

and that the number of hidden neurons in the constructed
F-FTNet f. r is no more than

H, <max{2Hc,I + 1} < max{cllls/4/8, I+ 1}.

For F-FTNet with H, hidden neurons, it has 2H§ + Hy
parameters. Thus, the number of parameters in the constructed
F-FTNet f. r is no more than

2 H: + H, <3H: <max{3 c71'%%/& 271},

Second, Lemma 2 indicates that FNN needs at least expo-
nential parameters to approximate the target function f;.

Combining the conclusions above completes the proof. [J

Proof of Theorem 4: Let I, = Iy, &y = €y, and ¢, = ¢,
where 1y, €9, and ¢( are defined in Lemma 2. For any I > I,
let D, = D. Without loss of generality, let the input dimension
I be an even number. The DODS is constructed as follows. For
any input x € R’ and hidden state k € R™ let ¢(x, h) = x
and ¥ (h) = fy(h), where fy is the same function as that in
Lemma 2. Thus, the output at time ¢ is

i =¥ h) =¥ (e, hi—1)) = folx))
which holds according to (5).
First, we prove that R-FTNet can express fp using polyno-
mial parameters. The proof is divided into several steps.
Step 1: We construct an R-FTNet with the same output as
a given CRNet. From the proof of Theorem 3, for any ¢ > 0,
there exists a CRNet fc with at most Hc = (c;I1/%)/(2¢)
hidden neurons using the zZReLU activation function, such that

Ee-n[(fe(x) — fox))*] <e. (18)

Hc <

a7
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Let WC,R’ Wc,[, bC,Ry bC,h 0C.R» and oc, be the
real-valued weight matrices of the above CRNet, which are
defined in the same way as those in (13). Define the R-FTNet
fx.r with H, =2Hc + I + 1 hidden neurons as follows:

—01><1/2 0 0 0 7
W. — Wer —Wer 0 bepg
. We i Wer 0 bcy
Lo o o0 o0 |
COI2 0 0 0T
x Wer —Wer 0 ber
0 o 0o o0 |
ro=0, o, =[0:0cg; —ac;:0]

and oy is the zReLU activation function. We then prove that
the output of the above R-FTNet is the same as that of the
CRNet in (18). Since the first / rows and the last row in W
and V are all 0, one has r; = [0;«; 7;; 01x] for any ¢ € [T],
where 7, € R?Hc is an arbitrary vector. Then the output of the
R-FTNet at time ¢ is

Vi = ogIRe[o‘>< ((Wy + Vi) (k(x,, Hy) + r,,li))]
— ol pReloc(Wer (x)) + bo)l

- ag,Re[aC (mi)].

The right-hand side of the above equation is the same as that
of (14), except substituting x with x,. By similar derivation
used in (15), one has

Vi = felx) VYitelT] 19)

Step 2: We prove that the R-FTNet constructed in Step 1 can

approximate DODS fp with a small expected squared loss and

then bound the number of required parameters. The expected
squared loss of the above R-FTNet is

Ex,:wz);[” Sxr(x1T) — fD(x1;T)H2]

T
= Ex]:TND{ |:Z(y><,t - y1)2:|

t=1

T
= Ey ~pr |:Z(fC(xt) - fo(xz))2i|

=1
< Te
where the second equality holds from (17), (19), and the first
inequality holds based on (18). We then calculate the number
of parameters in the above R-FTNet. Since FTNet with hidden
size H, has 2H?2 + H, parameters, the number of parameters
in the constructed R-FTNet is no more than
2 H? + Hy <3H2 <3(cil'™¥*/e +31)".

Second, we prove that RNN needs at least exponential
parameters to approximate the target DODS fp. The proof
is divided into several steps.

Step 1: We prove that if the total loss suffered by RNN is
large, there exists a time point ¢ € [T], such that RNN suffers
a large loss at time ¢. For the unity of notations, we rewrite the
one-hidden-layer RNN fr with Hg hidden neurons as follows:

SRixrr = Qris .45 YRT)
m, = og(Wrx, + Vrm,_; — {g)
for t € [T] (20)

where m, € R”® and yg, € R represent the memory and
output at time ¢, respectively, Wg, Vg, ¢y, ar denote weight

T
YR,r = Oy,
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parameters, and or is the ReLU activation function applied
componentwise. If the DODS can be (T ¢y, DI )-approximated
by RNN, the following holds from Definition 2:

Teo > By popr [l fr10) = o)

T
2
= Exl:TNDgT |:Z(yR’t - y’) :|
=1

Since for any time ¢ € [T'], the squared term (ygr; — yt)2 is
always non-negative, there exists time #y € [T], such that
IEX,ONDZ[(yR,,O — yto)z] < &o. According to the definitions of
YR, and y, in (20) and (17), one has

Eyp, [(OCEO'R(WRX + Vrmy,_1 +0r) — fo(x))2:| < &o.

(2D

Step 2: We use Lemma 2 to give a lower bound on the

number of parameters of RNN with small loss. Before the

proof, we rewrite the FNN in the mapping form for the unity

of notation. One-hidden-layer FNN with Hp hidden neurons
can be viewed as a mapping fr, defined by

fr i x > agop(Wex — Lr) (22)

where x € R/ represents input at time ¢, Wg € R#*1 ¢
ar € R denote weight parameters, and o is the ReLU
activation function applied componentwise. We now construct
an FNN equivalent to the RNN at time 7, as follows. Let
ap = ar, Wg = Wy, and bg = Vrm,,_; +0r. From (21), one
has Ex~p,[(fr(x) — fo(x))z] < &9. According to Lemma 2,
the number of parameters of fi is at least gge®’. For FNN
with Hp hidden neurons, it has 2Hg(I + 1) parameters. Thus,
the hidden size of the FNN satisfies

goeto! g0
20+1) 7 4l

For RNN with Hgi hidden neurons, it has Hr(/ + Hg + 2)
parameters. Since the above FNN has the same hidden size
as the RNN, i.e., Hr Hg, one knows that the number of
parameters of RNN satisfies

801

Hp >

goeto!

HR(1—|—HR+2) > HRI = HFI 2

Combining the conclusions above completes the proof. [

B. Worst Case Guarantee of FTNet

We proceed to provide the worst case guarantees of approx-
imation complexity for F-FTNet and R-FTNet.

Theorem 5: Let f be a function from R! to R, and D is
a distribution over R!. For any ¢ > 0, if f can be (e, D)-
approximated by one-hidden-layer FNN with hidden size Hg
using the ReLU activation function, then f can be (g, D)-
approximated by one-hidden-layer F-FTNet, with hidden size
max{Hr, I + 1} using the zReL.U activation function.

Theorem 6: Let fp be a DODS from R!T to R”, and D is
a distribution over R”’. For any ¢ > 0, if fp can be (e, D)-
approximated by one-hidden-layer RNN with hidden size Hg
using the ReLU activation function, then fp can be (g, D)-
approximated by one-hidden-layer R-FTNet, with 2Hg + 1 +
1 hidden neurons using the zReLU activation function.

Theorems 5 and 6 provide the worst case guarantees for
FTNet, saying that the disadvantages of FTNet over FNN
and RNN are no more than constants. Previous studies only
provide separation advantages of model A over model B
when expressing particular functions [24], [25], [26], [27],
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[28], without considering the opposite problem, i.e., whether
model B possesses separation advantages over model A when
approximating other functions. To our knowledge, our work
is the first one to realize the opposite problem and provide a
negative answer.

Proof of Theorem 5: Since f can be (¢, D)-approximated
by FNN, there exists an FNN defined by (22), such that

Ex-p[(f(x) — frx)?] <e. (23)

First, an F-FTNet, fy p with H, = max{Hp, [ + 1} hidden

neurons is constructed as follows:
_|Wr 0 b {0 o0 1
WX—[ 0 0 0}"’*—[0 0 0}
ro=0, o, =[ag0]
and oy is the zZRelLU activation function.

Second, we prove that the output of the above F-FTNet, is
the same as that of the FNN in (23). For any input x € R/,
the output of the F-FTNet, is

fr () = @ Re[0x (Wi + Vi) (k (x, Hy) + roi))]
= a,Re[o, ([(Wex + bp) + 1i; 0])]
= ap Re[oy (Wex + bp + 1i)]
where the first equality holds based on (3), the second and third
equalities hold from the construction of F-FTNet, in Step 1.
Recalling the definition of the zReLU activation function
in (4), one has

fxp(x) = afRe[(Wrx + bp + 1i) o I(Wpx + b > 0)]
o [(Wrx + br) o I(Wex + by > 0)]
agaF(WFx + bF)

Jr(x) (24)
where the third equality holds because oF is the ReLU activa-
tion, and the fourth equality holds from (22). Finally, we prove
that the constructed F-FTNet, can (e, D)-approximate the
function f. According to (23) and (24), one has

Ex[(f(x) = frr@)?] = E[(f (@) = fr@)?] <&
which completes the proof. (|
Proof of Theorem 6: Since the target DODS fp can be
(¢, D)-approximated by RNN, there exists an RNN defined
by (20) satisfying the following inequality:
Ex ,~p[(folrur) = fr@ir)’] <e. (25)
First, we construct an R-FTNet, fx g with hidden size
H, = 2Hg + I 4 1 using the zReLU activation as follows:

07 ; 0 0 0
_ | Wr o Opxn, 0 Or
We=1"0 0o w 1
L 0 0 0 01><1
- 0 0 0 0
vo_| o 0 v 1
*T | Wr O 0 or
(0 0 o0 0
ro = [07.15 Opiexc1s mo: 011 |

@y = [07x13 or; Opgexrs 011 - (26)

Second, we prove that the output of the constructed
R-FTNet, in (26) is the same as that of the RNN in (25).
Let r, = [Fi1; 2 i35 Fral, where 7, € R rpy € RFR
r:i3 € R and r, 4 € R. We prove thatr, | = 0741, r; 3 = my,
and r; 4 = 04, hold for any ¢+ < T by mathematical induction.

1) Base Case: From (26), the claim holds for r = 0.
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TABLE I
APPROXIMATION COMPLEXITY OF FTNet AND FNN

Target Width of FNN  Width of FTNet
In Theorem 3 Qe11/I) O(I15/4)
Any (Theorem 5) Hp O(HFp)

2) Induction: Suppose that the claim holds for ¢+ = T where
t€{0,1,...,T —1}. From (26), it is observed that the
first and fourth rows of the weight matrices W, and V
are all 0. Based on o, (0) = 0, one knows that

Fry11 =0x(0)=0 and r.i14=04(0)=0.
Furthermore, one has
rev1s = Imfoy (14 (Wrxoyg + Vrres +0g)i) ]
= (WrXc41 + Vrre3 +0g)
OH(Wsz-H + Vgrr sz +0g > 0)
= or(WrX 41 + Vrm, + 0g)

=Mz
where the first equality holds from the construction
in (26) and the hypothesis induction, the second equality
holds according to (4), the third equality holds because
or 1s the ReLU activation function, and the fourth
equality holds based on (20). Thus, the claim holds for
t=1t+1.

For any ¢t € [T], let s, = [$;.1; S:.2; §1.3; S1.4], Where s, €
R!, s,, € R#x s,3 € R™, and s;4 € R. Similar to the
calculation of r;3, one has s,, = m,. Thus, the output of
R-FTNet, is the same as that of RNN, i.e.,

Yri =08 = RS2 = g, = YR, 27)
Finally, we prove that the constructed R-FTNet, can (¢, D)-
approximate fp. From (25) and (27), one has

Ey,oop[(fo(xir) — fur(xir)?]

= Exl:'rND[(fD(xl:T) - fR(xI:T))Z] <e¢
which completes the proof. (]
Tables I and II summarize the approximation complexity
results of FTNet using asymptotic notations, where €; and
€, are two constants irrelevant to the input dimension /. FTNet
possesses exponential advantage when expressing particular
functions, and requires hidden size of the same order in
arbitrary cases. These results suggest that FTNet is able to
exhibit dynamic reaction by the flexible formulation of the
synapse, which would be demanded in decision making [56]
and open-environment machine learning [57], though the anal-
ysis is beyond the scope of this article.

VI. LocAL MINIMA

This section investigates the empirical loss surface of
F-FTNet. Let S = {(x;, y;)}}_, be the training set, where
x; € R! denotes the ith sample, and y; € R represents the
label of the ith sample. Consider the empirical loss of F-FTNet
with the following form:

L= Zl(fx,F(xi) - i)
i=1

where f r is the mapping of F-FTNet defined in (3), and
[ : R — R is a loss function. Let Z = W, + Vi be
the complex-valued weight matrix, and & denotes o, for
simplicity. Then the empirical loss L is a function of Z and
a, denoted by L(Z, o). Holomorphic activation functions are

(28)
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TABLE I
APPROXIMATION COMPLEXITY OF FTNet AND RNN

Target Width of RNN  Width of FTNet
In Theorem 4 Q(es2!) O(I'5/4)
Any (Theorem 6) Hp O(HR)

of interest in this section, and the definition of holomorphic
functions is reviewed as follows.

Definition 3 [58, p. 2]: A function g : C" — C is called
holomorphic if for each point w = (wy, wy, ..., w,) € C",
there exists an open set U, such that w € U, and the function
g has a power series expansion

m
z Ay, vs,..., 00 H(Zj - wj)vj

(V1,02,...,0, ) EN" j=1
which converges for all z = (21,22, ...,2m) € U.

Let us define a class of loss functions called well-posed
regression loss functions.

Definition 4: A loss function / : R — R is called a
well-posed regression loss function, if / satisfies the following
conditions: 1)/ is analytic on R; 2) /(0) = 0; and 3) [ is strictly
decreasing on (—o0, 0) and strictly increasing on (0, +00).

The conditions in Definition 4 are satisfied by many com-
monly used loss functions for regression or their smooth
variants, such as the squared loss /(x) = x?2, the parameterized
cosh I(x) = ¢ '[In(e™ +e~?*) —In 2] with positive parameters
a, b, and ¢, which can approximate the absolute loss /(x) = |x|
and the quantile loss I(x) = (I — 0)xl,»o — OxI,o with
6 € (0,1) [59] in the limit. The following theorem studies
local minima of the empirical loss L.

Theorem 7: Suppose that all samples are linearly inde-
pendent, the activation function oy is holomorphic and not
polynomial, and that / is a well-posed regression loss function.
If the loss L(Z, ) is positive, then for any § > 0, there exist
AZ and Aa satisfying the following inequalities:

L(Z+ AZ,0 + Aa) < L(Z, @)

fz) = (29)

and
IAZ]F + | Aa]l, < 6.

Theorem 7 shows that it is always possible to reduce the
loss in the neighborhood as long as the loss is not 0. This
indicates that any local minimum of L(Z, «) is the global
minimum. The requirement of linearly independent samples
holds with probability 1 when the sample size is no larger
than the input dimension, and the samples are generated from
a continuous distribution. Existing studies mostly investigate
the local-minima-free condition of FNN using specific loss
with strong conditions, such as linearly separable data [60],
particular activation functions [37], [38], [61], [62], and
over-parameterization together with special initialization [42],
[45], [46], [47], [48]. Theorem 7 holds for a large class of
activations and loss functions. The requirement of a large input
dimension is reasonable since previous work proves that FNN
has suboptimal local minima with low-dimensional input under
general settings [63]. We begin our proof with two lemmas.

Lemma 3: Let g : C" — C be holomorphic and not con-
stant. For any z© € C”, § € (0, 1), there exist AzV, Az? e
C™ satisfying the following inequalities:

|AzV]2 <8 and Re[gz® + Az™)] > Re[g(z )]
I Az®? ”i <4 and Re[g(z(o) + AZ(Z))] < Re[g(z(o))].
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Lemma 3 shows that the neighborhood of holomorphic
functions possesses rich diversity, i.e., one can always find a
point with a smaller real part and another point with a larger
real part in the neighborhood.

Proof of Lemma 3: Let 29 = (zﬁo), zéo), oo, 20). Since
the function g is holomorphic, by rearranging (29), there exist
an open set U and a series of holomorphic functions fj(k) :
C"* - C with j € N and k € [m], such that z® € U, and
for any z = (z1, 22, - - -» Zm) € U, the following holds:

oo
0 1 0
o( '(2) == g(2) = Zf,-( )(Zz,Z3,---,Zm)(Z1 —Z(l ))
j=0
oo
I 2 0
Denzsetn = 3 0z -2
j=0
oo
2 3 0
o( (232 2 oo Zm) = ij( )24, 250 -+ - s Zm)(ZB - Zg ))
j:
...... - |
1 0)\J
") = 2 " am = 2))

j=0
It is observed that £\"™ = g(z®) when z = z®. Then the
following k¢ is well-defined:
ko =minfk e [m] | £* = ¢(z®)].

Let 2 = (2", ...,z

zko 1s Zkos - - - » Zm). Thus, one has

k 0
g(z(n) _ (0) zf( 0)(Zk0+1, ..-,zm)(ZkO _ Z/(m)) )
Since f7" # g(z(o)) and g(z") = £V, one has

g(zM) #£ g(z(o)) Thus, there exists a positive integer j € N,
such that é‘] ko) (Zko+1> Zko+2 - - - » Zm) Z 0. Then the following

Jjo is well-defined:
. . k
Jo= mm{] e Nt | f<( 0)(Zk0+1,Zk0+2, S = 0}~
Therefore, there exist z,(C )+1’ z,(ql])Jrz, R z,(nl), such that
(ko) [ (1) (H )
fin’ ( Zko+10 Zho+20 0 Zm ) #0
and
m 2 3
1 0
Z (z,(( ) — g )) < 3 (30)
k=ko+1
2 0 O 0) ()] (D 1
Let z?® = (2}, 2, , oo Zpo 1 Zhos Zhgi 1> Zhot2s AL
Then the function value of g at z(z) satisfies
2 0
¢ =g + S -) 6

J=Jo

ko) (1 1 .
where a; = fj( V(g 2 oo 2D) and aj, # 0. Since

7@ is in the open set U, there exists r > 0, such that
the ball B(z®,r) is a subset of U. Then the radius of
convergence of the series in (31) is at least r. Thus, one
has limsup;_, la;|"7 < 1/r from the Cauchy-Hadamard
theorem. Since any series with finite limit superior is bounded,
there exists M > max{1, +/28/3}, such that |a;|'/ < M, ie.,

laj| < M. Define the change of z©@ as
1 — = (1) (0) (1) (0)
Az —(0,...,0,Zk0,zk0+1 ZkOJrl,...,Zm _Zm)
where
. min{L, Ja;|} |a,0|} 00y i
Zky =

3IMitl /2
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In view of M > 1 and (30), one has

m

HAz(n”z < ’Zko\z—i- z ( ) Z}({O)) <8
k=ko+1
meanwhile
Re[g(z” + Az)] — Re[g(z"")]
& .
= ZRG[%‘(%)J]
J=jo
. o .
> lajl|Ze|” = D M|z

j=jo+1
(5/2)1'0/2 : 2
3 MiGotD | T 3./278

> min{l, laj, |}j0+l

>0

where the first equality holds from (31), the first inequality
holds because of Re[z] > —|z| and |a;| < M/, the second
1nequa11ty holds based on M > +/28/3, and the third inequality
holds in view of § < 1. Let

Az? = (0, e, z,(,?))

where

1

(0) (1
Zkotl T Zm

O,Zko, Zk0+1""’ m

mln{l |ajﬂ|} 71(7r+0 )/jo
3 M Jo+1 /_2 /5 :

Then the conclusion about Az® can be proven similarly.
O

Lemma 4: Let o C — C be holomorphic and not
polynomial, {x(f)};?zl C R™ are n different vectors, {y;};_; C
R are not all zero, and z = (21, 22, ..., Zm+1) 1S @ complex-
valued vector. Then the function g : C"*! — C, defined by

Zky =

n
8(2) = Zyj ( Va4 1P+ Zm+1)
j=1

is not a constant function.

Lemma 4 provides a sufficient condition that the sum-
mation of the activation of weighted average is not a
constant.

Proof of Lemma 4: The proof consists of several steps.

Step 1: We find the necessary condition that g is a con-
stant. Since o is holomorphic, and any holomorphic function
coincides with its Taylor series in any open set within the
domain of the function [64, Th. 4.4], there exists {cx};o, C C,
such that o(z) = > ;o ckz’ holds for any z € C. Since
o is not polynomial, there exists {n;}?2, C N7, such that
0(z) = co+ > poy Cn 2™, where ng < ng4y and c,, # 0 hold
for any k € NT. Thus, the function g can be rewritten as

n [e9) m . Nk
g(Z) = Z Y [CO + zcnk(Zm-H + le(j)Zl) i|
j=1 k=1 1=1

[o¢]
= ho(2) + D hn(2).
k=1
If g is a constant, then one has

m Tk
Zyj(zmﬂ—i—Zx(]) ) =0 VkeNT.

Accordmg to the multlnomlal theorem, one has

NV
Z Z Yicpimi (xz(j)zz) '=0 VkeN*

j=1 pePy, =1
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where p = (p1, P2, -+ +s Pmt1), P, ={p |1V 1 €[m+1], p €
N, || p||1 = nt}, and c,, is the multinomial coefficient. Since
21522 - - Zm+1 are free variables, one has

Z v H (x,(”)”’

j=1 =1
Since n; — 400 as k — 400, we obtain the following
necessary condition of constant g:

n m

A\ Pl
Zyjn(xl(n) =0 Vp,p2...,pm €N
j=1 1=l

Step 2: We restrict the summation domain of the necessary
condition in (32) to obtain another necessary condition. Let
Jo=1{j €[n]|y; #0}. For any [ € [m], we define

’x,(j)’ = mI].

Under the assumption that g is constant, we claim that

pi
Zyjl_[((])) =0 VPI,Pz,--meEN-

j€Im
Otherwise, there exist g1, g2, - . .

Zy,l'[( ) = o0

j€Im
Letri,r, ...,y be even natural numbers. Thus, one has

m
Z Yi H (xl(j))q1+r]

J€Jo

=1

> T ()"
y 1)
Jl:] 1

J€JIm

B i Z , ﬁ (x[(j))‘{l‘H’l

=1 jE./],]\J[ =1

=0 VkeN' pepr,.

(32)

m; = max )xl(j)‘ and J; = [j e Ji_
J€Ji-1

(33)

,qm € N, such that

0=

WV

where the equality holds from (32) and definition of Jy, and
the inequality holds based on the triangle inequality. Let

yu = max|y;| and L = {t e m] | 1J=\Ji| > 1}

For | € [m], define

M; = max|x
J€ln]

mp, = maxXeJ,_\J x[(j) , if Sy £ J;
B if g =,

-1 m
— s+s qr+;
A = Hm? H M)
s=1 t=I+1

Thus, one has

m

> leol [ [m)

=1
m

> |co Hm," = > -\ dlyu Am]y

leL

2 |col Hm1 —nym Z Aimi'y

leL
where the second mequallty holds because of J;_1\J; C
Ji_1 C [n]. For I € L, it is observed that m; > m;, > O.
Thus, the second term in the above inequality will be much

0) ’
1

— D 1\ dilymAimy,

=1
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smaller than the first term when r; is sufficiently large. More
formally, we define r; as follows.

Case 1: If | € [n]\L, define r; = 0.

Case 2: If | € L and my », = 0, define r; = 2.

Case 3: Otherwise, define [x g as the smallest even integer
no less than x. Let

+
ol H't" p M

! ln( )
= -
ln(m) 2n )’MH —im i | .

my

Based on the choice of r;, one has

ﬁ Z leol [Ty my/ |col T

> leol | | m) —nyu ——= L > ||m}

= 1 P = !

I=1 L 2mom 20

where the second inequality holds because of |L| < n. When
m; = 0, one has J;_; = J; from the definition of J;. Thus,

one has [ € L, which leads to r; = 0. Since ¢y # 0, one has

|C0| 17
0> > T 11 ml’ >0
which is a contradiction. Thus, we have proven the claim
in (33). It is observed that |xl(")| = my holds for any j € J,.

Thus, the claim indicates that when g is a constant, one has

Zy,ngn( (J)) =0 VYp,pr....pmeN (34

Jj€Im =
where sign(-) denotes the sign function.
Step 3: We prove that the necessary condition of constant
g in (34) does not hold by probabilistic methods. For any
J € Ju,let Nj ={l € [m] | xl(]) = —m;} denote the set of
dimensions in which x/) is negative. Observe that {N;} e,
are different since {x'/}_, are different. Thus, there exists a
minimal element among {N,};c;,, i.e., there exists jo € Jy,
such that for any j € S,,\{jo}, one has T; ¢ T;. For any
[ € [m], we define a random variable o; as follows:
PI'[O'[ = 0] = 1, ifl e Tjo
[Pr[ol =0]=Prloy =1]1=1/2, ifl&Tj.
Let 0 = (01, 0%, ..., 0,). Thus, one has

Z v H51gn( (j))

j€Im

ey
+Ee| > yJHSIgn( (’))

Je€Im\ljo} =1
where the first equality holds from (34). For the first term
of (35), the following equation holds:

m . A\ O]
E, |:yj0H51gn(xl(’)) :|
=1
H s1gn(x(’°’) H 31gn( (jo)) o

l€T), 1¢T),

(35)

_ylo

= Yio (36)
where the second equality holds because of o; = 0 for all
I €T, and x" > 0 for all [ ¢ T;,. Since T; ¢ Tj, holds for
any j e Jn\{ j()} there exists /; such that /; gZ T, andl eT;.
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Thus, for the second term of (35), one has

Es Z yj ﬁ sign(x,(j))a]

Jj€dm\ljo} =1
= Z Yo Eq, |:H81gn( (’)) i|
Jj€Jm\ljo}
= Z yiEq H s]gn(xw)) 0
Jj€Jm\ljo} 1=1,1#l;
=0 (37
where the second equality holds since xl(] ) <0and Prlo;, =

0] = Pr[o;; = 1] = 1/2. Substituting (36) and (37) into (35),
one has y;, = 0, which contradicts the fact that jo, € J,, C
Jo and y; # 0 for all j € Jo. Thus, the necessary condition of
constant g in (34) does not hold, which leads to the conclusion
that g is not a constant. O

Proof of Theorem 7: Let AL(AZ Aa) = L(Z+AZ, o+
Aa) — L(Z o) denote the change of empirical loss. Recall-
ing (3) and (28), one has

> i Refo (k)] - y))
j=1
+1(( + Aa) 'Re[o ((Z + AZ)k ;)] — )
where K; K and o denote k(x;, Hy) and o, respectively. Let
[z1 ,12 ; "';Z;X] and e = (o a2; ... @, ). We prove
the theorem by discussion.

Case 1: There exists kg € [Hx], such that o, # 0. Since the
loss L(Z a) is positive and /(0) = 0, there exists jy € [n],
such that & "Re[o (Zk ;)] # y;,. Without loss of generality,
we only consider the case of a'Re[o(Zk )] > yj, in this
proof. The other case can be proven similarly. In view of the
condition of all samples being linearly independent and the
definition of x in (2), one knows that {lcj};f:1 are linearly
independent. Thus, there exists a non-zero vector v € CHx,
such that v "k j, # 0 and v "k ; = 0 hold for any j € [n]\{jo}.
Let A = 0, z; = 0 for any k € [H«]\{ko}, and z4, = cv
where ¢ € C is a complex-valued variable. Then the change
in loss becomes a function of ¢ as follows:

L) = i(a"Re[o(Zx,)]
+ akORe[U ((Zko + Cv)T’Cjo)]
—ayRe[o(z ;)] — yjo)

— (" Re[o (Zi j))] = yjo)
where the equality holds since the output of FTNet on x(/)
remains the same for any j # jo. Since ay, # 0, vk, #
0, and o is holomorphic and not constant, one knows that
k0 ((zg, +cv) "k j,) is holomorphic and not constant w.r.t. c.
Then Lemma 3 implies that there exists ¢ < 8/||v||2, such that

Re[akoa((zko + CU)TICj()):I < Re[akocr(z,jolcj)]

AL(AZ, Aa) =

and

Re[akoo ((zk0 + cv)Tlch)]

> Re[oy,0 (24 k)] — " Re[o (Ziej) |+ yj,  (38)
where (38) can be satisfied based on the continuity of holo-
morphic functions. Thus, one has |AZ| r+[|Aalls = [lcv]2 =

lc]|lv]l2 < 8 and AL(C) < 0 since the loss function [ is strictly
increasing on (0, +00).
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Case 2: For any k € [Hy], o = 0. Let Az; = 0 and
Aoy = 0 for any k € [Hx]\{l}. Then the change in loss
becomes a function of Az; and A« as follows:

AL = I(AwiRe[o (@i + Az)Tr))] = y)) = 1(=))-

j=1

The proof of this case is divided into several steps.

Step 2.1: We rewrite the change of loss in a power series
form. Since the loss function / is analytic, there exist coef-
ficients {c,}92, such that I(y) = > 7" c,y” holds for any
yeR Then the change of loss can be rewritten as

AL—ZZZcp( ) ra

j=1 p=1 g=1
x(AaiRe[o ((z1 + Azp) ) ])’

=333 a0 (]) o)

q=1 j=1 p=q

(Refo (@1 -+ 220k

= Cy(Aay)*
q=1

where the first equality holds from the binomial expansion, the
second equality holds by changing the order of summation,
and C, is a function of Az defined by

B39 30 (4 1

j=1p=q
with R = Re[o ((z1 + Azy) "k )]
Step 2.2: We prove that C; defined in (40) is not always
zero. For g =1, it is observed that

chppRe (Z1—+-A11)—r )](_yj)p

j=1p=1

(39)

-)" (40)

-1

=Re| D I'(=yp)o((z1+ Az1) k)
j=1

Since the loss function [ is a well-posed regression loss
function, one knows that the equation //(y) = 0 has a unique
solution y = 0. Since « = 0, all outputs of F-FTNet are
0. In view of positive loss, one knows that {y;}}_, are not
all 0, which indicates that {I’(— yj)}” , are not all 0. Since
{r;};_, are linearly independent, they are different. Note that
o is holomorphlc and not polynomlal Lemma 4 indicates that
ijl U'(=ypo((zi+ AZ1)TK i) is not a constant. Thus, there
exists Az, such that |Az]; < 8/2 and C; # 0.

Step 2.3: We give upper bounds for {C, } Provided
Az; in Step 2.2., we define a = maxje[,,] |Re[o((zl +
Az)T k;)]|. Let b = Maxje(n] |yj| for labels {y]} 2 |- Since
the loss function [ is analytic on R, the convergence
radius of its Taylor series should be infinity. Thus, one has
limsup,,_, ., lc,|'/P = 0 from the Cauchy-Hadamard theorem.
Furthermore, there exists d > 0, such that |c,| < d/(4b)?
holds for any p > 2. Using these notations, coefficients
{C, };O , can be bounded by

< 3 lep (1Rl (e + A0k )1

j=1 p=q

<25 ()6

where the first inequality holds from the triangle inequality.

(41)
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Step 2.4: We choose a proper Ac; and give an upper bound
for AL. Let Aa; = —sign(Cy)b/(ka), where k > 1 is a
coefficient determined later. Thus, the change of loss in (39)
can be rewritten as

AL < C1Aar + D IC,l1Aay]f

q=2
IC11b ~= = nd (p\ 1
< — - _
w22 w,)w
p=2 q=2
|Cilb  nd
g_ -
ka 2k?

where the first inequality holds according to the triangle
inequality, the second inequality holds based on (41), the
choice of Acwj, and changing the order of summation, and
the third inequality holds because of k > 1. We employ

nda 2b
TICHb’ 5]
and thus, one has AL <0 and
IAZ| + lAally = [[Azills + [Aar| < 8/2+68/2=36.
Combining the results in all cases completes the proof. [J

k= max[l

VII. CONCLUSION AND PROSPECT

This work investigates the theoretical properties of FTNet
via approximation and local minima. The main conclusions
are three folds. First, we prove the universal approximation
of F-FTNet and R-FTNet, which guarantees the possibility
of expressing any continuous function and any DODS on any
compact set arbitrarily well, respectively. Second, we claim the
approximation-complexity advantages and worst case guaran-
tees of one-hidden-layer F-FTNet/R-FTNet over FNN/RNN,
i.e., F-FTNet and R-FTNet can express some functions with an
exponentially fewer number of hidden neurons and can express
a function with the same order of hidden neurons in the worst
case, compared with FNN and RNN, respectively. Thirdly,
we provide the feasibility of optimizing F-FTNet to the global
minimum using local search algorithms, i.e., the loss surface of
one-hidden-layer F-FTNet has no suboptimal local minimum
using general activations and loss functions. Our theoretical
results take one step toward the theoretical understanding of
FTNet, which exhibits the possibility of ameliorating FTNet.
In the future, it is important to investigate other properties or
advantages of FTNet beyond classical neural networks, such
as from the perspectives of optimization and generalization.

APPENDIX A
COMPLETE PROOF OF (9)

Proof: We only demonstrate the proof when o and o, are
continuous for simplicity. The case of almost everywhere
continuous activation functions can be proven with a slight
modification. The proof is divided into several steps.

Step 1: We prove that FNN with activation functions o; and
0, can approximate the state transition function ¢ of DODS,
defined in (5). Since the hidden state transition function ¢ is
continuous, and the image of a continuous function defined
on the compact set K is a compact set, there exists a convex
compact set K| € R, such that h, € K; holds for any
t €{0,1,...,T}. Let Boo(A, 1) = Ugealb | Ib—alloo < r}
denote the neighborhood of the set A with radius r, and
K, = K x By(Kj, 1) is the Cartesian product of K and
B (K1, 1). It is easy to check that K, is convex and compact.
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Let x € R and B € R . Since both o; and o, are
continuous almost everywhere and not polynomial almost
everywhere, Lemma 5 indicates that for any &; > 0, there exist
H,, H, € N+,A1 S RH'XI, B, e ]RH'XHD, C, e RHDXH], 0,
R7 A, e R2XI B, ¢ RE2XHd C, ¢ RF0*H2 and 0, € R,
where C; and C, are row independent, such that

sup |lo(x,h) — Cio1(A1x +Bih —0))] < &1
(x,h)ekK,

sup |lo(x, h) — Cr02(Axx +Boh —0)]c < &1.  (42)
(x.h)ek>

Step 2: We prove that RNN using the same weight matrices
as FNN in (42) can approximate h;,, the hidden state of DODS.
W _ q((Jl) = hy. For any ¢ € [T], define

Let p,
P = Cioi(Aix, +Bip —0,) e R

qil) = Cy0o, (Azx, + qut(l_)l — 02) € Rfv,

The above p,(l) and qﬁl) are outputs of two different RNNs.

We then prove that pﬁl) and qil) can approximate h,. Let
u : [0, +00) — R be defined as

u(a) = sup{lle(y) — 9@l | ¥,z € Ko, ||y — zllc < a}.
From Lemma 6, u(a) is continuous. For any ¢, if ||k, —

piljlﬂoo <1, then (x;, pt(L)l) € K5, and one has

[ - "]
o0
= H‘/’(xn h;,_1) — Cio (Ale + B1P§1,)1 - 01) H
< ”<p(xt,hz_1) —w(xl,pﬁl_)l)Hoo
Jofeunt) - o+ mt o).

< u(‘ h,_| — p,(l,)l HOO) + &

where the first equality holds from the definitions of DODS
and p,(l), the first inequality holds because of the triangle
inequality, and the second inequality holds based on the
definition of u(a), (x,, p”|) € K, and (42). Let ap = 0.
For any ¢ € [T], we define a, = u(a,;—;) + €;. Then Lemma 7
indicates lim,, 0, a; = 0 for any ¢t € [T], i.e., for any &, €
(0, 1), there exists §;(e2) > 0, such that for any &; < 8;(e2),
a, < & holds for anP/ t € [T]. When ¢; < §(ep), it is easy
to see that ||k, — p§ )||oo < a; < & holds for any 7 € [T].
The same conclusion can be proven for q,<1> in the same way.
Thus, for any &; < §;(e2), one has

(43)

1 1
max b, — p"lloe <& and  max [k, — ¢\l < £2.
te[T] te[T]

(44)

Step 3: Transformation is used to eliminate the matrices
C, and C, in (43), which is the preparation to approximate
h; using additive FTNet. Since C;, C, are row independent,
both Cjx = pél) and Cox = q((]l) have solutions. Let p(()z) and
q(()z) be the solutions of the above equations, respectively, i.e.,

Clp(()z) = pél) and ngéz) = q(()l). Define

P =o1(Ax, +BiCip2) —01) € R

g = oo (Aox, + B,Cog?y — 05) € R (45)
We claim that, for any t € {0, 1,..., T}
pi’ =Cip?, gq" =Cyg?. (46)

Since the proof of qu) is similar to that of p§2), we only give
the proof of pl(z) using mathematical induction as follows.
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1) For ¢t =0, the claim holds from the definition of p(2).
2) Suppose that the claim holds for ¢+ = k, where k €
{0, 1, .. 1}. Thus, one has
~0))
2

P;(clil = Cjo; (A1xk+1 + Blpk
_ 91)
=Cipy

where the first equality holds from the definition of p(l)
with = k41 in (43), the second equality holds because
of the induction hypothesis, and the third equality holds
based on the definition of pfz) with ¢t = k + 1. Thus, the
claim holds for t = k + 1.

Step 4: We prove that additive FTNet can approximate h;

= Cjo (A1xk+1 + B1C1Pk ?

by unifying the weight matrices in (45). Let H3 = H| + H,.
For any t € [T], define
Y=o (A3xt +Bsq)”) — 03) e R™
¢ = oo(Asx, +Bag ) - 03) e R¥ (47)
where
0 A
3 1
= . A =
=[] o= [R]
_ 0 B1C2 _ 01
B; = [0 BzCz]’ 05 = [92 :
For q , we claim that q§3) = [xy; ()] holds for any

t e [T] where x, € R”1*! is a vector that we do not care,
because it has no contribution to the iteration or output in
the above additive FTNet. We prove the claim about q,(3) by
mathematical induction as follows.

1) For t = 1, one has
‘I(13) =0 (A3x1 + B3¢I(()3)

)
Aix; +BCyql” — 0

— 0 1X1 1 2(102 1
Aox + Bzczq(()) -0,

=[x1:4?]

where the first equality holds according to the definition
of q,(3) with ¢+ = 1 in (47), the second equality holds
based on the definitions of Aj, Bs, 85, and the third
equality holds from the definition of q§2) with t = 1 in
(45). Thus, the claim holds for ¢t = 1.

2) Suppose that the claim holds for t = k where k € [T —
1]. Thus, one has

111(21 = 02(A3x1<+| + Baql(f) - 03)

— Axpyr + B1Czq§f) -0,
Aoxpy1 + Bzcqu(cz) -0,

= [xe:a)]
where the first equality holds from the definition of q§3)
with t = k+ 1, the second equality holds because of the
definitions of Aj, Bz, 03, and the third equality holds
based on the definition of qu) with t = k+ 1. Thus, the
claim holds for t = k + 1.

We then study the property of p§3). Let
C;=[C, 0]
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, then (x,, qfl_)l) € K>, and one has

—01) I

If [l — g7 oo < 1
lh, — C3pllo

= lg e, i) = Cron (Arx, + B Cogl?,
S llo@e i) = <p(x,, qﬁl_)l) lloo

+llo(xa1") = Cron (Arx + Big”, = 81)

Su(e) +eé

where the first equality holds because of the definitions of
DODS, Cs;, and p,(3), the first inequality holds based on the
triangle inequality and (46), and the second inequality holds
based on the definition of u(a), (x;, q ) € K>, (42) and (44).
Then according to the continuity of u(a) and u(0) = 0, for any
g3 > 0, there exist §,(e3) and §3(e3), such that if g1 < 8,(e3)
and &, < §3(e3), one has

max [, — CipV o < &3 (48)

Step 5: The output functlon ¥ in (5) can be approximated by
an FNN. Let 73 be any continuous non-polynomial function.
According to Lemma 1, for any &4 > 0, there exist Hy €
N*, A, € RfsxHb B, ¢ RO*Hs 9, ¢ RH+*1 guch that

sup [ (h) — Byt3(Ash — 04) |00 < 4. (49)
heB(K,,1)
For any ¢ € [T], define y,“) = B4r3(A4C3p§3) — 04). Substi-

tuting the definition of pfS) in (47) into the above definition,

one has, for any ¢ € [T]
=Bynrz (A4C101 (Alx, + B1C2q;%)1 — 03) — 04). (50)

Since o, is continuous, and x; € K holds for any ¢ € [T],
there exists a compact set K3, such that ¢ ,(2) € K3 holds for any
t € [T]. Since o7 is continuous and not polynomial, Lemma 1
implies that for any &5 > 0, there exist Hs € NT, A5 €
R Bs € RIs*H: Cs € RO and @5 € R, such that

sup | Bsr3(A4Cio1(Arx + B Cog — 03) — 0.4)
(x,9)eKxK3
— Cs501(Asx +Bsg — 05) | < &5
(51
For any ¢ € [T], define
P = o1(Asx, +Bsg?, - 05) € R
¢ = o2(Asx, +Bsg”, — 05) eR. (52)
Then (50) and (51) imply that
max [y, = Csp;” lloo < es. (53)

te[T]
Step 6: The final additive FTNet is constructed to approx-
imate the target DODS. Let H = H; + Hs, and define the

additive FTNet f, r as follows:
A B; 0 0
a=[X) el o) e [e]
(3)
C=[0 G gqo= [q95>}
99
where Bg = [0, Bs] pads the matrix Bs with 0. We claim that
= [p: pi”1 and g, = [g{”: ¢;”] hold for any ¢ € [T].

The proof of g, is similar to that of p,, and we only prove
the claim of p, using mathematical induction as follows.

1) For t = 1, one has
P =01(Ax1+Bq0—§)

(54)
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. (|: Asxg +B3q(()3> — 05 ])
Asx;+[0 Bs]gl — 65
= [pﬁ”; pﬁs)]
where the first equality holds because of the definition

of p, with t = 1 in (8), the second equality holds

according to (54), and the third equality holds based on

the definition of ¢ in (54), the definitions of p®*', p¥

with # =1 in (47) and (52).
2) Suppose that the claim holds for t = k where k € [T —
1]. Thus, one has

Piv1 = 01(Axip1 +Bg — &)

=0 (|: Asxiir +Bagy) — 05 :|)
\LAsxi +[0 Bs]g — 65
= [1’1(3:1? P1(<5+)1]
where the first equality holds from the definition of p,
with t = k+ 1, the second equality holds because of the
definitions of A, B, ¢, gy, and the third equality holds
based on the definitions of p,(3) , pﬁs) with t = k+1, and
the conclusion qf3) = [xy; qu)] with t = k.
For any ¢ € [T], one has
e = y+illoo

<) =9 (Cop )l
+ 19 () = 3Vl + 13" = C5pV s

<u(lihy = CapVllx) + 64 + 5
<

u(es) +e4+ &5
where the first inequality holds because of the triangle inequal-
ity, the definitions of DODS and y,, the second inequality
holds based on the definition of u(a), (49) with h = C3p'”,
and (53), and the third inequality holds in view of (48).
Since u(a) is continuous, and u(0) = 0, for any & > O,
there exists 84(¢¢) > 0, such that for any &3 < 84(g6), one
has u(e3) < &6. Let &5 = ¢4 = g¢ = €/3, then one has
maxsery |yr — yoillo < &, i€,

sup || fo(xir) = frrX 7)o < €
xirek?
which completes the proof. (]

APPENDIX B
USEFUL LEMMAS

Lemma 5: Suppose that 0 : R — R is continuous almost
everywhere and not polynomial almost everywhere. Then for
any ¢ > 0, any continuous function f : R! — R9, and
any compact set K C R/, there exist H € N*, W e RF*/,
6 < R, and row independent U € R?*# such that

I f(x) —Uo(Wx —0)|L=k) < &

Proof: For any ¢ > 0, continuous function f : R! — RO,
and compact set K C R’, Lemma 1 indicates that there exist
H; e Nt, W, e RIX1 9, ¢ Rf' and U; € RO*H1, such that

lf(x) —Uioc(Wix —0)|lL~k) < €.
Define a new FNN with hidden size H = H; + O as follows:

Wz[‘z‘], 0:[%1], U=[U Ip]
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where I is the identity matrix of size O x O. Then it is easy
to see that U is row independent and
I f(x) —Uo(Wx — 0)]l.~x)
=f(x) —Uio(Wix =01~k < ¢
which completes the proof. |

Lemma 6: Let ¢ : R" — R be continuous, and K, C R”
is a convex compact set. Then u(a) = sup{|l¢(y) — (2|l |
y,Z2 € K, ||y — 2]l < a} is continuous on [0, +00).

Proof: The proof is divided into several steps.

Step 1: We prove that u is well-defined and bounded. Since
any continuous function is bounded on any compact set, there
exists U, € R, such that |¢(y)[lcc < U, holds for any y € K.
Then according to the triangle inequality, |[@(¥) — ¢(2)]lco <
2U, holds for any y,z € K, ie., |u(a)] < 2U, holds for
any a € [0, +00). Thus, u(a) is well-defined and bounded on
[0, +00).

Step 2: It is obvious that u(0) = 0.

Step 3: We prove that u is monotonically increasing. Let
0 < a1 < a. For any ¢ > 0, according to the definition
of supremum, there exist y;,z; € K, such that |o(y;) —
(@ )llee = ular) —e and ||y, — zillc < a1. Since a1 < as,
one has ||y; — zilleoc < az. Thus, one has

u(a) = llp(yi) = e@)lleo > ular) — e
According to the arbitrariness of €, one has u(ay) > u(aj).
Therefore, u(a) is a monotonically increasing function.

Step 4: We prove that u is right continuous. Let b €
[0, +00) be an arbitrary non-negative real number. Since u(a)
is bounded and monotonically increasing on [0, 400), the
limit lim,_,;, u(a) exists. Let uy = lim,_,;,, u(a) denote this
limit. If u, # u(b), then one has u, > u(b) since u(a) is
monotonically increasing. Since any continuous function on
a compact set is uniformly continuous, there exists § > 0,
such that for any y,z € K, ||y — zllo < 8 indicates
le(¥)— @)oo < [ur —u(b)]/3. Since u(a) is monotonically
increasing, one has u(b+38) > u,. According to the definition
of supremum, there exist y,, 22 € K3, such that ||y, —22]|c <
b+ 6§ and

lo(¥2) = @) lloo > us — [uy —u®)]/3.
Let § = Azo+(1—A)y,, where A = b(b+8)~! € [0, 1]. Since
Y2, 22 € K5, and K3 is convex, one has & € K;. According to
the homogeneity of norm, one has
1§ — ¥2lloo = Allz2 — yalle S A(D+8) =b
lz2 = &lloc = (1 = MIz2 = Yolloo < (1 = A2)(D +8) =6.
Thus, one has
u(b) = le®) = ¢(y2)llo
lp(z2) — @(¥2)lloo — llp(22) — 9(&) oo
(uJr — [u+ — u(b)]/3) — [u+ - u(b)]/3
=u(b) + [us —u®)]/3
> u(b)
where the first inequality holds from ||§ — y;|lc = b, the
second inequality holds based on the triangle inequality, and
the third inequality holds because of the definitions of y,, z»,
and ||z — &|lc = b. The above inequality is a contradiction,
which means that u, # u(b) does not hold. Therefore, one
has u, = u(b), which means that u(a) is right continuous.

Step 5: Similarly, we can prove that u(a) is left continuous.
Therefore, u(a) is continuous. O

\

VoV
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Lemma 7: Letag = 0.Foranyt € [T], leta, = u(a;—)+e,
where T € N7 is a positive integer, u : R — R is continuous,
and u(0) = 0. Then lim,_, ¢4 a, = 0 holds for any ¢ € [T].

Proof: We prove this lemma by mathematical induction.

1) For t = 1, one has

Iim a; = lim u(ag) +e; =0+0=0.
g1—>04 &1—>04
Thus, the conclusion holds for r = 1.
2) If the conclusion holds for + = k where k € [T — 1],
then
lim apy; = lim u(ay) + €;
&1—>04 &1—>04
= u( lim ak) +0
e1—>04
=u(0)4+0=0.

Then mathematical induction completes the proof.

Thus, the conclusion holds for t = k + 1.
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