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Background

Non-convex optimization
* popular in many real-world tasks

* harder to solve, contrast to convex optimization.
— First order stationary point is global minima in convex
optimization.
— However, it maybe saddle point in non-convex
optimization.

How to etficiently escape saddle points and find
second order stationary point is the key issue in non-
convex optimization.



Background

Evolutionary Algorithms
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EA and GD each has its advantages and disadvantages.



Motivation

A natural question:

Can we get better algorithm for non-convex optimization
by combining the merits of EAs and GD?

Previous work:
* only combine few mechanism of EAs and GD.
* no theoretical guarantee on the convergence rate.

Our work:
* gradient + mutation + population + selection

* show the superior performance from both
theoretical and experimental results.



PGD algorithm

Algorithm 1 PGD algorithm

Parameter: learning rate 77, mutation strength r, time interval
L for mutation, tolerance ¢, number 7' of iterations
Process:

. Initialize the solution xg, set ¢ = tyyutate = 0;

Wpil.e.i <Jddo_ _ _ _ _ _ _ o _____

if |V f(z;)| < eand i — imuae > L then |

| x;q1 < x; + &, & ~ Uniform(B(0,r)); 1+ Mutation
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EGD algorithm

Algorithm 2 EGD algorithm

Parameter: learning rate 7, population size N, mutation
strength {r(®}2_, time interval L for mutation, tolerance

€, €, number T of iterations
Process:

1

2
3
4:
S:
6.
7
8

9:
10:
11:
12:
13:
14:
15:
16:
17:
18:

: Initialize the population {a:ép ) A
updateP) = 1 for p € [N];
cwhiles < 7'do_ _ _ _ _ _ _ _ _ _ ______
. Tforp=1:Ndo
if update® =1 then
if |V f(z")| < eand i — imuae > L then

update?) =0
e (»)
il’z‘il —x” —nV[f(x")
end if
end if

end for

. Apply Algorithm 3 for mutation and selection;
| Set update® = 1 for p € [N];
it L -
end if
11+ 1
end while

set ¢ = imutate — 09
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Gradient descent update or
wait for mutation

Mutation and selection



EGD algorithm

Algorithm 3 Mutation and Selection

1:

2I £+)1 2P 1+ P €% L Uniform(B(0,7®));
3:: Umutate <—
4:) forj(')—('—k%)) (¢+ L) d(o)
5:: 32-1 <—:1:p T]Vf(a:jp )
6:) end for
7 iff(mif_)HL)—Fe’ < f(z?) then
8:! escapeP) =1
|
9:, else
10: escapeP) = 0, m?(,i)HL — :I:Z(-p)
11:1  end if
12:l end for _ _ e
13: fimean = 3 2ope1 /(@511 1)3
14: Tpest = I »
et T MR o0 AC)
15: forp =1:Ndo
16: | if escape(p) =0and f(x +1+L) > fmean then
17, P _mz(;i?lt[f ST Tbest _ -
18:  end if
19: end for

forp—l N do

Mutation and update for L
iterations

Selection



Theoretical analysis

Assumption 1. The function f is {-gradient Lipschitz and
p-Hessian Lipschitz.

Definition 1. A differentiable function f is {-gradient Lips-
chitz if

ve,y : [Vi(x) - Vil <tz -yl
A twice-differentiable function f is p-Hessian Lipschitz if
Va,y: [Vif(z) - Vfy)l <p-llz -yl

Definition 3. For a twice-differentiable function f, x is a
second-order stationary point if

IVf (@) = 0, and Amin (V* f()) > 0.

For a p-Hessian Lipschitz function f, x is an e-second-order

IV (@) < € and Anin (V2 f () > —\/pe, |

__________________________ |
where € > 0.



Theoretical analysis

Theorem 1. [Jin et al., 2019] Let f satisfy Assumption 1.

Let the parameters of PGD satisfy that n = %, r = m

and L = \/% - 1, where | = clog(de(f(jjé’g—f*)), and c is an
absolute constant. Then for any €, > 0, aﬁ‘er running

iterations, PGD will ﬁnd an e-second-order stationary point
with probability at least 1 — 0,44, Where

and T* = 8 max{500(f(xg) — f*) - 4, 0(f(xo) — f*)} /€2

Theorem 1 give the iterations and probability of PGD to
find e-second-order stationary point
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Theoretical analysis

Theorem 2. Let [ satisfies Assumption 1. Let the parameters

of EGD satisfy that n = %, L = # -Land € = mébg \/ %,

where . = clog( de(f (‘;é’g_f 0 ), and c is an absolute constant.

Then for any €,0 > 0, after running

, 5 """"" ! Theorem 2 give the
_ _(_(_(_xo_) ___f _) Z E_)_ iterations and probability
iterations, EGD will find an e-second-order stationary point of EGD to find e-second-
with probabtltty at least 1 — 6egd: where order Stationary point
T e
egd
VAL M) p /w2

and T* = 8 max{50/(f(x )— f5) -4 0(f (o) — *)}/62

(1) when the problem dimension d, the Llpschltz parameters
¢ and p are larger, implying that the problem is more
challenging;

(2) when the population size N is larger. "



Experiments

—— (N + N)-EA

—— Multi-GD
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Experiments

Dimensiond | 200 400 600 800 1000
flx) <2 1.79 205 271 2778 2.88
f(x) <1 1.70 2.04 224 230 234

f(x) <0.1 | 1.51 188 210 220 2.24

—— EGD (popsize=3)
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—— EGD (popsize=7)
—— EGD (popsize=10)
EGD (popsize=15)

Function f

=

0 2000 4000 6000 8000 10000

lterations
13



Experiments
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Conclusion and future work

* We propose a new algorithm EGD for non-convex
optimization.
— In theory, EGD can converge to a second-order stationary
point more efficiently than previous algorithms.

— In experiments, EGD shows the superior performance on
non-convex optimization tasks, including synthetic
benchmark functions and RL tasks.

 Future work.

— Incorporate crossover operators into EGD.
— Diversity of EGD.
— Combine with advanced variants of GD.
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