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Fenchel Conjugate

The Fenchel conjugate f* of a function f : Q — R is defined as
f(y) 7= max <x,y > — f(z)
€N

The function is also referred to as the convex conjugate or
Legendre-Fenchel transformation of f.
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Fenchel Conjugate

Definition 1 We say o function f is proper when {x € Q : f(x) < oo} is non-empty and
flz) > —oo for all x € €.

Definition 2 We say a function f is lower semi-continuous when {x € Q: f(z) > a} is
an open set for all a € R.
For a proper, convex, lower semi-continuous f, its conjugate function
f* is also proper, convex, and lower semi-continuous. Moreover, one
has the duality f** = f. i.e.,
z) =max < x,y > —f*
fla) = max < 2.5 > ()

where Q* denotes the domain of f*.
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Fenchel Conjugate

Function Conjugate Notes
3 Y
%Mp §|y|‘1 For p,q > 0 and %Jr%: L.
Sgay () (a,y) dc(x) is 0 if z € C and oo otherwise.
Op. () op_(y) Ry={zeR| £z >0}
{aa)+b-flx)| b f(52)
Dy(z||p) E.plfe(u(2))] For x : Z — R and p a distribution over Z.
Dy (z||p) logE. ,lexpy(z)] | For x € A(Z), i.e., a normalized distribution over Z.

Table 1: A few common functions and their corresponding Fenchel conjugates.
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f-Divergence and its Fenchel Conjugate

For a convex function f and a distribution p, the f-divergence is
defined as,

Dy(elly) = Bl (S))

The conjugate of Df(z||p) at y is, under mild conditions!

)

g(y) = max Y w(2)y(2) — Benplf (2(2)/p(2))]

= Ezwp[mi}x z(2)y(2)/p(2) — f(2(2)/p(2))]
= E.p[f*(y(2))]

LConditions of the interchangeability principle must be satisfied, and p must have
sufficient support
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Fenchel-Rockafellar Duality

Consider a primal problem given by

min Jp(x) = f(z) +g(Az) 1)

e f,g:Q — R are convex, lower semi-continuous.

@ A is a linear operator.
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Fenchel-Eockafellar Duality

The dual of this probelm is given by

max Jp := —f*(=A"y) — 9" (y) (2)
YyeN

e A* to denote the adjoint linear operator of A; i.e., A* is the linear
operator for which < y, Ax >=< A*y,x > | for all z,y.

@ In the common case of A simply being a real-valued matrix, A* is
the transpose of A.
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Fenchel-Rockafellar Duality

Under mild conditions, the dual problem may be derived from the
primal via

min f(z) + g(Az) = minmax f(z) + (y, Az) — g.(y)

zEQ yeN*
= max— fu(=Auy) = 0. ().

Thus, we have the duality,

min Jp(z) = max Jp(y)
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Fenchel-Rockafellar Duality

@ The solution to the dual y* := argmax, Jp(y) can be used to find
a solution to the primal.

o If (f*) is well-definded, then x* = (f*)(—A*y*) is a solution to
the primal.

o More generally, one can recover z* € df*(—A*y*) N A~Ldg* (y*) as
the set of all primal solutions.
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The Lagrangian

The Fenchel-Rockafellar duality is general enough that it can be used to derive the
Lagrangian duality. Consider the constrained optimization problem
min f(z) st. Az >b. (14)
If we consider this problem expressed as min, f(x) + g(z) for g(z) = de_(—Ax + b), its
Fenchel-Rockafellar dual is given by
max (y,b) = fo(Ay) sty =0, (15)

By considering f, in terms of its Fenchel conjugate (equation (1)), we may write the
problem as

mlnmax (y, 0y — (z, Avy) + f(x). (16)
Using the fact that (y, Az) = (z, A*Y) for any A we may express this as
min max {y,b— Az) + f(x). (17)
z Y2 —_—
Lz,y)

The expression L(x,y) is known as the Lagrangian of the original problem in (14). One
may further derive the well-known Lagrange duality:*
max min L(z,y) = min max Lz, y). (18)
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e Markov Decision Process M =< S, A, P, R,~, g >.
Policy m: S — A(A).
e Value function V7 (s) = E[}_;% ;"] and Q-function Q™ (s, a).

p(m) is the expectation of V7 (s) under initial state distribution.

@ P7™ is the policy transition operator,

PWQ(Sa a) = Es’wT(s,a),a’NTr(s’) [Q(3/7 a/)]-

e d™(s,a) is the state-action distribution of policy .
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The Linear Programming Form of Q

Q-LP:

p(m) = mcgn (1—7) ‘]Eanmw(sg)[Q(So, ap)]
S0~ [0

s.t. Q(s,a) > R(s.a) +7v - P"Q(s, a),
V(s,a) € S x A.

The optimal Q* of this LP satisfies Q*(s,a) = Q™ (s, a) for all s,a
reachable by .

The dual of this LP provides us with the visitation perspective on
policy evaluation:

p(m) = max 3 d(s,a) - R(s )

s.t. d(s,a) = (1 =) po(s)w(als) +~ - Prd(s, a),
Vs € S,a€ A
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Policy Evaluation via the Lagrangian

o Using the Lagrangian of the Q-LP:
p(m) = min max (1—=7)- Ea(m(sn)[Q(So,- ao)]+
> d(s,a) - (R(s,a) + v - P"Q(s,a) — Q(s,a)).

o In an offline setting, where we only have access to a distribution
dP, we may make a chage-of-variables via importance sampling,
. d(s,
ie., ((s,a)= dD(‘(SS‘Z).
minmax L(Q, ¢)
= (1-7) 'Ea%::.&?)[Q(SO, ap)] + E(s.‘a)wdu[g(st a) - (R(s,a) +v-P"Q(s,a) — Q(s,a))]

= (1 - 7) : Edg;—f}%})[@(qﬂ aﬂ)] + E(s,u.s’)~d’n [C(Qv a‘) ) (R(g (1) + A/Q(Slv (1.,) - Q(Sv (1))] (36)

a'~m(s)
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Policy Evaluation via the Lagrangian

@ Doubly robust property
L(Q",¢) = L(Q, (") = L(Q", (") = p(m).

Thus, this estimator is robust to errors in at most one of () and (.

o Learning Q™ values using rewards turns out to be difficult in
practice.

@ The bilinear nature of the Lagrangian can lead to instability or
poor convergence in optimization?.

2Boosting the actor with dual critic
Faster saddle-point optimization for solving large-scale markow decision processes
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Change the Probelm Before Applying Duality

The dual of Q-LP:
plr) = e 3_d(s,a) - B(s,0)

s.t. d(s,a) = (1 — y)uo(s)w(als) + v - Prd(s, a)
Vs e S,ae A

@ The problem is over-constrained: The |[S| x |A| constraints
uniquely determine d”.

e One may replace the objective function without addecting the
optimal solution.
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Constant Function

If objective function h is taken to be the constant function h(d) := 0.
ngn max L(Q,C)
= (1 - 7) : Ean@wﬁfgﬁn)[Q(Sﬂs {10)] + E(s,a.s’)wd'n [C(Sv a‘) ! ("IQ(SI: al) - (2(9' a))}

a'~m(s’)

@ The optimization doesn’t involve learning Q-values with repect to
environment rewards.

e The Lagrangian is linear in both @ and (.
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Let h(d) := D(d||dP):

max — Df(deD)

s.t. d(s,a) = (1 —y)uo(s)m(als) + v - Pld(s,a),
V¥s e S,a e A
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Lagrange Duality:
max ngn L(Q,d)
= =Dy(d]|d”) + 3 Q(s,a) - (1 = Y)po(s)m(als) +7 - PId(s,a) — d(s,a))

= (1 - Af) ’ Eanww(sn) [(2(50 (10)] - Df{d”dp) + ZQ('; (1) ’ (A/ . ”P:‘d(r; (1) - d(sr a))

S0~ ko
Make the change-of-variables:

max ngn L(Q,0)
= (l_ﬂ/)'Ea%:f:&Zn)[Q(SOa aﬂ)}_E(s,ujwdD [f(g(s a))]"—IE‘(s,a)NLlD [C(g a)'(ﬁf'lpr(S: (1)—@(57 (1))]

= (1= %) Eagoru [ Qo0 00)] + By [0 (5.0) - (- PQs.0) = Q5.0)) = F(C (). (45)
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We write the problem as
max —g(—Ad) — h(d)

where g(—Ad) corresponds to the linear constraints with repect to the
adjoint Bellman operator:

g = (5{(1,7)H0Xﬂ.} and A := ’}/Pf —1I.
The dual problem is therefore given by:

n‘gn 9:(Q) + h.(A.Q)
=min (1= 7) - Euyron [Q(s0, 00)] + Eapeao |2 (7 - P7Q(s, ) — Q(s, )]

So~flo
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If we set f = %xQ,

Q" =arg n}gin (1 =7) - Eagonso) (@50, a0)] + %E(s,a)mdv[(ﬁ’ “PQ(s,a) — Q(s,a))]

N
d" (s,
= v-P"Q*(s,a) — Q*(s,a) = &(s,a) Vs € S,a € A

2(s,0)’
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Q-LP with Lagrangian is MQL.
The dual of Q-LP with constant function is MWL.

The dual of Q-LP with f-Divergence and using Lagrange Duality
is dual form of DualDICE.

The dual of Q-LP with f-Divergence and using
Fenchel-Rockafellar Duality is primal form of DualDICE.
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The policy Gradient Theorem

@ By Danskin’s theorem:

o) o . 9 -

ap(ﬂ) =3 ménrggécL(Q,d, ) = 877L (Q*,d*;m)

@ We may compute the gradient of L(Q*,d*, ) w.r.t. «
term-by-term.
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The Policy Gradient Theorem

@ For the first term

9 *
%(1 - 7) : anwr(so),sow,uo [Q (807 aO)]
= (1 - 7) ' EaONﬂ(so),sowug [Q* (80> aO) \Y 10g7T ((l() | 50)]

@ For the second term

d Ty " 2 R
a—W]E(s,u)Nd* [R(s,a) +7-P"Q"(s,a) — Q" (s,a)] = Esayma |7 - a—ﬂ]Ei’er(é?)) Q7 (s, a)]

=7 E(S,a)Nd* 8'~T (s,a) [Q*(S/: a’)v log W(alls/)]' (53)

almer(s)
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The Policy Gradient Theorem

@ Bellman equation

d"(s,a) = (1 —y)po(s)m(a | s) +ym(als) ZT (s'|5,a)d"(5,a)

54

8 * g% ™
aL (Q ,d ;7() = IE(S,CL)NC[7r [Q (s,a)Vlogﬁ(a ’ S)]
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Fenchel-Rockafellar Duality for Regularized

Optimization

Consider regularizing the max-reward policy objective with the
f-divergence:

p(m) = Dy(d||dP) = max — Dy(d[|d”) + > d(s,a) - R(s,a)

s.t. d(s,a) = (1 —y)po(s)n(als) + v - Prd(s, a),
Vs e S,a€ A

Fenchel-Rockafellar duality yeilds the following dual formulation:

p(m) = Dy(d7[|d”) = min (1 =) - Eageoren) [Q(s0, a0)]+

S0~ Ho

]E(s,a)Nd'D [f*(R(G, (1) +7 PWQ(& a‘) - Q(Sv a))]
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Regularization with the KL-Divergence

The optimization objective can be formulated as

IIl7ErlX Hgn(l - ’7) : EEONW(W)[Q(Sﬂv G’U)] + lOg E(S,G)NLID [exp{R(s, (L) +7- 'PWQ(S: (Z) - Q(g ﬂ‘)}]

>
SO0~ HO

For a specific ), the gradient of this objective with respect to m is

(] - 7) Eagrn SE))[Q(S(h aﬂ)v lOgTr(ﬂ()‘S())}

(
S0~ Ho

+ 79 By g gymap [s0ftmaxgs (R + 7 - PTQ — Q) (s,a) - Q(s',a')Vlog w(d'[s")],

a’~m(s")

- Bears simiarities to max-likelihood policy learning.
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Imitation Learning

o If one ignores rewards, the optimization corresponds to finding a
policy m which minimizes the f-divergence in terms of the
state-action occupancies from dP.

e With the same techniques as we applied for offline policy
evaluation and offline policy optimization, one can derive offline
imitation learning algorithms.
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e V-LP

i (1 =)+ B[V (0]

s.t. Vi(s) > R(s.a) +v-TV(s,a).
Vs e S,ac A,

e The dual of V-LP
max Z d(s,a) - R(s,a)

s.t. st’a (1= 7)uol(s) +v - Tod(s).
VS€S._
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@ The probelm is not over-constraint.

Cannot ignore constraints d > 0.

o This lead to a dual objective over two functions: V : S — R and
K:SxA—Ry:
i (1=9) - Eopn[Vs0) + Egoajar (K (s,a) + Ris, @) +9- TV (s, a) = V(s))].

This objective only involves a single optimization over V and K s
opposed to a max-min optimization over pi and Q.

@ The solution will give us V* rather than the policy itself.
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@ To derive the optimal policy,
d*(s,a) = d®(s,a) - f{(K*(s,a) + R(s,a) +~v-TV*(s,a) — V*(s)).

o Using Bayes’s rule,
d*(s,a) dP(s,a) - fI(K*(s,a) + R(s,a) +~v - TV*(s,a) — V*(s))

7*(als) = =

T Tad(5,4)  2adP(s,a)- fU(K*(s,a) + R(s,d@) + 7 TV*(5,a) — V*(5))"
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Max-Likelihood Policy Learning

o Regularization with Dkr,(d||dP) for the dual of V-LP yeilds
min (1 =7) - By [V (50)] +10g By g)eam [exp{R(s, a) +7 - TV(s,a) = V(s)}],

@ Aviod the numerical instability and ensure the positiveness of d.

o The visitations of the optimal policy are now given by the softmax
function:

d™ (s,a) = d°(s,a) - softmax o (R +v-TV* = V*)(s,a).

The optimal policy thus has a similar form:

m*(als) = d”(als) - softmax o (. (R(s,-) +7-TV"(s,") — V*(s))(a).
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Policy Evaluation with the V-LP

We deconpose d(s,a) = p(s)m(als) for a fixed policy 7(als):
max > p(s)m(als) - R(s, a)

s 1(s) = (1= 7)pals) + - Tl x 7)(s),
Vs € S.
@ The LP is over-constrained.
@ We can replace the objective function as Q-LP.

This require the knowledge of dP(als).
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