Optimization Methods Fall 2025
Homework 1

Instructor: Lijun Zhang Name: Your name, Studentld: Your student id

Notice
e The submission email is: optfall25@163.com.

e Please use the provided IXTEX file as a template.

If you are not familiar with I#TEX, you can also use Word to generate a PDF file.

In this homework, we use boldface letters (e.g., x € R™) to denote vectors, while non-bold letters (e.g.,
x € R) denote scalars.

Problem 1: Norms (30 points)

A function f:R™ — R with dom f = R" is called a norm if
e f is nonnegative: f(x) >0 for all x € R"
e fis definite: f(x) =0onlyif x=0
e f is homogeneous: f(tx) = |t|f(x), for all x € R” and t € R
e f satisfies the triangle inequality: f(x+y) < f(x) + f(y), for all x,y € R"

We use the notation f(x) = [|x||. Let || - || be a norm on R™. The associated dual norm, denoted || - ||, , is

defined as
|zl =sup {z"x | x| < 1}.

a) Prove that || - ||« is a valid norm.
b) Prove that the dual of the Euclidean norm (¢3-norm) is the Euclidean norm, i.e., prove that
Il = sup {7 | ]2 < 1} = [l
(Hint: Use Cauchy-Schwarz inequality.)
¢) Prove that the dual of the ¢;-norm is ¢..-norm.

d) Next, let’s move to the matrix norm. The fy-norm for a matrix A € R"*" is defined as

| Ax]|
[All, = sup :
xER™ ,x#0 ||X||

We define p(A) = max;{|\;(A)|}, where \;(A) is the eigenvalue of A. Prove that
p(A) <Al

Problem 2: Inequalities (10 points)

Let x € R,y € R™, where n is a positive integer. Let || - || denote the Euclidean norm.

a) Prove [|x +y[* < (1 +¢)[[x[* + (1 + ¢)[ly]|? for any € > 0.

2
b) Prove >, ’ x; — & Py xjH == >y IIxi = xj||2, where x1,...,X, € R™

(Hint: You may need the Young’s inequality for products, i.e. if a and b are nonnegative real numbers and p

and ¢ are real numbers greater than 1 such that 1/p+1/q =1, then ab < % + %.)



Problem 3: Definition of Convexity (20 points)
Which of the following sets are convex? Please provide explanations for your choices.
a) a set of the form {X ER"|a<alx < B}.
b) a set of the form {x € R" | alx; < by, alx < by }.
c¢) The set of points closer to a given point than a given set, i.e.,
{x|||x—x0|]| <||x—y| forally € S}
where S C R™.
d) The set of points closer to one set than another, i.e.,
{x | dist(x,5) < dist(x,T)},

where S, T C R", and
dist(x,5) =inf{||[x —z| |z € S}.

e) The set of points whose distance to a does not exceed a fixed fraction 6 of the distance to b, i.e., the set
{x||lx—al <0||x—Dbl|}. You can assume a # b and 0 < 6 < 1.

Problem 4: Convex Functions (25 points)

Which of the following functions are convex? Please provide explanations for your choices.

Xly.o., Tg) = 1n(Zf:1 evi)

Then prove that, for a convex function f(z) and Ele 0 = 1 with 0, € [0,1],Vi,k > 2, the following
inequality holds

Problem 5: Generalized Inequalities (15 points)

Let K* be the dual cone of a convex cone K. Prove the following,

a) K* is indeed a convex cone.

b) K; C K, implies K5 C K.



