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Dynamic Policy Regret: competing with any comparators 𝐯!, 𝐯", … , 𝐯#

adaptive to non-stationarity of environments
universal guarantee against any comparator sequence

Reduction to OCO with switching cost:

specialize

specialize

Static policy regret of OCO w memory, when 𝐯! = ⋯ = 𝐯" = 𝐯∗

Dynamic regret of standard OCO, when memory length 𝑚 = 0

Goal: to predict as well as the best offline decision

Standard Online Convex Optimization: 
The loss of the 𝑡-th round is only related to the decision 𝐰!
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Online Convex Optimization with Memory
The loss of the 𝑡-th round can depend on the historical decisions, for 
example, related to the past 𝑚 + 1 decision 𝐰! , 𝐰!&#, … ,𝐰!&'
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switching costunary regret on 9𝑓!:" path-length
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where $𝑓! 𝐰 ≔ 𝑓!(𝐰,… ,𝐰)

a simplified model to capture the memory effect in online decision making

Algorithm: Online Gradient Descent (OGD)
à by choosing the step size as 𝒪( (1 + 𝑃")/𝑇), OGD gives the optimal 𝒪( 𝑇(1 + 𝑃"))

However, environmental non-stationarity 𝑃# is usually unknown!

Online ensemble with meta-base aggregation:
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Tension between dynamic regret and switching cost: optimizing dynamic regret needs the algorithm to move fast
to catch up with the environment, while optimizing switching cost requires the algorithm to move slow
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maximum step size: 𝜂. = 𝒪(1) switching cost: 𝐰!,. −𝐰!&#,. , ≤ 𝒪 𝜂.𝑇 = 𝒪 𝑇 ! grows linearly in 𝑻!

Results: 1. the first controller with B𝒪( 𝑇 1 + 𝑃" ) dynamic policy regret 
2. extension to unknown system: B𝒪( 𝑇 1 + 𝑃" + 𝑇,/.) by system identification (“explore-then-commit ”)

Switching Cost (key entity in OCO with memory):

Truncation: under mild conditions, the states and actions that are 
more than 𝑚 rounds before can be truncated at an acceptable cost
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∗ : parameters of our controller and comparators 𝑓#:": truncated losses

Optimal Memory Dependence:

Algorithmically Enforce Low Switching Cost

Technical contributions: a novel switching-cost-regularized surrogate loss: ℓ!,- ≔ ∇ C𝑓! 𝐰! , 𝐰!,- + 𝜆 𝐰!,- −𝐰!&#,- ,
à avoid directly controlling the switching cost but adding it as a penalty term into the loss function. Use algorithm to get low switching cost. 

Policy parametrization:
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controller parameters

Disturbance-Action Controller (DAC)

meta regret: ∑$%!" 𝒑$, 𝓵$ − ℓ$,/ + 𝜆𝐷∑$%," 𝒑$ − 𝒑$&! ! Hedge: 𝑝$4!,/ ∝ 𝑝$,/ exp(−𝜖ℓ$,/)

base regret: ∑$%!" ∇ 9𝑓$ 𝐰$ , 𝐰$,/ − 𝐯$ + 𝜆∑$%," 𝐰$,/ −𝐰$&!,/ ! OGD: 𝐰$4!,/ = Π𝒲 𝐰$,/ − 𝜂/∇ 9𝑓$ 𝐰$

minimax optimal 
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OCO with switching cost: ∑$%!" 9𝑓$ 𝐰$ − ∑$%!" 9𝑓$ 𝐯$ + 𝜆∑$%," 𝐰$ −𝐰$&! , The best attained static regret: 𝒪 𝜆𝑇 by OGD

Scream: 𝒪 𝜆𝑇 1 + 𝑃" + 𝜆./5 𝑇 ⇒ 𝒪 𝜆./5 𝑇 regret in stationary environment (𝑃" = 0) 

Lazy Scream: slow down the update of base learners and meta learner simultaneously

à 𝒪 𝜆𝑇 1 + 𝑃" + 𝜆𝑇 ⇒ 𝒪 𝜆𝑇 regret in stationary environment

Optimality: we provide a lower bound to show that 𝒪( 𝜆𝑇 1 + 𝑃" ) dynamic regret is minimax optimal!

𝜆 = 𝒪(𝑚,) is associated with memory length

optimal memory 
dependence 

𝒪( 𝜆𝑇 1 + 𝑃# )!

Step size pool:

ℋ = 𝜂" 𝜂" = 2"*$ ⋅ 𝐷+
𝜆𝐺 + 𝐺+ 𝑇 , 𝑖 ∈ 𝑁

Hedge the uncertainty!

What about switching cost?

Fails!

Linear Dynamical System: 𝑥=>! = 𝐴𝑥= + 𝐵𝑢= +𝑤=
Online Non-stochastic Control:

At each round 𝑡 = 1,2, … , 𝑇
1. player observes a state 𝑥$ and provides a control 𝑢$;
2. player suffers a convex loss 𝑐$(𝑥$, 𝑢$);
3. environment chooses an adversarial noise 𝑤$ and evolves to state 𝑥$4!.

Dynamic Policy Regret :
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competing with any controllers 𝜋!, 𝜋,, … , 𝜋"

Reduction to OCO with Memory:

OCO with memory Online non-stochastic control

Experiments: OCO with Memory and Online Control
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