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Note to other teachers and users of 
these slides. Andrew would be delighted 
if you found this source material useful in 
giving your own lectures. Feel free to use 
these slides verbatim, or to modify them 
to fit your own needs. PowerPoint 
originals are available. If you make use 
of a significant portion of these slides in 
your own lecture, please include this 
message, or the following link to the 
source repository of Andrew’s tutorials: 
http://www.cs.cmu.edu/~awm/tutorials . 
Comments and corrections gratefully 
received. 
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Rewards
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Discount factor
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A Markov process with rewards
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Value iteration: solve expected reward
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Value iteration: solve expected reward
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Value iteration: solve expected reward
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Markov process -> Markov decision process



A Markov decision process (MDP)

These are values, what about decisions?
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Markov decision process
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Michael S. Lewicki ! Carnegie MellonArtificial Intelligence: Markov Decision Processes

Modeling Environments with Markov Models

• MDP

- tractable to solve

- relatively easy to specify

- assumes perfect knowledge of state

• POMDP

- Treats all sources of uncertainty (acting, sensing, environment) in a uniform framework

- Allows for taking actions that gain information

- Difficult to specify all the conditional probabilities

- Almost always infeasible to solve optimally

187

Types of Markov Models

State Passive Active

Fully 
Observable

Markov Model MDP

Hidden State HMM POMDP

Advanced topic.  
We won’t cover 
these in detail.
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Computing the best policy
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Value iteration
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Let’s compute Jk(Si) for the startup example
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k Jk(PU) Jk(PF) Jk(RU) Jk(RF)
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Michael S. Lewicki ! Carnegie MellonArtificial Intelligence: Markov Decision Processes

Let’s compute Jk(Si) for the startup example

25

k Jk(PU) Jk(PF) Jk(RU) Jk(RF)

1 0 0 10 10

2 0 4.5 14.5 19

3 2.03 8.55 16.53 25.08

4 4.76 12.20 18.35 28.72
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Example

These are values, what about decisions?
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Bellman’s equation
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Let’s compute Jk(Si) for the startup example
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Find the optimal policy
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Reinforcement learning



Game playing

Michael S. Lewicki ! Carnegie MellonArtificial Intelligence: Reinforcement Learning 1

Game playing

• What are you doing when you’re 
learning a game?

• Supervised learning:

- teacher (ie desired output) giving 
detailed feedback of the best move 
in each situation

- infeasible for complex games, e.g. 
which chess move is best from a 
given board position?

• Reinforcement learning:

- no teacher; only feedback is 
whether you won or lost

- computer could simulate many 
games to explore space

3
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Recall Markov Decision Processes

• An MDP is defined by:

• Value iteration:

• Optimal policy:

4

states: {s1, . . . , sN}

initial state: S0

actions: {a1, . . . , aM}

rewards: R(s) = {r1, . . . , rN}

transitions: T (s, a, s′) = P (st+1 = s′|at = a, st = s)

discount: γ

Vi+1(s) = R(s) + γ max
a

∑

s′

T (s, a, s′)Vi(s
′)

V ∗(s) = lim
i→∞

Vi(s)

π∗(s) = arg max
a

[

R(s) + γ
∑

s
′

T (s, a, s′)V ∗(s′)

]

i Vi(PU) Vi(PF) Vi(RU) Vi(RF)

1 0 0 10 10

2 0 4.5 14.5 19

3 2.03 6.53 25.08 18.55

4 3.852 12.20 29.63 19.26

5 7.22 15.07 32.00 20.40

6 10.03 17.65 33.58 22.43



MDP
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Game playing

• What are you doing when you’re 
learning a game?

• Supervised learning:

- teacher (ie desired output) giving 
detailed feedback of the best move 
in each situation

- infeasible for complex games, e.g. 
which chess move is best from a 
given board position?

• Reinforcement learning:

- no teacher; only feedback is 
whether you won or lost

- computer could simulate many 
games to explore space

3
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Recall Markov Decision Processes

• An MDP is defined by:

• Value iteration:

• Optimal policy:

4

states: {s1, . . . , sN}

initial state: S0

actions: {a1, . . . , aM}

rewards: R(s) = {r1, . . . , rN}

transitions: T (s, a, s′) = P (st+1 = s′|at = a, st = s)

discount: γ

Vi+1(s) = R(s) + γ max
a

∑

s′

T (s, a, s′)Vi(s
′)

V ∗(s) = lim
i→∞

Vi(s)

π∗(s) = arg max
a

[

R(s) + γ
∑

s
′

T (s, a, s′)V ∗(s′)

]

i Vi(PU) Vi(PF) Vi(RU) Vi(RF)

1 0 0 10 10

2 0 4.5 14.5 19

3 2.03 6.53 25.08 18.55

4 3.852 12.20 29.63 19.26

5 7.22 15.07 32.00 20.40

6 10.03 17.65 33.58 22.43



Example
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The 4x3 grid world from R&N Chap. 17

5

3 +1

2 "1

1 start

1 2 3 4

0.8

0.1 0.1

R(s) = -0.04

T (s, a, s�) = P (st+1|at, st)

actions

• Here, the agent has a complete model of the fully-observable world

• The reward function R(s) and the transition model T(s,a,s’) are also known.

• In this example, there is no discounting

• How does the agent maximize reward?  Value (or policy) iteration.
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The optimal policy
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3 +1

2 "1

1

1 2 3 4

0.8

0.1 0.1

T (s, a, s�) = P (st+1|at, st)

actions

R(s) = -0.04

• With weak negative reward, best policy is to avoid -1 when possible and seek +1
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Another optimal policy
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3 +1

2 "1

1

1 2 3 4

0.8

0.1 0.1

T (s, a, s�) = P (st+1|at, st)

actions

R(s) = < 1.6285

• With strong negative reward, best policy is to always seek end states
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Reinforcement learning:  learning from experience
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3 ? ? ? ?

2 ? ? ? ?

1 ? ? ? ?

1 2 3 4

actions

T (s, a, s�) = ?

?

??

?

R(s) = ?

• Now: don’t know environment, transition model, or reward function

• Need to explore the world.  At each state the agent:

1. selects one of the available actions
2. receives reward
3. observes resulting state
4. repeat until a terminal state

In reinforcement learning, the 
objective is to find an optimal 

policy from these observations.
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Model estimation
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3

2 s1

1 s s2

1 2 3 4

R(s) = ?   T(s,a,s’) = ?

• Observe statistics for actions from 
each state.

• Eg, for 10 “up” actions from state 
(1,1) we observe next state is

- s1 = (1,2) 8 times & R= -0.04

- s2 = (2,1) 2 times & R= -0.04

• ⇒T(s, Up, s1) = 8/10 = 0.8 

    T(s, Up, s2) = 2/10 = 0.2

    R(s1) = R(s2) = 0.04

• Could use Bayesian estimates here

• Continued exploration of the grid 
world will give increasingly accurate 
estimates of T(s,a,s’) and R(s).

R(s) = reward for state s

T̂ (s, a, s�) � # transitions s⇥ s� for action a

# times a selected at state s

Michael S. Lewicki ! Carnegie MellonArtificial Intelligence: Reinforcement Learning 1

Model estimation
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• With estimates of  T(s,a,s’) and R(s), we can just treat it like an MDP.

• Compute the expected value of each state as:

• And the optimal policy (with value iteration) is:

• This is called Certainty Equivalent learning.

• Issues and caveats:

- Could be a very inefficient way to explore the world.

- When do we stop and estimate the policy?

- Solving for V*(s) every time could be expensive.

Vi+1(s) = R̂(s) + � max
a

�

s�

T̂ (s, a, s⇤)Vi(s⇤)

V �(s) = lim
i⇥⌅

Vi(s)

⇥�(s) = arg max
a

�
R̂(s) + �

⇤

s�

T̂ (s, a, s⇥)V �(s⇥)

⇥

• • •1 2 3 N



Model-based reinforcement learning
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Model-free reinforcement learning

And there are more methods that do not estimate 
the MDP model.

R. Sutton. Introduction to Reinforcement Learning.


