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Previously...

Learning

Decision tree learning
Neural networks

Why we can learn
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Linear model
r=(xr1,T2,...,Tp)

W= w,w,..., W, b

~ =

w11 +wo o +...+w, -z, +0

flx)=w'z+b

Vladimir Vapnik
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Linear model

y=ax +b

y=wy T3+ wy- -To+0b
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Linear model

y=axr+b

Yy =wy Ty + wy T2+

is the following a linear model?

y=wy T+ wy x°+0b
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Least square regression

Regression: y € R
Training data:

{(3317 yl)? (332, y2)7 ((Em, ym)}

Least square loss:

1 m
— Z(waEi +b—y;)°
i=1

-
-
~~~~~

-------

KXY
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Least square regression

1 m
Liw,b) = — ) (w'x;+b—y)°

m “
1=1

OL(w,b) 1 T B
50 ——ZQ(fw x;, +b—1y;) =0

m -

Ow m 4

2(fwTazi +b— yi)wT =0

1

1=1
OL(w,b) 1 zm:
1=1
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Least square regression

1 m
Liw,b) = — ) (w'x;+b—y)°
(w, b) mi:l(w x;+b—y;)
OL(w,b) 1 & T
50 mE (w' x; +b—1y;) =0

1

1=1
—m ZQ(’UJT% +b—yi)z; =0
1=1
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Least square regression

1 m
Liw,b) = — ) (w'x;+b—y)°

m “
1=1

OL(w,b) 1 T B
o ZQ(U) x;, +b—1y;) =0

m -

2(wTa3i +b— yi)a:T =0

1

1=1
OL(w,b) 1 zm:
1=1

i
w = (i f:m T, — EET)_l(i i(y ;) ?]a_c)
m — 1 m - 1Lg
= var(x) teov(z,y) = (X' X)7'X'Y
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Least square regression

1 m
L(w,b):EZ( T$i+b—yi)2
i=1
OL(w,b) 1 T B
50 —EZQ(UJ x;, +b—1y;) =0

2(wTazi +b— yi)mT =0

1

1=1
OL(w,b) 1 zm:
1=1

M=
w = (iim T, —iiT)_l(i i(y T;) — YT
m — 1 m - 1Lg
= var(x) teov(z,y) = (X' X)7'X'Y

closed
form
solution
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Complexity of linear models

A

complexity
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Complexity of linear models

A

possibil
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Regularization

make hypothesis space small
— better generalization ability

make numerical analysis stable

restrict the norm of w
n 1/p

Jwlly = (D lwil”

1=1

-
="
-

.....
~
~

n
lwlz= | ) w}
i=1

.....

S a
S
-

-
-----
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Ridge regression

Regression: ¥ € R
Training data:

{(x1,91), (T2, Y2), (Tm, Ym) }

objective:
| i T 2
arg min — w x; +b—y;
ST |
s.t. w2 <0
or.
1 m
arg min — Z(’mei + b — yi)Z + Afjwl]2
wb TS
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Ridge regression

centered data, no bias:

. 1 — T 2
argu{mnEZ(w x; — 1Y)+ A|wl|2
1=1 /O
closed form solution:/

— (% Zmzwj —zz' —I—)\I) 1(% Z(yzm@) —y‘a‘c)

= (var(x) + M) *cov(x, y) :

—(X'"X+ X)) XY
( ) Iis the identity matrix
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Least square v.s. ridge regression

=~ stable solution
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Least absolute shrinkage and selection
operator (LASSO)

Regression: y € R
Training data:

{(331, yl)? (332, y2)7 (il?m, ym)}

objective:
1T 2
arg min — w x; +b—y;
w,b mzzzl( )
s.t. |wl|ly <6
Or.
1T 2
— w x; +b— y; A
ar%glmmZ( +b—yi)” + Aw|;

1=1
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Comparing different regressions

Least Squares Ridge Regression
4 4
@
2
0
¢
_2 ' 1 A A _2 ' A ' 1
10 20 30 40 a0 10 20 30 40 a0
LASS0
4
@

[Pictures from www.cs.ubc.ca/
~schmidtm/Software/
L1General/examples.html]

10 20 30 40 a0
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A general framework

objective function:

arg min L(w, b) + [w]|,

w,b

general optimization: gradient descent

1y = 2L Lol

good for convex objective functions
flaw; + (1 — a)ws)) > af(wi) + (1 — a) f(w2)

linear, quadratic
convex + convex — convex
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[Linear classifier

model space: R*+!
f®)=w'z+0b A
for classificationy € {—1,+1} .

we predict an instance by y
sign(w ' « + b)
(11, w'z+b>0

=< —1, w'z+b<0

| random, otherwise

for an example (x,y), a correct
prediction means

y(w' 'z +b) >0
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Idea classifier

argmmZI w'x +b) <0)

w,b

not convex
hard to solve
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Prototype

simple, but too restricted
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Perceptron

feed training examples one by one
l. w=0

2. for each example (x,y)
if sign(yw'x) <0

w=w +yx
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Perceptron

feed training examples one by one
l. w=0

2. for each example (x,y)
if sign(yw'x) <0

w=w +yx

gradient ascent
Oyw ' x
ow

:ya’j
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Perceptron

feed training examples one by one
1. w=0

2. for each example (x,y)
if sign(yw'x) <0

w=w +yx

gradient ascent
Oyw ' x
Oow

:ya’;

flx)=w'z+b

when all examples are with length 1 and are linearly
separable by w*, perceptron algorithm makes at most

1 2 :
(1/ min [ '””') mistakes

z ||l
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Logistic regression

assume logit model: for a positive example

1 1
wTz = log p(+1 | z)
1 —p(+1 | @) 08y
p 0.61
hat ply | #,w) = - s
SO t at p y CB,’w - 1 _|_ e_y(wTw) 0.27

0
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Logistic regression

assume logit model: for a positive example

1 1
w2 = log p(+1 | x)
1 —p(+1 | x)
D 0.6}
h ( ‘ ) B 1 0.4}
SO t at p y waw - 1 _|_ e_y(wTw) 0.21

-10

minimize negative log-likelihood:

arg nlf)liﬂ — long(yi |z, w) = — Zlogp(yi |z, w) "
W 0

1=1

— Z log (1 + e‘yi(wT‘””)

12

Lo N IS [e)) w0

10

0 5

convex

10
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Linear classifier revisit

model space: R*+!

e c {141
@) = w' @ b for classification v € { }

Original objective'
0-1 loss
I(y +b) <0
aririlmz (w'z+b) ) hard to optimize

Surrogate objective:

arg min Z log (1 t e vilw @ +b)) logistic regression

w,b

arg min Z max{ yz(w x; + b) 0} perceptron
w,b
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Linear classifier revisit

\ 4

y(w 'z +b)
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Linear classifier revisit

0-1 loss
I(y(w'z+b) <0)

logistic regression
log, (1 + ¥ =+0)

\ 4

y(w 'z +b)
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Linear classifier revisit

0-1 loss
I(y(w'z+b) <0)

logistic regression
log, (1 + e~ ¥ =)
perceptron

y(w 'z +b)

max{—y(w ' +b),0}
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Linear classifier revisit

0-1 loss
I(y(w'z+b) <0)

logistic regression
log, (1 + e~ ¥ =)
perceptron

max{—y(w ' +b),0}
hinge loss
max{l — y(w'x +b),0}
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Support vector machines (SVM)

hinge loss + L2-norm
argmmZmaX (1-— yz(’w x;+b),0) + w2

w,b
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Support vector machines (SVM)

hinge loss + L2-norm
arg minz max (1 — y;(w ' x; +b),0) + \||Jw]|
w,b p .’
o . maX(l — yi(w—rmz + b)7 O) — fz
1 “ & >1—yi(w' @ +b)
N — C ; §& >0
ar%ﬁanHng—l- Z;f

s.t. yi(w' x; +b) > 1§
& >0

quadratic
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Support vector machines (SVM)

1
arg min —||w||2
w,b 2

st.  yi(w'x; +b)>1
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Support vector machines (SVM)

1
arg min —||w||2
w,b 2

st.  yi(w'x; +b)>1

2 2
Ly Tl [l
Tio N
A @ 00 |
A A O
1y O
Af A AAA
A Al A
T
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Support vector machines (SVM)

1
arg min — ||w||2
w,b 2

st.  yi(w'x; +b)>1

A Al
Vo support vector
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Scoring functions

m

1

- Y (w'xi+b—y)® least square regression
1=1

1l «—, T |
- D |w'®i+b—w| LAD regression
1=1

1 ™m
m Y (w'®;+b—y)*+ Nwlz2 ridge regression
1=1

1 m
m D (w'z+b—y)? +A|wli  LASSO

1=1
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Scoring functions

> Iy(wz+b) >0) 0-1 loss
> max{—y;(w z; +b),0} perceptron
Z log (1 + e_yi(wT"”ﬁb)) logistic regression

> log (1 + e‘yi<"“Ta’i+b)) + M|wl|l2  regularized LR
Zmax(l —yi(w' x; +0),0) + A|wl|l2 SVM

minimize loss + regularization
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Multi-class classification

one-vs-rest

for C classes, need to train C binary classifiers
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Multi-class classification

one-vs-rest

for C classes, need to train C binary classifiers
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Multi-class classification

One-vs-one

for C classes, need to train C(C-1)/2 binary classifiers
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Multi-class classification

One-vs-one

for C classes, need to train C(C-1)/2 binary classifiers
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Linearity v.s. dimensionality

XOR in 2D
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Linearity v.s. dimensionality

A A
A N .
O A
A
S e
XOR in 2D A
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Linearity v.s. dimensionality

XOR in 2D
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Linearity v.s. dimensionality

.................................................

..........

O
1
1],b=-05
9

A A
A O
O i A
|“ A
>
XOR in 2D A
/ ________________________________________________
1 2 Y X1 2 T1X2 Y
O 0 +1 O 0 0 +1
O 1 -1 :{> O 1 O -1 w =
1 0 -1 1 0 O -1
1 1 +1 1 1 1 +1
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