Approximation Guarantees of Stochastic Greedy Algorithms for Subset Selection
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Abstract

Subset selection is a fundamental problem in many
areas, which aims to select the best subset of size
at most k£ from a universe. Greedy algorithms are
widely used for subset selection, and have shown
good approximation performances in deterministic
situations. However, their behaviors are stochas-
tic in many realistic situations (e.g., large-scale
and noisy). For general stochastic greedy algo-
rithms, bounded approximation guarantees were
obtained only for subset selection with monotone
submodular objective functions, while real-world
applications often involve non-monotone or non-
submodular objective functions and can be subject
to a more general constraint than a size constraint.
This work proves their approximation guarantees in
these cases, and thus largely extends the applicabil-
ity of stochastic greedy algorithms.

1 Introduction

The subset selection problem is to select a subset of size at
most k from a ground set of n items for maximizing some
given objective function f. It arises in many applications,
such as maximum coverage [Feige, 1998], sparse regres-
sion [Miller, 2002], influence maximization [Kempe et al.,
20031, and sensor placement [Krause ef al., 2008], to name
a few. For this general NP-hard problem, greedy algorithms
were shown to be powerful. For example, when the objec-
tive function f satisfies the monotone and submodular prop-
erty, the standard greedy algorithm, which iteratively adds
one item with the largest marginal gain on f, achieves the
optimal approximation guarantee of (1 — 1/e) [Nemhauser et
al., 1978; Nemhauser and Wolsey, 1978].

However, greedy algorithms can only be performed
stochastically in many realistic situations. For example,
when the ground set is very large or the objective func-
tion evaluation is noisy, the standard greedy algorithm can
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only select an item whose marginal gain is approximately
optimal in expectation at each greedy step. For large-scale
applications, the random sampling technique is often em-
ployed to improve the scalability [Mirzasoleiman ez al., 2015;
Ohsaka and Yoshida, 2015], which makes that the best item
from a random subset (instead of the whole set) of remaining
items is selected in each iteration. For noisy applications, the
noise in the objective function evaluation makes that the item
with the largest noisy marginal gain (instead of the largest
true marginal gain) is selected in each iteration [Singla er al.,
2016; Qian et al., 2017b].

To the best of our knowledge, general stochastic greedy
algorithms for subset selection were not studied until re-
cently. Hassidim and Singer [2017] considered a general
framework for stochastic variants of the standard greedy al-
gorithm, called STOCHASTIC-STANDARD-GREEDY. In each
iteration, a value £ is randomly sampled from a distribution
D, and then the algorithm selects one item whose marginal
gain is a &-approximation of the largest marginal gain (i.e.,
at least the largest marginal gain times a factor of £). They
proved that when f is monotone submodular, STOCHASTIC-
STANDARD-GREEDY achieves a (1 — e #)-approximation
guarantee, where 1 is the expectation of & ~ D.

Note that real-world applications of subset selection of-
ten involve non-submodular or non-monotone objective func-
tions, and can be subject to a more general constraint than a
size constraint. In this paper, we thus theoretically study the
approximation performance of the stochastic version of the
corresponding greedy algorithms in these cases. Our analy-
sis uses some quantities vy, A and «, which characterize how
close an arbitrary function f is to submodularity from differ-
ent aspects [Das and Kempe, 2011; Zhou and Spanos, 2016;
Zhang and Vorobeychik, 2016]. The main contributions are:

e For subset selection with a monotone (not necessarily
submodular) objective function and a size constraint, the
STOCHASTIC-STANDARD-GREEDY algorithm obtains an
approximation guarantee of (1 — e~ #7) (Theorem 1).

e For subset selection with a non-monotone (not necessar-
ily submodular) objective function and a size constraint,
the STOCHASTIC-RANDOM-GREEDY algorithm obtains
an approximation guarantee of £ plus a term depending
on A (Theorem 2).

e For subset selection with a monotone (not necessarily sub-



modular) objective function and a p-system constraint, the
STOCHASTIC-GENERAL-GREEDY algorithm obtains an

<*4_(Th 3
p+a2u( eorem 3).

We also show how to bound the quantities y, A and « in sev-
eral real-world applications, implying the practical applica-
bility of our derived approximation guarantees.

approximation guarantee of

2 Preliminaries

Let R and RT denote the set of reals and non-negative reals,
respectively. Given a ground set V' = {v1,v9,...,v,}, we
study the functions f : 2" — R over subsets of V. A set
function f is monotone if for any S C T, f(S) < f(T).
Without loss of generality, we assume that monotone func-
tions are normalized, i.e., f(§)) = 0. Let fs(T') denote the
marginal value f(SUT)—f(S). A set function f : 2V — Ris
submodular [Nemhauser et al., 1978] if forany S C T C V,
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or equivalently, forany S C T C Vandwv ¢ T,
fs(v) > fr(v). (2)

Note that we represent a singleton set {v} by v for simplicity.
We then give three notions of “approximate submodularity”,
which measure to what extent a general set function f has the
submodular property. The «-submodularity ratio and the A-
submodularity index are defined based on Eq. (1), while the
a-submodularity ratio is defined based on Eq. (2). It is easy
to verify that vg 5 (f) < 1, Agx(f) < 0and ay < 1. When
f is clear, we will use g ., As,x and « for short.

Definition 1 (vy-Submodularity Ratio [Das and Kempe,
20111). The submodularity ratio of a set function f : 2V —
R with respect to a set S and a parameter k > 1 is

. Zv eT fL (U)
Tsklf) = Les Ttk ror=0  fo(I)
Definition 2 (A-Submodularity Index [Zhou and Spanos,
20161). The submodularity index of a set function f : 2V —
R with respect to a set S and a parameter k > 1 is

Ask(f) = min ZUET fo(v) = fL(T).

 LCS,T:|T|<k,TNL=0

Definition 3 (o-Submodularity Ratio [Zhang and Vorobey-
chik, 2016; Qian et al., 2017al). The submodularity ratio of
a set function f : 2V — Ris
_ fs(v)

SCTweT fr(v)
Remark 1. For a general set function f, f is submodular iff
As.k(f) = 0 for any S and k. For a monotone set function
f, it holds that (1) f is submodular iff vs 1(f) = 1 for any
S and k; (2) f is submodular iff oy = 1; (3) af < v5x(f)
for any S and k, since fr,(T) in Definition 1 can be upper
bounded by

af

7| 71 ¢, (o) 2 fu()
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where the items in T are denoted as {v{,... vy} and | - |

denotes the size of a set.

Algorithm 1 STOCHASTIC-STANDARD-GREEDY Algorithm

Input: a budget k and a distribution D
Output: a subset of V' with k items
Process:
1: LetS = (.
2: repeat
3: & < randomly sampled from D.
4:  v* < an arbitrary item from V' \ S s.t.
[s(v*) > € - max,ey\s fs(v).
50 S+ Suvt.
6: until |[S| =k
7. return S

An independence system is a pair (V,Z), where V is a
ground set and Z C 2V, satisfying that ) € Z and VS C
TeZ:S5eZ. AnysetS € T is called an independent set.
For any S C V, a maximal independent subset of S is called
a basis of S. The general subset selection problem is pre-
sented in Definition 4, which is to find an independent subset
of V' maximizing a given objective function f. Without loss
of generality, we assume that f is non-negative.

Definition 4 (Subset Selection). Given all items V =
{v1,v2,...,v,}, an objective function f : 2V — R* and
an independence system (V,T), the goal is to find a subset
S C V maximizing f(S) suchthat S € T, i.e.,

argmaxgcy f(S) st S€ETL

In this paper, we will study the subset selection problem
with two specific independence systems, a uniform matroid
and a p-system. An independence system (V,Z) is a matroid
if it satisfies the additional property: VS, T € Z,|S| > |T| :
Jv e S\T,TUv € Z. A uniform matroid is (V,Z) withZ =
{S C V| |S] <k}, which is actually a size constraint |.S| <
k. An independence system (V,Z) is a p-system [Jenkyns,
1976; Korte and Hausmann, 1978], if for any S C V,

MAXL,: T, is a basis of 5 | L]

- <p. 3)

NI, [ is a basis of S |L|
Note that a p-system is much more general than a uniform
matroid, and even covers the intersection of p matroids (i.e.,
(V,n?_,Z;), where each (V,Z;) is a matroid) [Calinescu er
al.,2011].

3 Non-submodular Functions

For the subset selection problem with a monotone submodu-
lar objective function f and a size constraint |S| < k, it was
proved that STOCHASTIC-STANDARD-GREEDY finds a sub-
set S of V' with E[f(S)] > (1 — e #*) - OPT [Hassidim
and Singer, 2017]. Note that E[-] denotes the expectation
of a random variable, and OPT denotes the optimal func-
tion value. As presented in Algorithm 1, instead of selecting
one item with the largest marginal gain, the stochastic algo-
rithm selects one item whose marginal gain is at least a factor
of ¢ from the largest marginal gain in each iteration, where
¢ € (0,1] is drawn i.i.d. from some distribution D. Let x
denote the expectation of £ ~ D.



In this section, we consider a more general situation, where
f is not necessarily submodular. The approximation guaran-
tee is shown in Theorem 1. The proof relies on Lemma 1,
which gives the expected improvement on f in one iteration.

Lemma 1. Let S; denote the subset S after i iterations of
STOCHASTIC-STANDARD-GREEDY. Then, we have

E[f(Sis1) = £(5)) | )] = B2 (OPT - f(S).

Proof. Let S* be an optimal subset, i.e., f(S*) = OPT, and
let &; denote the value of ¢ in the ¢-th iteration of Algorithm 1.
Then, for any given .S;, we have

L

f(Sip1)—f(S
UES*\S

fs.(5°\8) 2 S”“%(ow ~ 1(5)

>
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> §it178:,k

- k
where the first inequality is by lines 3-5 of Algorithm 1, the
second is by |S*\ S;| < k, the third is by Definition 1 and the
monotonicity of f, and the lastis by f(S* U S;) > f(S*) =
OPT. Taking the expectation over both sides, the lemma
holds, since E[§;4+1 | 41 ~ D] = p. O

Theorem 1. For subset selection with a monotone objective
function and a size constraint, STOCHASTIC-STANDARD-
GREEDY finds a subset S C V with |S| = k and

E[f(S)] = (1 —e™#Tmi) - OPT,

where Ymin = Ming.|g|—k—1 Vs, k-

Proof. Taking the expectation over S;, we know from
Lemma 1 thatfor0 <i¢ <k — 1,

L/ (Sie)] ~ BLA(S:)] 2 M2

Note that vs, x > Ymin since |S;| < k— 1 and g 5, decreases
with S. By a simple transformation, we can equivalently get

E[f(Sie)] = (1 - F52 ) ELf(S)] + FEmoPT.

- (OPT — E[f(S:)])-

Based on this inequality, an inductive proof can show that, for
0<i<k,

Blf(s0] = (1- (1 “222)") opr.

Thus, for the returned subset S, we get

E[f(Si)] = (1 - (1- W;‘)k) .OPT
> (1 — e #min) . OPT. O

Note that our derived approximation guarantee in Theo-
rem 1 is consistent with known results in specific cases.

Remark 2. When f is submodular (where ~pin = 1), it re-
covers the approximation ratio 1 —e ™" [Hassidim and Singer,
2017]; when the stochastic behavior is due to random sam-
pling (where 1 > 1 — §), it recovers the approximation ratio
1 — e~ (=9)mmin [Khanna et al., 2017]; when the algorithm
performs exactly (where p = 1), it recovers the approxima-
tion ratio 1 — e~ 7.k [Das and Kempe, 2011], where S is the
returned subset.

Algorithm 2 STOCHASTIC-RANDOM-GREEDY Algorithm

Input: a budget k and a distribution D
Output: a subset of V' with k items
Process:
1: Let S = 0.
2: repeat
3: & < randomly sampled from D.
4:  U* < an arbitrary subset of V' \ S with size & s.t.
Yver- fs(v) > & maxpcv\s,juj=k Dper fs(v)-
v <— uniformly chosen from U* at random.
S+ SUw.
until |S| =k
return S

4 Non-monotone Functions

In this section, we consider the subset selection problem with
a non-monotone (not necessarily submodular) objective func-
tion f and a size constraint. It was known that when f
is submodular, the standard greedy algorithm fails to pro-
vide any constant guarantee, while the random greedy algo-
rithm can achieve a (1/e)-approximation guarantee [Buch-
binder et al., 2014]. Instead of selecting the best item
in each iteration, the random greedy algorithm selects one
from the best k items uniformly at random. We thus ana-
lyze the stochastic version of the random greedy algorithm,
called STOCHASTIC-RANDOM-GREEDY as presented in Al-
gorithm 2. As in [Buchbinder ef al., 2014], we also assume
that there are 2k “dummy” items in V' whose marginal gain to
any set is 0. We prove the approximation guarantee in Theo-
rem 2 by utilizing the recursive inequality shown in Lemma 3.
Note that the submodularity index A is used here instead of
the submodularity ratio +, since v can be negative for a non-
monotone function f.

Lemma 2. [Zhou and Spanos, 2016] Given a set function
f:2Y — R*, let S(p) be a random subset of S C V, where
each item of S appears in S(p) with probability at most p.
Then, we have

1S](1S] -1

Bl (SE)] = (1 -pr@) + =Dy

Lemma 3. Let S; denote the subset S after i iterations of
STOCHASTIC-RANDOM-GREEDY, and let S* denote an op-
timal subset. Then, we have

E[f(Sit1) = f(Si) [ Si] = — f(Si) + Asi k)

Proof. According to lines 3-6 of Algorithm 2 and E[{ | £ ~
D] = p, we have

E[f(Sit1) —

/"L *
E(f(SiUS)

I
. 1> 2 E
(5:) [ 5i] = k UCV\S |U\ k Is.(v

DI A0) %(fs<s*\s>+As k)
vES*\S;
= FU(SUST) = F(S) + As.e),

where the second inequality is by |S* \ S;| < & and the exis-
tence of “dummy” items, and the last is by Definition 2. [J



Theorem 2. For subset selection with a non-monotone objec-
tive function and a size constraint, STOCHASTIC-RANDOM-
GREEDY finds a subset S C 'V with |S| = k and

E[f(S)} Z % : OPT+ M <n(77121)>\\/,2 + )\min> )

where Apin = Ming;|g|—x—1 A8,k

Proof. Taking the expectation over S;, we know from
Lemma 3 thatfor0 <¢ <k — 1,

E[f(Si+1)] — E[f(S:)]
> = (BI£(S: U S™)] — E[F(S)] + Ain).

Note that Ag;, r > Amin since |S;| < k—1 and Ag ;, decreases
with S. We define a function g : 2V\5" — R* as for any

S CV\S* g(S) = f(SUS*). Then,
E[f(S; U S*)] = E[g(S; \ $™)].

It is easy to see that any item is selected with probability at
most 1/k in each iteration of Algorithm 2. Thus, any item of
V '\ S* appears in S; \ S* with probability at most 1 — (1 —
1/k)%. Note that S; \ S* is a random subset of V' \ S*. By
applying Lemma 2 to the function g, we get

Elg(Si\ 57)]

> (1 1Y g+ MASTVAST -

Avs=,2(9)

> (1-1) orr+ M at0)

where the last inequality is by g(#) = f(S*) =
S*| < nand Ay g+ 2(g) < 0. Based on Definition 2, we get

)\ * —_ T
v\s=2(9) = LCV\S*, TH|171’I|1<2THL (DX;QL('U) 9.(T)

frus- (U) - frus~ (T)

min E
LCV\S*,T:|T|<2,TNL=0
veT

> min E V) —
T LCV,T:|T|<2,TNL=0 fL( )
veT

Jo(T) = Ava(f).

Thus, we get

E[f(Siv)] — (1= &) ELF(S)]

] 1\ n(n—1)
> . — — - 7 . .
7 <<1 k) OPT + D) )\V,2+)\m1n

Based on this recursive inequality, an inductive proof can
show that for 0 < ¢ < k, if p < 1,

E[f(S;)] > ((1 - %) - (1 - ]1€>> ﬁ -OPT
+ <1 - (1- Z)) (n(n;l)Av,z + Amin> :

Thus, for the returned subset Sy, we get, if p < 1,

E[f(SK)] > ((1 -yt <1 - ;)k> orr
L)) (e )
() (=) )
(0B ) (e )

-1
Z'ZOPT—FM(TL(TLQ ))\V72+)\min>a

where the last inequality is derived by (1 + =4)% > 1+

%,(1—%)’“_1 >L (1-8)>1-pand Agy < 0for

anySgVandkzl.Ifu_l we have

OPT

E[f(Si)] > Z(l—,ﬁ)k o1

+ (1 - (1 _ ;)k> <”(”21)Av,2 4 Amm)

1 n(n—1)
e 2

Thus, we can get a unified lower bound on E[f(S})] for any
€ (0,1],1i.e

> - . OPT + Av2 + Amin.

E[f(Sk)] >

o=

-1
-OPT + H (n(nQ))\V,2 + Arnin) . L)

Note that our derived approximation guarantee in Theo-
rem 2 is consistent with known results for the random greedy
algorithm.

Remark 3. When the algorithm performs exactly (where
w = 1), it recovers the approximation bound % - OPT +

"("_1))\ v.2 + Amin [Zhou and Spanos, 20161, which further
recovers the approximation ratio * ¢ for submodular f (where

Asg = 0 forany S C V and Kk > 1) [Buchbinder et al.,
2014].

5 General Constraints

In this section, we consider a more general constraint, i.e.,
a subset S belongs to a p-system. Note that a p-system
covers an intersection of p matroids, and of course covers
a uniform matroid (i.e., a size constraint |S| < k). That
is, we study the subset selection problem with a monotone



Algorithm 3 STOCHASTIC-GENERAL-GREEDY Algorithm

Input: an independence system (V,Z) and a distribution D
Output: a basis of V'
Process:
I Let S=0and U =V.
2: repeat
U«—{velU|SUvel}
if U # () then
¢ «+ randomly sampled from D.
v* <— an arbitrary item from U s.t.
fs(v*) > € max,ev f5(v).
7 S« SUv*andU < U \ v*.
8: endif
9: until U = ()
10: return .S

b

SANNANE

(not necessarily submodular) objective function f and a p-
system constraint. It was known that when f is submodu-
lar, the general greedy algorithm, which iteratively adds one
item with the largest marginal gain among those items that
keep the set independent, can achieve a tight approximation
guarantee of 1/(p + 1) [Calinescu et al., 2011]. We thus an-
alyze the stochastic version of the general greedy algorithm,
called STOCHASTIC-GENERAL-GREEDY as presented in Al-
gorithm 3. We prove the approximation guarantee in Theo-
rem 3. Note that the submodularity ratio « is used here, since
we need a weak version of the diminishing return property
(i.e., Eq. (2)) in the proof.

Lemma 4. [Fisher et al., 1978] For 6;,p; > 0with0 < i <
k — 1, if it satisfies that El 05 < tforl <t< kand

pic1 > pifor1 <i<k-—1, thenzjz 0 1,07.<ZL opl

Theorem 3. For subset selection with a monotone ob-
Jjective function and a p-system constraint, STOCHASTIC-
GENERAL-GREEDY finds a basis S of V with

a?u
E[f(S)] > P OPT.
Proof. Let S* denote an optimal subset, i.e., f(S*) = OPT.
Assume that the returned basis by STOCHASTIC-GENERAL-
GREEDY (i.e., Algorithm 3) contains k items. Let S; (0 <
i < k) denote the subset S after 7 iterations of Algorithm 3,
where Sy = () and Sy, is the returned basis. By Definition 1
and the monotonicity of f, we have

> fav) (f(SkUS™)—f(Sk

veS*\Sk

) 4)

2 V8,18 \ Sk

> Ysi,15\S| - (OPT — f(Sk))-

ForO0<i<kletX;, =S U{veV|SUvé¢I}
Then, in the (¢ + 1)-th iteration of Algorithm 3, the set U
in line 3 is actually V' \ X;, which is the set of items whose
inclusion into .S; keep the set independent. It is easy to verify
that X; C X,;y; and X = V since S is a basis (i.e., a
maximal independent subset of V). By the definition of a
p-system (i.e., Eq. (3)), we get, for 0 <7 < k,

| X;NS*| <p-|Si| =ip, )

since 5; is a basis of X; and X; N.S™* is an independent subset
of X;. For0 <i<k—1,letS = (X;41\X;)NS* Since
X; € X;y1and Xy, = V, we have S; NS} = @ forany i # j
and UMZJ SF = (X1 \ Xo)NS* = (V\ Xo)NS* = S*. Note
that Xo N S* = (0. Thatis, {S{, S, ..., S;_,} is a partition
of S*. Then, we have

> fa

veS*\ Sk

k—1
Z Z fsk (’U)

i=0 veSy

=) fs.(

veS*

Let uj € argmax,cy\x, fs,(v). Since S} C V \ X;, we
have, for any v € S}, fs, (v) < fs, (uf). Thus we get

k-1 k—1
Y fa0) <D0 fs ()

= 1871 fs. (u)- (6)
veS*\ Sk

=0 veSy i=0
Since X; C Xiy1, we have fg, (uj) > fs, (u, ). For any
1 <t <k, it holds that
t—1
SISl =1Xn St p <t
where the inequality is by Eq. (5). Thus, by Lemma 4, we get

S USTIR)  fs ) < S0 fsiul). ()

Since S; C Sy, for any 7 < k, by Deﬁmt10n 3 and the mono-
tonicity of f, we can get

k-1 k—1
Zi:o fsi(ui) < Zi:o fs,(u})/a. (8)
Let v} € argmax,ev\ x, fs, (v). Since uj € V'\ X, itholds

fs,(ui) < fs,(v7). ©)
By applying Egs. (7), (8) and (9) to Eq. (6), we get

k—1
p *
> Js@) DD falv). (10)
vES*\Sk =0
By the procedure of Algorithm 3, we have

E[f(Sit1) — f(S:) | Si] > B max fs:(v) = pfs; (v7).

Note that V'\ X is the set of items whose inclusion into .S; can
keep the set independent, and v; is the item with the largest
marginal gain among V' \ X;. Taking the expectation over S;,

E[f(Sit1) = f(Si)] = p- E[fs, (v])].
Then, we have

k—1
ZJE Sis1) = F(S)] = - Y Elfs, (v7)]

i=0
an
By combining Eq. (4) with Eq. (10), taking the expectation
over both sides, and using vg, ,|s+\5,| = « (see Remark 1),
we get
k—

pZ [fs,(v

where the last inequality is by Eq. (11). Thus, for the returned
subset S}, we have

a(OPT—E| —E[f(Sk)],

Q \

E[f(Sk)] > i opr
B ' O



Note that our derived approximation guarantee in Theo-
rem 3 is consistent with known results for the problem with
submodular f and matroid constraints.

Remark 4. When f is submodular (where o = 1) and a
p-system is specialized as an intersection of p-matroids, it re-
L

covers the approximation ratio e [Hassidim and Singer,

2017], which further recovers the approximation ratio p% of
the exact algorithm (where . = 1) [Fisher et al., 1978].

6 Applications of Approximation Guarantees

To understand the derived approximation guarantees of
stochastic greedy algorithms in real-world applications, we
need to provide lower bounds on ~, A or « for the cor-
responding objective functions. Note that, lower bounds
on «y were derived for some monotone non-submodular ap-
plications [Das and Kempe, 2011; Elenberg et al., 2016;
Bian et al., 20171, and that on A were also derived for the non-
monotone non-submodular application of causal covariate se-
lection [Zhou and Spanos, 2016]. In this paper, we thus only
analyze the submodularity ratio «, which was never touched
before. We give lower bounds on « in Lemmas 5 and 6 for the
monotone non-submodular objective functions in the appli-
cations of Bayesian experimental design and non-parametric
learning. The proofs are inspired from that of Propositions 1
and 2 in [Bian et al., 2017], which prove lower bounds on 7.

In Bayesian experimental design, the goal is to select ob-
servations to maximize the quality of parameter estimation.
Krause et al. [2008] considered the Bayesian A-optimality
objective function, which is to maximally reduce the variance
of the posterior distribution over parameters in linear models.
Let X = [x1,@o,...,x,] € RY*™ denote the observation
matrix, where ; € R?. Assume that each «; is normalized,
ie., ||zi|| = 1. Let X5 € R¥*ISI denote the submatrix of X
with its columns indexed by S C {1,2,...,n}. Let tr(-) de-
note the trace of a matrix and let o;(-) denote the i-th largest
singular value of a matrix. The linear model is described
as ys = X&0 + w, where 8 ~ N(0,A71), A = B2y,
w ~ N(0,0°Ig)), and I; denotes the identity matrix of size
j. Then, the A-optimality objective function is defined as

F(S) = tr(A™h) —tr((A + 62X XE)7Y),  (12)
which is monotone non-submodular [Krause et al., 2008].

Lemma 5. For the A-optimality objective function (i.e.,
Eq. (12)) in Bayesian experimental design, the submodularity
ratio o can be lower bounded as

1
> .
U O 0/)
Proof. For any column index set S C {1, ...,
fs(v) = f(SUw) = f(S)
= tr((A+0*XsX3) ™) — tr((A+6 7 XsuuX5u0) ™)

n}andv ¢ S,

d 1 d 1
= Zi:l m _Zifl ﬁQ o~ 20’ (XSUv)

) ( (XSU’U) — 0y (XS))
_Zz 1(B2 46— 20( sN(B?+ 67 202(Xsuw))

07 (Xsuw) — 07(Xs))
Z /82_1’_6 2 Q(X))Q
5

(tr(XSUvXSUu) tr(XSXg))
(8% +6720(X))?
o 2tr(X, XT) 52

C(B2H07201(X))2 (B2 + 07 201(X)?
where the third and the fifth equalities are by the definition of
the trace of a matrix, the inequality is by Cauchy interlacing
inequality of singular values [Strang, 2006], the sixth equality
is by the linearity of the trace and the last is by tr(X, X1) =
| X,||? = 1. We can similarly derive that

fs(v) <672/B%

According to Definition 3, the lemma thus holds. O

In non-parametric learning (e.g., sparse Gaussian pro-
cesses), the goal is to select a set of representative data
points. Let C' € R™*"™ be the covariance matrix parameter-
ized by a positive definite kernel. Let C'g € RISI*ISI denote
the submatrix of C' with its rows and columns indexed by
S C{1,2,...,n}. The determinantal function

f(8) = det(I;s) + 6 *Cs), (13)
is often involved in the objective functions of non-parametric
learning, e.g., [Lawrence er al., 2003; Kulesza and Taskar,
2012]. Although the logarithm of f is monotone submodu-
lar [Krause and Guestrin, 2005], the determinantal function
£ itself is not submodular in general. Let \;(-) denote the i-
th largest eigenvalue value of a squire matrix. For notational
convenience, we will use A and Ag to denote I,, +6~2C and
I s + 6 2Cs, respectively.

Lemma 6. For the determinantal function (i.e., Eq. (13)) in
non-parametric learning, the submodularity ratio o can be
lower bounded as

A (A) —1
(A - DI N4

Proof. Forany index set S C {1,...,n} andv ¢ S, we have
fs(v) = det(ASUv) — det(As)
\SUv\ [S]

= H Ai(Asuw) — 1_[Z L AilAs)

> (yson(Aso) = 1) - TT0 Mi4s)

where the inequality is derived by Cauchy interlacing in-
equality. We can similarly derive that

f5(0) < (u(Asu) — 1) - T AlAs).
Thus, forany S C T and v ¢ T', we have

fs(0) o Mo (Asun) = 1) - T Ai(As)

fr(@) = (M(Aroe) — 1) - TIE M(Ar)

)\\SUU\(ASUU) -1
T (M(Aro) — 1) - TIET P N (Ar)
An(A) =1

T (@A) = DI M4

where the last two inequalities are derived by Cauchy inter-
lacing inequality. Thus, the lemma holds. O
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7 Conclusion

In this paper, we prove the approximation guarantees of gen-
eral stochastic greedy algorithms for subset selection with
non-monotone or non-submodular objective functions and
also with a general constraint. This largely extends previous
studies, which mainly focused on subset selection with mono-
tone submodular objective functions and a size constraint.
Moreover, we show that the derived approximation guaran-
tees are applicable to real-world subset selection tasks.

References

[Bian et al., 2017] A. A. Bian, J. M. Buhmann, A. Krause,
and S. Tschiatschek. Guarantees for greedy maximization
of non-submodular functions with applications. In ICML,
pages 498-507, 2017.

[Buchbinder et al., 2014] N. Buchbinder, M. Feldman, J. S.
Naor, and R. Schwartz. Submodular maximization with
cardinality constraints. In SODA, pages 1433-1452, 2014.

[Calinescu et al., 2011] G. Calinescu, C. Chekuri, M. P4l,
and J. Vondrdk. Maximizing a monotone submodular
function subject to a matroid constraint. SIAM Journal
on Computing, 40(6):1740-1766, 2011.

[Das and Kempe, 2011] A. Das and D. Kempe. Submodu-
lar meets spectral: Greedy algorithms for subset selection,
sparse approximation and dictionary selection. In ICML,
pages 1057-1064, 2011.

[Elenberg et al., 2016] E.R. Elenberg, R. Khanna, A. G. Di-
makis, and S. Negahban. Restricted strong convexity im-
plies weak submodularity. arXiv:1612.00804, 2016.

[Feige, 1998] U. Feige. A threshold of Inn for approximat-
ing set cover. Journal of the ACM, 45(4):634-652, 1998.

[Fisher e al., 19781 M. L. Fisher, G. L. Nemhauser, and
L. A. Wolsey. An analysis of approximations for maxi-
mizing submodular set functions — II. Polyhedral Combi-
natorics, pages 73-87, 1978.

[Hassidim and Singer, 2017] A. Hassidim and Y. Singer. Ro-
bust guarantees of stochastic greedy algorithms. In ICML,
pages 1424-1432, 2017.

Jenkyns, 1976] T. A. Jenkyns. The efficacy of the ‘greedy’
algorithm. In Proceedings of the 7th Southeastern Con-

ference on Combinatorics, Graph Theory and Computing,
pages 341-350, 1976.

[Kempe et al., 2003] D. Kempe, J. Kleinberg, and E. Tardos.
Maximizing the spread of influence through a social net-
work. In KDD, pages 137-146, 2003.

[Khanna et al., 2017] R. Khanna, E. Elenberg, A. Dimakis,
S. Negahban, and J. Ghosh. Scalable greedy feature se-
lection via weak submodularity. In AISTATS, pages 1560-
1568, 2017.

[Korte and Hausmann, 1978] B. Korte and D. Hausmann.
An analysis of the greedy heuristic for independence sys-
tems. Annals of Discrete Mathematics, 2:65-74, 1978.

[Krause and Guestrin, 2005] A. Krause and C. Guestrin.
Near-optimal nonmyopic value of information in graphi-
cal models. In UAI, pages 324-331, 2005.

[Krause er al., 2008] A. Krause, A. Singh, and C. Guestrin.
Near-optimal sensor placements in Gaussian processes:
Theory, efficient algorithms and empirical studies. Jour-
nal of Machine Learning Research, 9:235-284, 2008.

[Kulesza and Taskar, 2012] A. Kulesza and B. Taskar. De-
terminantal point processes for machine learning. Foun-
dations and Trends in Machine Learning, 5(2-3):123-286,
2012.

[Lawrence er al., 2003] N. Lawrence, M. Seeger, and R. Her-
brich. Fast sparse Gaussian process methods: The infor-
mative vector machine. In NIPS, pages 625-632, 2003.

[Miller, 2002] A. Miller. Subset Selection in Regression.
Chapman and Hall/CRC, 2nd edition, 2002.

[Mirzasoleiman et al., 2015] B. Mirzasoleiman, A. Badani-
diyuru, A. Karbasi, J. Vondrik, and A. Krause. Lazier
than lazy greedy. In AAAI pages 1812-1818, 2015.

[Nemhauser and Wolsey, 1978] G. L. Nemhauser and L. A.
Wolsey. Best algorithms for approximating the maximum
of a submodular set function. Mathematics of Operations
Research, 3(3):177-188, 1978.

[Nemhauser et al., 1978] G. L. Nemhauser, L. A. Wolsey,
and M. L. Fisher. An analysis of approximations for max-
imizing submodular set functions — I. Mathematical Pro-
gramming, 14(1):265-294, 1978.

[Ohsaka and Yoshida, 2015] N. Ohsaka and Y. Yoshida.
Monotone k-submodular function maximization with size
constraints. In NIPS, pages 694-702, 2015.

[Qian et al., 2017a] C. Qian, J.-C. Shi, Y. Yu, and K. Tang.
On subset selection with general cost constraints. In IJCAI,
pages 2613-2619, 2017.

[Qian ef al., 2017b] C. Qian, J.-C. Shi, Y. Yu, K. Tang, and
Z.-H. Zhou. Subset selection under noise. In NIPS, pages
3562-3572, 2017.

[Singla er al., 2016] A. Singla, S. Tschiatschek, and
A. Krause. Noisy submodular maximization via adap-
tive sampling with applications to crowdsourced image
collection summarization. In AAAI, pages 2037-2043,
2016.

[Strang, 2006] G. Strang. Linear Algebra and Its Applica-
tions. Thomson Learning, 4th edition, 2006.

[Zhang and Vorobeychik, 2016] H. Zhang and Y. Vorobey-
chik. Submodular optimization with routing constraints.
In AAAI, pages 819-826, 2016.

[Zhou and Spanos, 2016] Y. Zhou and C. Spanos. Causal

meets submodular: Subset selection with directed infor-
mation. In NIPS, pages 2649-2657, 2016.



