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Time Series Theory and Algorithm of Predictable Learnability Based on

Error Truncation Assumption

ZHANG Shao-Qun ZHANG Zhao-Yu JIANG Yuan ZHOU Zhi-Hua

(National Key Laboratory for Novel Software Technology, Nanjing University . Nanjing 210023)

Abstract In collecting and processing time series data, there are inevitably errors, and in many
real-world cases, the errors are autocorrelated and non-independent. Existing methods often rely
on the explicit form of the hypothesis space corresponding to the forecasting algorithm. In contrast,
there has been no systematic paradigm and guarantee for some models with ambiguous hypothesis
space, such as neural networks, to analyze their predictive ability on non-stationary and error
autocorrelated time series data. Based on the assumption that errors are autocorrelated and
truncated, this paper proposes the predictable PAC learning theory and correspondingly presents
the data-dependent learning bound. The bound contains a measure of sequence complexity and a
discrepancy; the former indicates the inherent nonstationarity of the concerned time series, and
the latter can be estimated from the data under mild assumptions. According to the theoretical
results above, we propose an autoregressive model-based alternating optimization algorithm for
forecasting non-stationary time series data. The experiments conducted on several real-world data

sets confirm the effectiveness of our proposed algorithm.

Keywords machine learning; time series analysis; autocorrelated errors; predictable PAC learnability;

discrepancy estimation; alternate optimization
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SCHT R T R T T AR o BRiC. A SCR S M — 25
#E R JF# %1 (one-step-delayed sequence) {E hy 4%,
Bl v, =y 1 €[ TD.ic K Naive. T4 1) ¥ 2% e &
SRS TER 1, Hoh DSANet 2R I A E X
fic &

F1 EMEAMNES

TR T S E
RNN 5X64X1 1X64X1 1X64X1 0.001 300
GRU 5X64X1 1X64X1 1X64X1 0.001 300
LSTM 5X64X1 1X64X1 1X64X1 0.001 300
FTNet 5X64X1 1X64X1 1X64X1 0.001 300
DSANet — — — 0.001 300
TCN 7X10X 5X10X 7X10X 0. 001 300

10X10X1 10X10X1 10X10X1

TE L. A BR A IR 6006012096 20 4 (A
AP R = AR 53 I R 4 5 Tk A AR a4 . 7E B iR
A8 LA A B L OF Pk o B AT A A I R M fE Y
5 O ) a4 R AT . AR SR 4 A PEAL R bR
AT MR8 4y, By, 43 00 FR R T A R R (S
FE X

(1) ¥771% 2% (Mean Squared Error, MSE),

T+S
MSE=( >} (3,—y)%)/S.

t=T+1
(2) ¥4 %1% 22 (Mean Absolute Error, MAE) ,
T+$

MAE= (>} |y, —x)/S.

t=T+1

(3) IRVE XS (Confusion Accuracy,CA),
TP+TN
TP+TN+FP+FN’

CA=

Hip TP,FP, TN F FN 43 5| 3271 i — A0 34 5 i)
HIEf) (True Positives) . & IE f5] (False Positives) . H.
JZ ] (True Negatives) Fl{i [z #] (False Negatives). 5
L CA AT LA SE i 4 25 3F o 458 584 0 i #E m)
(A=/ =) B TIORG B2 - CA {88 2 75 B B X ) e i
S I T AR A 5 S TR B AT,

s I R 22 2 A5l 37 (Independent Predic-
tion Errors, IPE) "# Fl FALTF I 32 2 v, — v 2 &
B IS [R] 2t 7. S4B 7 S s T R 2 ka7 s A 0
“OXT RN TN R 25 5 TR AH DG, IZ AR bR AT DL R K
D0 15 2 2 75 ST AR AR e R A L A R
208 37 D5 B 0 AR Y L TR B A e S g

G A A G /IR LMSE + std ,MAE+
std , CA, IPE? JR V¥4l 15000 14 6E.

KIEER. K2 T & X I A S 4R
Hh AR 5 R TE A DR I 2 R SR AN A L R VR 4 B R A
RO ST 55 B vERE. TR B 48 1, ik
A7 10 Y LA GE T PFAN 48 B5 19 7 2108 LA B2 AR HE D
2% BB S B VEAR 8 AR 1 d A 1 LUOHLIR 2
TR RIAIGER o/ < FRTE 95 %0 5 35 M K OE 1 R - K
B R A R RAR T/ 4 T 6t B 1
Ol B 2 JEaR T A ST ¥ RN, 78 HE p2 0 48 i 52 %
P w0 i 22 i PACF B (400 38 I 2R3k, 38
B2 oy WA B R JLAS = 5 (D il A SCO7 2911
SRR H SE BT M S A T AR 25 L 3K IR UE T AR SC
TR WA R 5 (2) X Lo JEU iR il BE Al 5L B, AR SO 1%
B FAERTA B B T (USRS R B FD B
A AR T X BRI 1 A SCOT A A 5 (3) AR SCT7
T AT 55 A e S P A TR B R R A MR TE
RZBARE VAN 5 EARRI T 5 (4) 48
FO T TUAL 3RA SC T 1 B 45 6 7 /AR R 2808
L RPPH A8 AR B IR T S AR T HL M BE XS B A A
RUEE. 25 b AT SR AT L SE 3R B il 1 AR SO 1Y
A APEFAERPE I R T e 5 LA S T Ak B
AR FAE.

TR, ASCHYSEER T 075 18 T Bl S ) ZRE 1,
BIA e e A P A2 A 4 R AR L IR AR AR Y B
JLEEBIOHRR 5 DA e MR T D P AR Y SR AU 5 T
P FE T AS [F) 28 BB B R BOEE B L TR A R A AR
A i 5 i A T Ak B Aok R DR AIE 1R 25 4 ST

@ https://github. com/blackeye735/Wind-Speed-Prediction
@  https://tianchi. aliyun. com/competition/entrance/231641/
information
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K2 MUEFEEBREVEREME BEHERELHEE HAXSTNES LML
BAmAE X AR MSE MAE CA IPE? || &R0 MSE MAE CA IPE? /o
Naive 6.3518 0.9595 0.5210 0/50"
RNN 416.5410.35  4.278--0.1450 0.50634-0.0014 0/50 || RNN, 6.54540.0130 0.958974-0.0081 0.51274-0.0009 49/50 -«
RNN 6.295-40.0139 0.96094-0.0015 0.5415+0.0010 50/50 || RNN! 6.27340.0051 0.95704-0.0005 0.5422+0.0010 50/50 -«
RNN® 402.045.169  4.163-0.1120 0.5185740.0421  0/50 || RNN 6.27340.0037 0.95734-0.0011 0.536574-0.0078 50/50 =
GRU 1277481.85  7.8974:0.1040 0.5129-40.0024 0/50 || GRU, 6.334740.0083 0.95624-0.0071 0.5160+0.0021 48/50 -«
GRU* 6.2784-0.0041 0.960074-0.0026 0.5386--0.0018 50/50 || GRU! 6.2694-0.0121 0.95544-0.0005 0.541374-0.0012 50/50
GRU* 1269+67.43  7.7324-0.0972 0.527040.0083 0/50 | GRU® 6.93840.0181 0.98834-0.0112 0.53330.0095 50/50 -«
LSTM 35064+118.2  17.95+1.428 0.514540.0026 0/50 || LSTM, 6.32740.0091 0.957040.009 0.515240.0027 47/50 -«
?E LSTM!  6.286+0.008 0.9614--0.0006 0.540974-0.0009 50/50 || LSTM! 6.25440.0121 0.95594-0.0010 0.541040.0012 50/50 -«
}ﬁb LSTM® 3499+486.46  16.88+1.317 0.540740.0016 0/50 | LSTM® 6.94040.0244 0.95514-0.0036 0.52024+0.0046 50/50 -«
z  FTNet 656.94-99.52  4.278-0.2021 0.532440.0014 2/50 || FTNet, 6.989740.0250 0.958574-0.0090 0.533140.0029 45/50 -«
FTNet! 6.3134+0.0041 0.9557-+0.0006 0.54144+0.0011 50/50 || FTNet! 6.3214+0.012 0.957840.0007 0.541240.0013 50/50 -
FTNet”  507.4472.31 4.97840.2133 0.5125+0.0014 4/50 | FTNet" 6.1630.0171 0.9727+0.0011 0.537240.0005 50/50 =
TCN 39374135.5  21.84+1.321 0.508640.0010 0/50 | TCN, 6.978+0.5760 0.96514-0.0050 0.521240.0032 49/50 -«
TCN! 6.29140.0168 0.954630.0008 0.5334+0.0015 50/50 || TCN! 6.33140.0117 0.96354-0.0008 0.535340.0013 50/50 -
TCN® 2874497.27  17.33+1.107  0.512040.0009 0/50 | TCN® 0.627140.0109 0.9614+0.0011 0.543340.0012 50/50 =
DSANet  3260+215.8  15.65+2.792  0.5238+0.0003 0/50 || DSANet,  17.9341.172  1.445+0.0930 0.5603+0.0018 27/50 -
DSANet!  6.84940.065 0.9837-£0.0019 0.54334-0.0012 50/50 || DSANet!  6.69940.042 0.9765+0.0039 0.5456--0.0008 50/50
DSANet®  3194+224.1  15.47+2.152  0.5198+0.0013 0/50 | DSANet®  13.794-0.9583 1.127+0.1045 0.5324--0.0013 50/50 -
ByusE MBI MSE(1e5) MAE(1¢2) CA IPE? || Xt bR MSE(1¢5) MAE(1¢2) CA IPE?
Naive 43.04 16.49 0.5080 X
RNN 6.67140.4752 5.03140.1021 0.9245+0.0128 X RNN, 6.01840.2810 4.93240.0530 0.9287+0.0024 / -+
RNN? 9.81741.168  5.6007-0.0352 0.901140.0226 X RNN/! 6.72140.2620 5.1047-0.0152 0.928740.0024 / =
RNN" 7.692-40.0345 5.87240.0099 0.8749+0.0091 X RNN® 6.65940.0318 5.02340.0073 0.95380.0045 / -+
GRU 5.59440.1710 4.83640.0340 0.9315+0.0046 Vv GRU, 5.32940.1973 4.72140.0420 0.9385+0.0068 Vv .
GRU* 6.129-40.1553 4.94940.0350 0.9266+0.0041 /|| GRU? 6.11204-0.2624 4.828=40.0151 0.9477+0.0044 / -+
Th GRU" 5.64640.4481 4.92140.0029 0.9559+0.0129 Vv GRU; 5.62454+0.0546 4.707£0.0134 0.95474+0.0079 v .
“j‘ LSTM  5.59440.1710 4.80140.0461 0.92514-0.0044 /| LSTM, 5.534740.1724 4.71340.0330 0.93014£0.0115 /-«
A LSTM! 6.03940.2853 4.88840.0050 0.9333+0.0126 Vv LSTM;’ 6.05040.1986 4.78340.0062 0.9344+0.0095 v
% LSTM®  5.6284+0.1792 4.82140.0210 0.958240.0120  \/ LSTM” 5.63840.0156 4.77240.0213 0.961440.0135 /-
E FTNet  5.92840.0490 4.90740.0071 0.925140.0090 /| FTNet, 5.85540.1121 4.97340.0091 0.935140.0075 /-«
’*j FTNet!  6.53740.3080 5.11340.0580 0.92624-0.0147 /|| FTNet? 6.47540.2971 5.0130.0970 0.932940.0035 /-«
T OPTNet  5.72440.0232  4.833--0.0283 0.95170.0037 /| FTNet® 5.67140.0371 4.82740.0391 0.9513+0.0028 /-«
TCN 5.77740.4781 5.14540.0233  0.9259+0.0061 /|| TCN, 5.48240.1511 4.95640.0121 0.9259+0.0061 / -+
TCN 6.11140.2553 5.198-£0.0140 0.923340.0146 /|| TCN¢ 6.04640.2270 5.28140.0154 0.9455+0.0088 / -+
TCN® 5.82140.3412  5.023-40.0121 0.9344+0.0097 /|| TCN® 5.51240.0837 4.92040.0120 0.9415+0.0021 v/ -+
DSANet  5.388+0.1690 4.9364+0.0171 0.9296+0.0120 /| DSANet,  5.15240.2590 4.75340.0110 0.9396+0.0058 / -«
DSANet!  6.23440.1809 4.91140.0110 0.922240.0111 || DSANet!  5.96440.2470 4.91740.0180 0.940040.0078 /
DSANet®  5.21140.1923  4.83140.0092 0.93224-0.0087 /|| DSANet®  5.17940.2310 4.77840.0109 0.940640.0037 /-«
AL N A A MSE MAE CA IPE? || X FbAs R MSE MAE CA IPE?
Naive 4.624 1.65 0.5104 X
RNN 4.61840.1009 1.63240.0078 0.5405+0.0103 RNN, 4.46240.2350 1.624-0.0060 0.562740.0165
RNN 4.32340.0022 1.61370.0020 0.5728+0.0036  / RNN/ 4.31740.0099 1.61340.0040 0.5739+0.0040 / -+
RNN" 4.52740.0847 1.62040.0219 0.5499+0.0039 v RNN 4.49740.2147 1.63240.0120 0.5534+0.0159 v
GRU 4.54140.0670 1.60440.0128 0.5361+0.0121 /| GRU, 4.30140.1180 1.584740.0102 0.5712+0.0194 -+
GRU* 4.33940.0120 1.61740.0029 0.5607+0.0031 v/ GRU! 4.33940.0101 1.61440.0040 0.5615+0.0041 /-«
GRU" 4.5844-0.0914 1.6224-0.0020 0.542240.0095 /| GRU® 4.33440.0246  1.61920.0071 0.560040.0045 /=
LSTM  4.72740.1277 1.63240.0150 0.539140.0028 X LSTM, 4.35740.0350 1.61940.0140 0.5594+0.0038 /-«
M LSTM  4.35240.0221 1.61840.0149 0.563140.0024 LSTM! 4.35140.0230 1.61840.0090 0.5624+0.0025 / =
);'f LSTM®  4.73940.1239 1.64740.0252 0.535340.0064 LSTM® 4.42140.0805 1.62040.0012 0.5556+0.0052 / -+
r FTNet  4.340:0.0060 1.618::0.0028 0.5876+0.0143 /|| FTNet, 4.33540.0310 1.616-0.0011 0.586340.0136 /=
FTNet!  4.35140.0269 1.61940.0030 0.57444-0.0045 /|| FCNTNet! 4.34940.0330 1.6204-0.0080 0.575340.0036 / -«
FTNet”  4.48940.0958 1.61240.0170 0.593240.0129 /|| FTNet® 4.23740.0011  1.622+0.0071 0.6023+£0.0011 /
TCN 4.466+0.0709 1.62940.0084 0.5473+0.0079 /|| TCN, 4.43840.0492 1.62640.0101 0.5692+0.0071 -+
TCN! 4.29840.0190 1.6234-0.0074 0.55304-0.0096 /| TCN/ 4.28740.0140 1.6207-0.0048 0.55464-0.0054 /=
TCN® 4.26040.0228 1.63340.0069 0.5318+0.0119 /|| TCN® 4.22840.0460 1.59840.0062 0.5513+£0.0151 -+
DSANet  4.5560.0820 1.6644-0.0120 0.56304-0.0083  / DSANet,  4.51040.0560 1.66574-0.0079 0.563474-0.0019 /=
DSANet!  4.44340.0940 1.639+0.0161 0.54584-0.0185 /|| DSANet!  4.4324-0.0698 1.6384-0.0120 0.561840.0151 / -
DSANet®  4.21470.0491 1.61740.0211 0.562040.0133 DSANet?  4.20040.0368 1.59640.0132  0.560640.0190 /=«

T« 7 7 7R A7 A6 0 ST DR 22 Y M S A o BB B (50) i B LA
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2203 S5 TURL BRER AT LA 8% 2 M H 0l S LR
— R4 FHEE B AR GE T2 > AR 1R 5 A& Rk
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Some efforts on this issue often rely on the explicit form
of the hypothesis space corresponding to the forecasting
algorithm. In contrast, there has been no systematic paradigm
and guarantee for some models with ambiguous hypothesis
space, such as neural networks, to analyze their predictive
ability on non-stationary and error auto-correlated time series
data. Based on the assumption that errors are auto-correlated
and truncated, this paper proposes the predictable PAC learning
theory and correspondingly presents the data-dependent learning
bound. The bound contains a measure of sequence complexity
and a discrepancy; the former indicates the inherent non-
stationarity of the concerned time series, and the latter can
be estimated from the data under mild assumptions. We also
propose an auto-regressive model-based alternating optimization
algorithm for forecasting non-stationary time series data. The
experiments conducted on several real-world data sets con-

firm the effectiveness of our proposed algorithm.



