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��U´ùÚ; ü �ô�<�ªUÄr3�å; ��. ù
y�3�½^�e�UÑyù«(J,

��UÑy@«(J, Ñy�(J¿Ø��, 
¯kØU(½=«(J¬Ñy, ~�¡����ÅÅÅyyy���,

ùay�u)�^��(J�mäkØ(½5'X, Ã{ÏL(��êÆ¼ê?1�x.

�Åy�¦+3�g*	¥Ã{(½=«(Ju), LyÑØ(½5½ó,5. ,
²L<�

�Ï�ïÄ�uy: 3�þ­E�¢�¥, �Åy��(J%LyÑ�k�5Æ5, =ÚÚÚOOO555ÆÆÆ555.

~Xõg­EÝ��qM1, ����¡�þ�gêÚ�¡�þ�gêA�o´�Øõ. Ïd�Å

y�Ï~LyÑ�­á5:

• óóó,,,555: é�Åy�?1�g*	, Ù(JLyÑØ(½5;

• 777,,,555: é�Åy�?1�þ­E*	, Ù(J¥yÑ�k�ÚO5Æ5.

VÇØ�ênÚO´ïÄÚ�«�Åy�ÚO5Æ5���Æ�, A^A�H9¤k��Æ

Eâ+�!1�)�!I¬²L)¹�, X{IÍ¶êÆ[.Ê.d (P. S. Laplace, 1794-1827)¤

ó: “é)¹��Ü©, �­��¯K¢SþÑ´VÇ¯K”. ã(ø�Ì Y. LeCun3ÙgD¥�Ñ:

“{¤þ�õê­�¤J�ÑyÑ´ó,¯�... ¤k�ãåÑ´�
JpVÇ”. 
éy¢)¹¥�

z�<
ó: ¤k�ãåÑ´�
Jp¤õ�VÇ.

1.1 �Å¯�9Ù$�

�ïÄÚ�«�Åy��5Æ, Ï~I�3�Ó�^�e­E?1�X�¢�Ú*	, ~�¡

����ÅÅÅÁÁÁ���, ½{¡�ÁÁÁ���. ��^ E ½ E1, E2, E3, . . .L«, �Ö¤J9�Á�þ´�ÅÁ�.

e¡�Ñ�
�ÅÁ��~f:

E1: �¿��qM1, *	�¡�þ�´�¡�þ.

E2: �¿��q�f, *	Ñy�:ê.

E3: ÚO,/«�cSÑ)�?�êþ.

E4: �ÅÀ��Ì>�, ÿÁÙÆ·.
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ù
Á�äk�
�k�A:: Á�3�Ó�^�e�­E?1, äkõ«(J, ·�®�zg

Á�¤k�U�(J, �3zgÁ��cØ(½Ñy=«(J. ~X�M1k�¡/�¡�þü«(

J, 3�Ó�^�e�±­E?1, �zgÁ�cØ(½�¡/�¡�þ. V)
ó, �ÅÁ�äk

±en�A::

• ���­­­EEE: 3�Ó�^�eÁ��­E?1;

• õõõ(((JJJ: Á�(JØ��, ¤k�Uu)�(J¯k²(®�;

• ØØØ(((½½½: Á�cÃ{ýÿ½(½=�«(J¬u).

1.1.1 ���m��Å¯�

�ÅÁ�¦+3zgÁ�cØU(½u)�(J, �Ù¤k�Uu)�(J%´¯k®��.

ò�ÅÁ� E ¤k�U�(J�¤�8Ü¡�Á� E ����������mmm, P� Ω. ���m Ω¥�z�

��, =Á� E �z«(J, ¡�������:::, P� ω.

~Xc��¤ã�o«Á�, Ù���m©O�:

Á� E1����m� Ω1 = {�¡, �¡}, ��:©O� ω1=�¡, ω2=�¡.

Á� E2����m� Ω2 = {1, 2, 3, 4, 5, 6}, ��:©O� ω1 = 1, ω2 = 2, . . ., ω6 = 6.

Á� E3����m� Ω3 = {0, 1, 2, . . .}, ��:�?¿�K�ê.

Á� E4����m� Ω4 = {t : t > 0}, ��:�?¿�Kê.

�¹k����:����m¡�kkk������������mmm, X���m Ω1Ú Ω2. �¹Ã����õ�

��:����m¡����������������mmm, X���m Ω3. k����mÚÃ������mÚ¡�

lllÑÑÑ���������mmm. �¹Ã�Ø�����:����m¡�ØØØ���������������mmm, X���m Ω4.

3�ÅÁ�¥, Ï~'%äk,
A5���:�¤�8Ü, ¡�����ÅÅÅ¯̄̄���, {¡� ¯̄̄���,

��^��i1 A,B,C, . . .L«. �Å¯����´8Ü, dü�½,
��:¤�¤�8Ü, ´

���m Ω�f8. XJ�ÅÁ��(J´¯� A¥�¹���, K¡ ¯̄̄��� Auuu))).

��¹���:�¯�¡�ÄÄÄ���¯̄̄���, �¹ü�½ü�±þ��:�¯�¡�EEEÜÜÜ¯̄̄���. �

��m Ω�¹¤k��:, ´Ùg��f8, zgÁ�7,u), Ï
¡ Ω�777,,,¯̄̄���. ,��¡,

XJ,¯�3zgÁ�¥ÑØu), KT¯�Ø�U�¹?Û��:, ·�^�8ÎÒ ∅L«, �¡

∅�ØØØ���UUU¯̄̄���.

~ 1.1 �ÅÁ� E: ��q�f*	ÙÑy�:ê, Ù���m Ω = {1, 2, . . . , 6}, K:

¯� AL«��f�:ê� 2, K A = {2}�Ä�¯�;

¯� B L«��f�:ê�óê, K B = {2, 4, 6};
¯� C L«��f�:ê�u 7, K C = ∅�Ø�U¯�;

¯� DL«��f�:ê�u 7, K D = Ω�7,¯�.
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1.1.2 �Å¯��'X�$�

�Å¯����´���m�f8, Ïd�Å¯��'X�$��a'u8ÜØ�'X�$�.

e¡%@�ÅÁ�����m� Ω, ^ A,B,Ai (i = 1, 2, . . .)L«���m Ω¥��Å¯�.

1) ���¹¹¹¯̄̄��� e¯� Au)7ò��¯� B u), K¡ B���¹¹¹ A, P� A ⊂ B ½ B ⊃ A.

e A ⊂ B � B ⊂ A, K¡¯� A� B ������, P� A = B.

2) ¯̄̄������¿¿¿/ÚÚÚ e¯� AÚ B ¥��k��u)¤�¤�¯�¡� ¯̄̄��� A ��� B ���¿¿¿ (½

ÚÚÚ) ¯̄̄���, P� A ∪B, =

A ∪B = {ω : ω ∈ A½ ω ∈ B}.

aq/, ¯� A1, A2, . . . , An ¥��k��u)¤�¤�¯�¡�¯� A1, A2, . . . , An �¿

¯�, P�
n⋃
i=1

Ai = A1 ∪A2 ∪ · · · ∪An = {ω : ∃ i ∈ [n] s.t. ω ∈ Ai} ,

¡
⋃∞
i=1Ai����¯� A1, A2, · · · �¿¯�.

3) ¯̄̄���������/ÈÈÈ e¯� AÚ B Ó�u)¤�¤�¯�¡� ¯̄̄��� A ��� B ������ (½ÈÈÈ) ¯̄̄���,

P� A ∩B ½ AB, =

AB = A ∩B = {ω : ω ∈ A� ω ∈ B} .

aq/, ¯� A1, A2, . . . , AnÓ�u)¤�¤�¯�¡�¯� A1, A2, . . . , An��¯�, P�

A1A2 · · ·An =
n⋂
i=1

Ai = A1 ∩A2 ∩ · · · ∩An = {ω : ∀i ∈ [n] s.t. ω ∈ Ai} ,

¡
⋂∞
i=1Ai����¯� A1, A2, · · · ��¯�.

4) ¯̄̄��������� e¯� Au)�¯� B Øu)¤�¤�¯�¡� ¯̄̄��� A��� B������, P A−B,

A−B = A−AB = AB̄ = {ω : ω ∈ A � ω /∈ B}.

5) éééááá/___¯̄̄��� é¯� A
ó, ¤kØáu¯� A�Ä�¯�¤�¤�¯�¡� ¯̄̄��� A ���

éééááá¯̄̄���½___¯̄̄���, P� Ā, = Ā = Ω−A.

�â½Â�� ¯̄A = A, Ā ∩A = ∅Ú Ω = A ∪ Ā.

6) pppØØØ���NNN/ppp½½½¯̄̄��� e¯� AÚ¯� B ØUÓ�u), = A ∩ B = ∅, K¡¯� AÚ B ´

pppØØØ���NNN���½ppp½½½���.

e¯� A1, A2, . . . , An ¥?¿ü¯�Ø�UÓ�u), =é?¿ i 6= j k Ai ∩ Aj = ∅¤á,

K¡ n�¯� A1, A2, . . . , An´pppØØØ���NNN���½ppp½½½���, aq/½Â���pØ�N�¯�.

éá�¯�´pØ�N�, �pØ�N�¯�¿Ø�½´éá¯�.
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ããã 1.1 ¯�'X½$�ÏL��ãL«, A ∪B, A ∩B, A−B, Ā©O�ã¥ÒKÜ©¤«

Xã 1.1¤«, /Ï8ÜØ���ã (Venn Diagram)��*/L«¯��m�'X½$�. ~

X, 3 A ⊂ B�ã«¥, Ý/L«���m Ω, ý� AÚ B©OL«¯� AÚ B, ý� B�¹ý�

AKL«¯� A ⊂ B; 3 A ∪B �ã«¥ÒKÜ©L«¿¯� A ∪B.

�â½Â���¯��÷ve¡�5Æ, �'y²Öö�ë�8Ü�$�5Æ.

• ��Æ: A ∪B = B ∪A, A ∩B = B ∩A;

• (ÜÆ: (A ∪B) ∪ C = A ∪ (B ∪ C), (A ∩B) ∩ C = A ∩ (B ∩ C);

• ©�Æ: (A ∪B) ∩ C = (A ∩ C) ∪ (B ∩ C), (A ∩B) ∪ C = (A ∪ C) ∩ (B ∪ C);

• ��� (De Morgen)Æ: A ∪B = Ā ∩ B̄, A ∩B = Ā ∪ B̄.

þ¡�o^5Æék��½���¯�þ¤á, ~Xé���Æk

n⋃
i=1

Ai =

n⋂
i=1

Ai,

n⋂
i=1

Ai =

n⋃
i=1

Ai,

+∞⋃
i=1

Ai =

+∞⋂
i=1

Ai,

+∞⋂
i=1

Ai =

+∞⋃
i=1

Ai .

d	, e¯� A ⊂ B, k AB = AÚ A ∪B = B ¤á.

~ 1.2 � A,B,C �n��Å¯�, Kk

• ¯� A� B Ó�u), 
¯� C Øu)�¯��L«� ABC̄ ½ AB − C;

• ùn�¯�¥��k��u)�¯��L«� A ∪B ∪ C;

• ùn�¯�¥TÐk��u)�¯��L«� (AB̄C̄) ∪ (ĀBC̄) ∪ (ĀB̄C);



1.1 �Å¯�9Ù$� 5

• ùn�¯�¥�õk��u)�¯��L«� (AB̄C̄) ∪ (ĀBC̄) ∪ (ĀB̄C) ∪ (ĀB̄C̄) ½

AB ∪AC ∪BC;

• ùn�¯�¥��kü�u)�¯��L«� AB ∪AC ∪BC;

• ùn�¯�¥�õkü�u)�¯��L«� Ā ∪ B̄ ∪ C̄;

• ùn�¯�¥TÐkü�u)�¯��L«� ABC̄ ∪ACB̄ ∪BCĀ.

~ 1.3 � A,B,C �n��Å¯�, y²

(Ā ∪B)(A ∪B)(Ā ∪ B̄)(A ∪ B̄) = ∅ Ú (A−B) ∪ (B − C) = (A ∪B)−BC .

y² �â¯��©�Æk (Ā ∪B)(A ∪B) = (A ∩ Ā) ∪B = B ±9 (Ā ∪ B̄)(A ∪ B̄) = B̄, d

d�� (Ā ∪B)(A ∪B)(Ā ∪ B̄)(A ∪ B̄) = B ∩ B̄ = ∅.

�â¯��� A− B = AB̄ �� (A− B) ∪ (B − C) = (AB̄) ∪ (BC̄). �â¯��©�ÆÚ�

��Æk

(A ∪B)−BC = (A ∪B)BC = (A ∪B) ∩ (B̄ ∪ C̄)

= (AB̄) ∪ (AC̄) ∪ (BB̄) ∪ (BC̄) = (AB̄) ∪ (AC̄) ∪ (BC̄).

dd�� ((A − B) ∪ (B − C)) ⊂ ((A ∪ B) − BC). �I?�Úy² AC̄ ⊂ (AB̄) ∪ (BC̄), é?¿

x ∈ AC̄, k x ∈ A� x ∈ C̄, 2�â x ∈ B ½ x ∈ B̄ k x ∈ AB̄ ½ x ∈ BC̄ ¤á.

¯��'X�$��a'u8Ü�'X�$�, L 1.1{�/�Ñ
VÇØÚ8ÜØ�méA

'X, =VÇÚO¥¯��'X�$��ÏL8Ü��ª?1£ã.

LLL 1.1 VÇØ�8ÜØ�m�'Vg�éA'X

ÎÒ VÇØ 8ÜØ

Ω 7,¯�, ���m �8

∅ Ø�U¯� �8

ω Ä�¯� ��

A �Å¯� f8

Ā ¯� A�éá¯� 8Ü A�Ö8

ω ∈ A ¯� Au) �� ωáu8Ü A

A ⊂ B ¯� Au)�� B u) 8Ü B �¹8Ü A

A = B ¯� A� B �� 8Ü A� B ��

A ∪B ¯� A� B �¿ 8Ü A� B �¿8

A ∩B ¯� A� B �� 8Ü A� B ��8

A−B ¯� A� B �� 8Ü A� B ��8

AB = ∅ ¯� A� B pØ�N 8Ü A� B Ã�Ó��
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1.1.3 �ÿ�m*

� Ω´�����m, ^ 2Ω L«���m Ω¤kf8¤�¤�8Ü, ¡� Ω����888, =��

�m Ωþ¤k¯�¤�¤�8Ü. é������m, ò�8 2Ω ¥���Ñw�¯�v?ÛØþ;

�éÃ�Ø�����m, ���/eØò���m Ω���f8Ñ��¯�, ùòéVÇ�O�

�5Ø��Ñ�(J. ~X, 3AÛV. (� 1.3.2!)¥òØ�ÿ8��¯�KJ±O�VÇ. �


�Ð/�x�Å¯�, �!Ú\�ÿ�m.

½Â 1.1 � Ω´�����m� Σ ⊆ 2Ω, e Σ÷v±en�^�:

• 7,¯� Ω ∈ Σ;

• e?¿ A ∈ Σ, KkÖ8 Ā ∈ Σ;

• e?¿ Ai ∈ Σ (i = 1, 2, · · · ), Kk
⋃+∞
i=1 Ai ∈ Σ,

K¡ Σ´���m Ω� σ ���êêê (q¡ σ ���), ¡ Σ¥��� (��f8)´���ÿÿÿ888, ±9 (Ω,Σ)´�

����ÿÿÿ���mmm.

σ �ê Σ��þ´��8Ü, Ùz�����´8Ü, = Σ´ Ω�
f8¤�¤�8Ü. e Σ

´�� σ�ê, K Σ¥z���Ñ´�ÿ8. �â�ÿ�m½Â��

∅ ∈ Σ,
n⋃
i=1

Ai ∈ Σ,
n⋂
i=1

Ai ∈ Σ,
+∞⋂
i=1

Ai ∈ Σ.

�½���m Ω, ��� σ�ê� Σ = {∅,Ω}, ��� σ�ê� Σ = 2Ω.

¤'5���¯�8Ü F ⊂ 2Ωk�Ø�½÷v σ�ê, d��±�E�¹ F ��� σ�ê:

½Â 1.2 �½���m ΩÚ��¯�8Ü F ⊂ 2Ω, P σ(F)��¹ F ��� σ�ê. =e Σ

´�� σ�ê� F ⊂ Σ, Kk σ(F) ⊂ Σ.

~X� F = {A}�, =8Ü F =�¹ü�¯� A, K�� σ�ê� σ(F) = {∅, A, Ā,Ω}. é�
��¯�8Ü F , k�� σ�ê σ(F) =

⋂
F⊂Σ Σ.

ék�½������m Ω, ���Ä σ�ê Σ = 2Ω; 
����m Ω�¢ê8 R�, ���

ÄÆX� σ�ê, =dk�½���m«m (½4«m)�¤� σ�ê, P� R1, =

R1 = σ ({(a, b) : a < b ∈ R}) = σ ({[a, b] : a < b ∈ R}) = σ ({(−∞, b), b ∈ R})

= σ ({(−∞, b], b ∈ R}) = σ ({(a,+∞), a ∈ R}) = σ ({[a,+∞), a ∈ R}) .

þª¤á��Ïk [a, b] =
⋂∞
n=1(a+ 1/n, b− 1/n), (a, b) = [a, b] \ a \ b, ±9��g�_!¿!��

$�. aq�½Â n�ÆX� σ�ê Rn.
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1.2 ªÇ�VÇúnz

�Å¯�3�gÁ�¥�Uu)!��UØu), ·�Ï~'%�Å¯�u)��U5Ä¾k

õ�, �ÐU^0u 0Ú 1�m���ê5?1�x. �dÄkÚ\ªÇ, ^±£ã�Å¯�u)�

ª�§Ý, 3dÄ:þÚ\¯��VÇ.

1.2.1 ªÇ

½Â 1.3 �Å¯� A3�Ó^�e­E?1� ngÁ�¥Ñy
 nAg, K¡ fn(A) = nA/n

�¯� A3 ngÁ�¥u)�ªªªÇÇÇ, ¿¡ nA�¯� Au)�ªªªêêê.

¯��ªÇ3�½§Ýþ�A
¯�u)��U5, e¯�u)�ªÇ��, K¯� Au)�

ª�, Ï
¯�3�gÁ�¥u)��U5��. �âþ¡�½Â��ªÇäkXe5�:

1◦ é?¿¯� Ak fn(A) ∈ [0, 1];

2◦ é7,¯� Ωk fn(Ω) = 1;

3◦ épØ�N�¯�A1, A2, . . . , Akk fn(A1∪A2∪· · ·∪Ak) = fn(A1)+fn(A2)+ · · ·+fn(Ak).

5� 1◦ Ú 2◦ �â½Âw,¤á. épØ�N�¯� A1, A2, . . . , Ak, ¿¯� A1 ∪ A2 ∪ · · · ∪ Ak u
)�ªê�uz�¯� Aiu)�ªê�Ú, dd��5� 3◦¤á.

ªÇ3¢S¥Ï~LyÑ�½��Å5, ~X, 3�Ó^�e?1üÓ ngÁ�, zÓÁ�¥¯

� Au)�ªÇ  ØÓ. Ùg, �XÁ�gê n�O\, ¯� Au)�ªÇ fn(A)¬u)�½�

Cz, LyÑ�½��Å5.

¦+ªÇLyÑ�½��Å5, �²L�þ­E�Á�, ¯��ªÇÏ~3��(½�~ê p

NC{Ä, 
��XÁ�gê�O�, {Ì�5��, ªÇ��5�­½u~ê p, òù«5Æ¡�

ªªªÇÇÇ���­­­½½½555. ~X{¤þkõ<�L­EÝ�M1�Á�, eL�Ñ
Ù¥�
Á�ÚO(J:

LLL 1.2 {¤þõ<­EÝ�M1�Á�(J

¢�ö Ý�oê �¡�þ�ªê �¡�þ�ªÇ

��� 2048 1061 0.5181

Æ ´ 4040 2048 0.5069

K. ��Ö 12000 6019 0.5016

K. ��Ö 24000 12012 0.5005

·���±|^O�Å�)�ÅêéÝ�M1�Á�?1�ý, ã 1.2�Ñ
�A�Á�(J.

ù
ïÄ(JþL²: ¦+éØÓ�Ý�oê, �¡�þ�ªÇØ¿�Ó, ��XÝ�gê�O\,

�¡�þ�ªÇ�5��C~ê 1/2, =ªÇÅì­½u 1/2. ù«ªÇ�­½5=Ï~¤`�ÚO

5Æ5, ´�Å¯���¤�k��*á5, �^uÝþ¯�u)��U5��.

½Â 1.4 �Å¯� A3�þ­EÁ�¥u)�ªÇo´­½/3��~ê pNC{Ä, ��

XÁ�gê�O\
{ÌÅì��, K¡~ê p�¯� Au)�VVVÇÇÇ, P� P (A) = p.
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ããã 1.2 ?¿Ý�M1, �¡�þªÇ�ª³

T½Âq¡VVVÇÇÇ���ÚÚÚOOO½½½ÂÂÂ, ÙVÇ¡�ÚÚÚOOOVVVÇÇÇ, Jø
O��Å¯�VÇ��«�{, =

�Á�gêv
õ�, �^ªÇ5�Ñ¯�VÇ�Cq�.

,��¡, VÇ�ÚO½Â�3XêÆþ�Øî>5, 3¢S¥�Ø��Uz��¯���þ

­EÁ�5O�ªÇ, ±dCqVÇ. É�ªÇ�­½59Ù5��éu, e¡·��Ñî>�VÇ

únz½Â.

1.2.2 VÇúnz

20­V 30c�, c�éêÆ[��#xâÅ (A. Kolmogorov)JÑ
VÇØ�únzNX, Ï

LÄ��5��Ñ
VÇ�î�½Â, ïá�|{uî¼AÛúnz�nØNX.

½Â 1.5 (VVVÇÇÇúúúnnnzzz) 3�ÿ�m (Ω,Σ)þ, e¼ê P : Σ→ R÷v±e^�:

1◦ ���KKK555: é?¿ A ∈ Σk P (A) > 0;

2◦ 555���555: é���m Ωk P (Ω) = 1;

3◦ ���������\\\555: e A1, A2, . . . , An, . . . ∈ Σ´���pØ�N�¯�, = AiAj = ∅ (i 6= j), k

P (A1 ∪A2 ∪ · · · ∪An ∪ · · · ) = P (A1) + P (A2) + · · ·+ P (An) + · · · ,

K¡ P (A)��Å¯� A�VVVÇÇÇ, ¡ (Ω,Σ, P )�VVVÇÇÇÿÿÿÝÝÝ���mmm½VVVÇÇÇ���mmm (probability space).

VÇ P (A)´½Â3�ÿ�m (Ω,Σ)þ�¢�¼ê, ÷v�K5!5�5Ú���\5n^ú

n, T½Â{²��/�x
VÇ���, �y�VÇØC½
Ä:, únzNX´VÇØuÐ{¤

þ���p§
, ldVÇØ�ú@�êÆ���©|.

�âVÇúnz�½Â, �±í�ÑéõVÇ�5�.

5� 1.1 éØ�U¯� ∅k P (∅) = 0.
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y² - Ai = ∅ (i = 1, 2, . . .), Kk ∅ = ∪∞i=1Ai� Ai ∩Aj = ∅ (i 6= j). �âún 3◦k

P (∅) = P

( ∞⋃
i=1

Ai

)
=
∞∑
i=1

P (Ai) =
∞∑
i=1

P (∅).

2�âún 1◦�� P (∅) = 0.

Ø�U¯� ∅�VÇ� 0, �VÇ� 0�¯�¿Ø�½´Ø�U¯�; Ón, 7,¯� Ω�VÇ

� 1, �VÇ� 1�¯�¿Ø�½´7,¯�. �~ë��¡¤Æ�AÛV.½ëY�ÅCþ.

5� 1.2 (kkk������\\\555) e A1, A2, · · · , An´üüØ�N�¯�, K

P

(
n⋃
i=1

Ai

)
=

n∑
i=1

P (Ai).

y² - Ai = ∅ (i > n), Kk
⋃n
i=1Ai =

⋃∞
i=1Ai, � A1, A2, · · · , An, An+1, . . .´üüpØ�N

¯�. �âún 3◦��

P

(
n⋃
i=1

Ai

)
= P

( ∞⋃
i=1

Ai

)
=

n∑
i=1

P (Ai) +

∞∑
i=n+1

P (∅) =

n∑
i=1

P (Ai)

5��y.

5� 1.3 é?¿¯� A, k P (Ā) = 1− P (A).

y² duΩ = Ā∪A,±9¯�A� ĀpØ�N,�âk��\5k 1 = P (Ω) = P (A)+P (Ā).

5� 1.4 e¯� B ⊂ A, Kk P (A−B) = P (A)− P (B)Ú P (B) 6 P (A).

y² e B ⊂ A, Xmã¤«k A = B ∪ (A − B), �â½Â��

B � A−B pØ�N. dk��\5k

P (A) = P (B) + P (A−B).

2�âún 1◦k P (A−B) = P (A)− P (B) > 0, l
�� P (A) > P (B).

5� 1.5 é?¿¯� AÚ B, k

P (A−B) = P (A)− P (AB) = P (A ∪B)− P (B).

y² �â A = (A−B) ∪ (AB), ±9 A−B � AB p½, k

P (A) = P (A−B) + P (AB).
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2�â A ∪B = (A−B) ∪B, ±9 A−B � B p½, k

P (A−B) = P (A ∪B)− P (B).

5� 1.6 (NNN½½½���nnn) é?¿�Å¯� AÚ B k

P (A ∪B) = P (A) + P (B)− P (AB).

y² Ï A∪B = (A−B)∪ (AB)∪ (B −A), ±9 A−B, B −A, ABüüpØ�N, dk��

\5��

P (A ∪B) = P (A−B) + P (B −A) + P (AB).

2ò P (A−B) = P (A)− P (AB)Ú P (B −A) = P (B)− P (AB)�\þª=��¤y².

aq/, én��Å¯� A,B,C k

P (A ∪B ∪ C) = P (A) + P (B) + P (C)− P (AB)− P (AC)− P (BC) + P (ABC).

é n��Å¯� A1, A2, . . . , Ank

P

(
n⋃
i=1

Ai

)
=

n∑
i=1

P (Ai)−
∑
i<j

P (AiAj) +
∑
i<j<k

P (AiAjAk) + · · ·+ (−1)n−1P (A1 · · ·An).

é n��Å¯� A1, A2, . . . , An�N½�n�?�Ú{��

P

(
n⋃
i=1

Ai

)
=

n∑
r=1

(−1)r+1
∑

i1<···<ir

P (Ai1 · · ·Air).

5� 1.7 (Union Bound½½½ÙÙÙ���ØØØ���ªªª) é¯� A1, A2, . . . Ank

P (A1 ∪A2 ∪ · · · ∪An) 6 P (A1) + P (A2) + · · ·+ P (An).

y² ·�|^êÆ8B{?1y². � n = 2�, dN½�nk

P (A ∪B) = P (A) + P (B)− P (AB) 6 P (A) + P (B). (1.1)

b�� n = k�5�¤á, é n = k + 1k

P (A1 ∪ · · · ∪Ak+1) = P ((A1 ∪ · · · ∪Ak) ∪Ak+1)

6 P (A1 ∪ · · · ∪Ak) + P (Ak+1) 6 P (A1) + · · ·+ P (Ak) + P (Ak+1),
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ùp1��Ø�ª¤á´�âª (1.1), 
1��Ø�ª¤á´�â8Bb�. �¤y².

�âêÆ8B{�aq��e�Ø�ª:

íØ 1.1 (BonferroniØØØ���ªªª) é¯� A1, A2, . . . Ank

P

(
n⋃
i=1

Ai

)
6

n∑
i=1

P (Ai);

P

(
n⋃
i=1

Ai

)
>

n∑
i=1

P (Ai)−
∑
i<j

P (AiAj);

P

(
n⋃
i=1

Ai

)
6

n∑
i=1

P (Ai)−
∑
i<j

P (AiAj) +
∑
i<j<k

P (AiAjAk);

· · · · · · · · ·

~ 1.4 � P (A) = p, P (B) = q, P (AB) = r, ^ p, q, r©OL«¯��VÇ: 1) P (Ā ∪ B̄), 2)

P (ĀB); 3) P (Ā ∪B); 4) P (Ā ∩ B̄).

) é¯K 1), �â¯�����Æk

P (Ā ∪ B̄) = P (AB) = 1− r.

é¯K 2), �â�¯��½Â

P (ĀB) = P (B −A) = P (B)− P (AB) = q − r.

é¯K 3), �âN½�nk

P (Ā ∪B) = P (Ā) + P (B)− P (ĀB) = 1− p+ q − (q − r) = 1− p+ r.

é¯K 4), �â���Æ�N½�nk

P (Ā ∩ B̄) = P (A ∪B) = 1− P (A ∪B) = 1 + r − p− q.

~ 1.5 �n��Å¯� A,B,C ÷v P (A) = P (B) = P (C) = 1/4, P (AB) = 0, P (AC) =

P (BC) = 1/16, ¦¯� A,B,C ¥��k��¯�u)�VÇ.

) Äk�ân�¯��N½�nk

P (A ∪B ∪ C) = P (A) + P (B) + P (C)− P (AB)− P (AC)− P (BC) + P (ABC)
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= 3/4− 1/8 + P (ABC).

�â P (AB) = 0Ú ABC ⊂ AB ��

0 6 P (ABC) 6 P (AB) = 0

dd��¯� A,B,C ¥��k��¯�u)�VÇ� 5/8.

1.3 �;V.�AÛV.

�!0�ü«{¤��È��²;VÇ�.: �;V.�AÛV..

1.3.1 �;V.

ÄkïÄ�a{ü��Åy�, §´VÇØ@Ï�­��ïÄé�, ÙuÐ3VÇØ¥äk­

��¿Â, ¿3�¬�þÄ�uÿ�¯K¥äk2��A^.

½Â 1.6 (���;;;VVV...) XJÁ� E ÷v:

• Á��(J�kk�«�U, =���m Ω = {ω1, ω2, . . . , ωn}, Ù¥ wi�Ä�¯�,

• z«(Ju)��U5�Ó, = P ({ωi}) = P ({ωj}) (i 6= j),

K¡TaÁ�¡����;;;VVV..., q¡������UUUVVV....

�âþã½Â±9 P (Ω) = 1��: z�Ä�¯�u)�VÇ� P ({ωi}) = 1/n, e¯� A�¹

k�Ä�¯� {ωi1 , ωi1 , . . . , ωik} , K¯� Au)�VÇ�

P (A) = k/n = |A|/|Ω|,

ùp |A|L«¯� A�¹�¯���ê. éw,�;V.�VÇ÷vVÇúnzNX�n^ún.

O��;VÇ���´Oê (Counting), Oê´|ÜÆïÄ�­�SN, ·�ò3 1.4!�[

�0��«Oê�{, ùp==0��
Ä��nÚü�|Ü:

• \\\{{{���nnn: e��ó��±^ü«ØÓ�L§A1ÚA2�¤, �L§A1ÚA2©Ok n1Ú

n2«�{, K�¤Tó�k n1 + n2«�{.

• ¦¦¦{{{���nnn: e��ó�I��gÏL A1 Ú A2 üL§, �L§ A1 Ú A2 ©Ok n1 Ú n2 «

�{, K�¤Tó�k n1 × n2«�{.

þãü^�n�?�Úí2�õ�L§��¹.

üüü���: l n�ØÓ���¥Ã�£/�Ñ r���?1ü�, d�Q��Ä�Ñ���, ��

�9Ùü�^S, Kk (n)r = n(n− 1) · · · (n− r+ 1)«ØÓ�ü�. e r = n�¡�ü�, k n!«.
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|||ÜÜÜ: l n�ØÓ���¥Ã�£/�Ñ r���, �Ñ����mÃ^S'X, �k
(
n
r

)
«Ø

Ó��{, Ù¥ (
n

r

)
=

n!

r!(n− r)!
=

(n)r
r!

, �P

(
n

0

)
= 1.

ùp
(
n
r

)
¡�|||ÜÜÜêêê½������XXXêêê, §´��Ðmª (a+ b)n =

∑n
r=0

(
n
r

)
arbn−r¥� arbn−r�Xê.

éõ²;�êÆ¯KÑ�8B��;V., e¡0��
;.�~f:

~ 1.6 ò n�ØÓ�¥�Å�\ N (N > n)�ØÓ�Ýf¥, ¯� AL«Tk n�Ýf�

zÝ�¥; ¯� B L«�½� n�Ýf¥�k�¥; ¯� C L«�½�ÝfTk m�¥. ¦¯�

A,B,C u)�VÇ. (Ýf�NþØ�, �\Ó��ÝfS�¥Ã^Sü�«O)

) ò n�ØÓ�¥�Å�\ N �ØÓ�Ýf¥, �k Nn «ØÓ��{. 
é¯� A, k

(N)n = N !/n!«ØÓ��{, Ïd

P (A) =
(N)n
Nn

=
N !

Nnn!
.

é¯� B, k n!«ØÓ��{, Ïd

P (B) =
n!

Nn
.

é¯� C, �©�üÚ: 1�Ú3�½�ÝfS�\m�¥, k
(
n
m

)
«ØÓ��{; 1�Úò�e�

n−m�¥�\ N − 1�Ýf, k (N − 1)n−m«ØÓ��{. Ïd

P (C) =

(
n
m

)
(N − 1)n−m

Nn
.

)F¯K´VÇ{¤þk¶�êÆ¯K, ïÄ,g8¬� k�<¥��kü<)F�Ó�VÇ,

½ök k<��?¥��ü<)F�Ó�VÇ.

~ 1.7 ()))FFF¯̄̄KKK) k k�< (k < 365), z�<�)F��U/Ñyu 365U¥�?¿�U,

¦��ü<)F�Ó�VÇ.

) ^ AL«��kü<)F�Ó�¯�, Ùéá¯� ĀL«?¿ü<)FþØ�Ó�¯�.

k�<�)F�k 365k «�U, 
 k�<�)FüüpØ�Ó�k (365)k «�U. Ïd

P (A) = 1− P (Ā) = 1− (365)k
365k

.

´�� k = 30�, P (A) = 70.6%; � k = 40�, P (A) = 89.1%; � k = 50�, P (A) = 97%; �

k = 60�, P (A) = 99.4%; � k = 100�, P (A) = 99.99%.

e¡0��;V.O�¥�a;.¯K, 3�¬�þuÿ��¡2�A^.

~ 1.8 ��1 N ��¬¥kM �g¬, yl N ��¬¥Ø�£/?À n�, ¦Ù¥Tk k

�g¬�VÇ.
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) ^ AL«Tk k�g¬�¯�. l N ��¬¥?À n�, k
(
N
n

)
«ØÓ�À{; 3¤À�

� n��¬¥, k k�g¬±9 n− k��¬, =lM �g¬¥ÀÑ k�g¬, lN −M ��¬¥
ÀÑ n− k��¬, Ïdk

(
M
k

)(
N−M
n−k

)
«ØÓ��{. dd��

P (A) =

(
M

k

)(
N −M
n− k

)/(
N

n

)
, (1.2)

TVÇ P (A)�¡����AAAÛÛÛVVVÇÇÇ.

3~ 1.8¥e�k�£/?À n�, KzgÄ����g¬�VÇ� (N −M)/N , Ä���g

¬�VÇ�M/N , Ïd n�¥Tk k�g¬�VÇ�

(
n

k

)(
M

N

)k (N −M
N

)n−k
.

Ä\´<�Ú\�Å5���{ü~f, 2�A^u�«N�m¯½F~)¹¥. 'uÄ\�

ú²5, =Ä\(J�,ØÓ�Ñyù«(J��U5�Ó, I�ÏLO�VÇ5?1�y:

~ 1.9 (ÄÄÄ\\\¯̄̄KKK) �¥k a�ØÓ�x¥, b�ØÓ�ù¥, b�k k�<�g�ÅÃ�£/

l�¥���¥, ¯1 i�< (i 6 k)�Ñù¥�VÇ´õ�?

) ^ AL«1 i�<��ù¥�¯�. e k �<�g�ÅÃ�£/l�¥���¥, Kk

(a+ b)k«ØÓ��{. e¯� Au), 1 i�<��ù¥, §�U´ b�ù¥¥�?¿��, k b«

�{; Ù§�{� k − 1�¥�±l a+ b− 1�¥¥�Ñ, k (a+ b− 1)k−1«ØÓ��{. Ïd¯

� A�VÇ�

P (A) =
b(a+ b− 1)k−1

(a+ b)k
=

b

a+ b
.

dd��1 i�<��ù¥�VÇ� b/(a+ b), � i���Ã', =Ä\k�^SéÄ\�(J

vkK�, ddy²
Ä\�ú²5.

~ 1.10 (������¯̄̄KKK) k néÅÓë\�gà¬, yò¤kë¬<
?¿©¤ n|, z|�I

�å, ¯��k�éÅÓ�©�Ó�|�VÇ´õ�?

) ^ AL«��k�éÅÓ�©�Ó�|�¯�, ±9 AiL«1 iéÅÓ (i ∈ [n])�©�Ó

�|�¯�, u´k A = A1 ∪A2 ∪ · · · ∪An. �âN½�nk

P (A) = P

(
n⋃
i=1

Ai

)
=

n∑
r=1

(−1)r+1
∑

i1<···<ir

P (Ai1 · · ·Air).

é?¿ r ∈ [n], �Ä¯� Ai1 · · ·Air VÇ, eë¬<
?¿©¤ n|�z|�I�å, �k n!«Ø

Ó�©{, eò1 i1, i2, · · · , ir éÅÓ©O©|, Kk (n− r)!«ØÓ�©{. �â��U5�Kk

P (Ai1 · · ·Air) =
(n− r)!
n!

.
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Úª
∑

i1<···<ir P (Ai1 · · ·Air)¥�k
(
n
r

)
�, dd��

∑
i1<···<ir

P (Ai1 · · ·Air) =

(
n

r

)
(n− r)!
n!

=
1

r!
,

u´¯� Au)�VÇ

P (A) = 1− 1

2!
+

1

3!
+ · · ·+ (−1)n+1 1

n!
.

� n���, |^�VÐª ex = 1 + x+ x2/2! + · · ·+ xn/n! + · · · ±9- x = −1k

e−1 =
1

2!
− 1

3!
+ · · ·+ (−1)n

1

n!
+ · · · ≈ 1

2!
− 1

3!
+ · · ·+ (−1)n

1

n!
,

ddCqk P (A) = 1− 1/e = 0.632.

3VÇO��L§¥, k��·�|^VÇ�5�5{zO�, ~X,

~ 1.11 l {1, 2, . . . , 9}ê¥k�£� n�, Á¦�Ñ n�ê�¦È� 10�Ø�VÇ.

) - A = {�Ñ n��ê�¦ÈU� 10�Ø}, B = {�Ñ� n�ê¥kóê}, C = {�Ñ�
n�ê¥��k�� 5}, u´k A = BC. ��O�¯� B u)�VÇ�J, ·�Ïd�Ä B �é

á¯��VÇ

P (B̄) = P
(
{�Ñ� n�ê¥Ãóê}

)
= P

(
{�Ñ� n�ê��)1, 3, 5, 7, 9}

)
= 5n/9n.

Ón��

P (C̄) = 8n/9n Ú P (B̄C̄) = 4n/9n.

�âVÇ�5�k

P (A) = 1− P (BC) = 1− P (B̄ ∪ C̄) = 1− P (B̄)− P (C̄) + P (B̄C̄) = 1− 5n

9n
− 8n

9n
+

4n

9n
.

1.3.2 AÛV.

�;V.�Äk�����m, =k����U�Ä�¯�, ,
3éõ¢SA^¥É�
�

�. �!ïÄ�UkÃ�õ«(J��Åy�, äkXeü�A::

• ���������mmmÃÃÃ������ÿÿÿ ���m�¹Ã�Ø�����:, ��±^AÛã/ (X���ã!

� ²¡«�!½n��m«��)5L«, Ù�A�AÛÿÝ (X�Ý!¡È!NÈ�)´

���"k��¢ê,

• ÄÄÄ���¯̄̄���������UUU555 z�Ä�¯�u)��U5����, l
¦�z�¯�u)�VÇ�

T¯��AÛÿÝ�', �äN �Ã',

¡�AAAÛÛÛVVV.... Ù/ªz½ÂXe:
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½Â 1.7 3��ÿÝk��«� ΩS��U5Ý:, á\ ΩS�?¿f«� A��U5� A

�ÿÝ¤�', � A� ��/GÃ', ù��VÇ�.¡��AAAÛÛÛVVV.... ¯� Au)�VÇ�

P (A) =
A�ÿÝ

Ω�ÿÝ
=
µ(A)

µ(Ω)
.

�âþã½Â��yAÛV.�VÇ÷vn^ún. e¡�ÑAÛV.�Y~.

~ 1.12 ò���Ý� l�7F�¿ò¤nã, ùnãU�¤²¡n�/�VÇ´õ�?

) 3d~¥ò��7Fò¤nãkÃ¡«�U, �âÙ�¿5?Û�«ò{��U5���

�, �7F��Ý�Ýþ, ddæ^AÛV.. ^ x, y©OL«1�ã!1�ã7F��Ý, 1nã

��Ý� l − x− y, dd�����m

Ω = {(x, y) : x > 0, y > 0, l − x− y > 0}.

^ AL«ò¤�nãU�¤²¡n�/�¯�, 
�¤²¡n�

/�^�´?¿ü>�Ú�u1n>, dd��

A = {(x, y) : x+ y > l − x− y, 1− y > y, l − x > x}

= {(x, y) : x+ y > l/2, y < l/2, x < l/2}.

Xmã¤«, O�¯� Au)�VÇ�

P (A) =
µ(A)

µ(Ω)
=

(l/2)2/2

l2/2
=

1

4
.

~ 1.13 b��¦���ð�Õ��m´?¿�, ��m��ã�mu�, �5y���m�

u��m, âU(�¦�ÿ����mØ�L 20©¨�VÇ�u 80%.

) ����m��m� l (l > 20), ÀJA½�ëY� l©¨����m, K¦����m�

���m� Ω = {x : 0 < x 6 l}. ^ B L«¦�����m�L 20©¨�¯�, 
¯� B u)K

��¦����Õ��m3 0� l − 20�m, =

B = {x : 0 < x < l − 20}.

��¯� B u)�VÇ�u½�u 20%, =

P (B) =
l − 20

l
6 0.2,

¦)�� l 6 25.
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~ 1.14 (¬¬¬¡¡¡¯̄̄KKK) üÕ1²n�½¥Ì 12 : 00 − 13 : 00�,/¬¡, ü<���m�Å,

k�ö�,�< 15©¨�lm, ¦ü<�¡�VÇ.

) ^ x, y ©OL«ü<����m (©¨), K���m Ω = {(x, y)
∣∣0 6 x, y 6 60}.

^ AL«ü<�¡�¯�, K

A = {(x, y)
∣∣|x− y| 6 15} = {(x, y)

∣∣x− y 6 15� x− y > −15}.

�âmãO�¯� Au)�VÇ

P (A) =
µ(A)

µ(Ω)
=

602 − 452

602
=

7

16
.

?�Úg�: eüÕ1²n�~h²�Ñ�~F"Ur¤dg�¡, �vkÏÕ�ª?1éX,

UÄéÑ�
üÑ5)û¬¡¯K?

éõAÛV.�VÇ�ÏLO�Å�[�ý5CqO�, =ÚÚÚOOO���[[[{{{½���AAAkkkâââ (Monte

Carlo) {{{. k�E�A�VÇ�., 2?1O�Å�[Á�, ^ÚO��{O�Ù�O�, ��¤

¦¯K�Cq�. ~X, �|^�Akâ{5CqO�~ 1.14�VÇ, ��èXe:

Ñ\ëê: Á�ogê N . %% �����ê N , �U°(O�ü<�¡�VÇ

Ð©z: ¯� A�Ð©u)�gê nA ← 0. %% d?¯� AL«ü<�¡�¯�

For i = 1 : N

x← Random(0, 60), y ← Random(0, 60). %% 3«m (0, 60)±�Å?¿À�ü�ê

If |x− y| 6 15 then

nA ← nA + 1. %% eü<�¡Kªê+1

End

End

ÑÑVÇ: nA/N .

�e50�AÛV.���²;¯K, d{I�Æ[Æ´u 1777cJÑ.

~ 1.15 (ÝÝÝ���¯̄̄KKK) ²¡þkü^²1�, �å� a, �d²¡?Ý��Ý� l (l < a)��,

¦d��?�²1����VÇ.

) ^ xL«��¥:��C��^²1��ål, ^ θL«��²1��Y�. ��²1�

� �'Xã 1.3¤«.

N´�� x ∈ [0, a/2]Ú θ ∈ [0, π], ± ΩL«>�©O� a/2Ú π ���/, ^ AL«��²

1����¯�, e¯� Au)K7k x 6 l sin(θ)/2¤á, dd��¯� A�u)Xã 1.3¥ÒK

Ü©¤«. ¦)��

P (A) =
A�¡È

Ω�¡È
=

∫ π
0 l sin(θ)/2dθ

aπ/2
=

2l

aπ
. (1.3)
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ããã 1.3 Æ´Ý�¯K

3þ~¥, ¯� Au)�VÇ�¹�±Ç π, ddÆ´��ÑO� π �VÇCq�{, ÏLª

Ç5CqO�¯� Au)�VÇ, 2�â (1.3)O��±Ç π, =

nA
n
≈ P (A) =

2l

aπ
⇒ π ≈ 2ln

anA
.

ùp nL«Á��ogê, 
 nA L«¯� Au)�gê. {¤þkõ<�âÆ´����ý�


Á�5CqO��±Ç π, k,��Öö��é�'©z.

3��­V�c, éõ<Ñ�&��é�Ü·���U5£ã, VÇ´�±���½Â�. ,


�AK (Bertrand)éù«*:JÑ
�¦, ¦ÏLe¡���äN~f`²: AÛV.���U5

VÇ�3õ«wqÜn��pgñ�(J.

~ 1.16 (���AAAKKKÛÛÛØØØ) 3�»� 1��S�Å/��^u, ¦Ùu��LT�S��>n�

/>�
√

3�VÇ.

) éu“��U5”½“�Å5”¹Â�ØÓ)º, ù�¯K�3Xõ«ØÓ�Y�)û�{,

e¡�Ñn«ØÓ��{:

(1) ?Û�����u��kü��:, Ø�3�þk�½Ù¥�:, ±d:�º:����>

n�/, �ká\dn�/S�uâ÷vu��L
√

3. ù«u�,�à�L�l����

�±� 1/3, �¤¦VÇ�u 1/3 (Xã 1.4-a).

(2) u�����%�ålk', ���Ã', Ïd�±b½§R�u,�^�». ��=�§

��%�ål�u 1/2�, Ùu�â¬�u 1/3, Ïdd�¤¦�VÇ� 1/2 (Xã 1.4-b).

(3) u��u�¥%:��(½, ��=�u�¥%: u�»� 1/2�Ó%�S�, u�â¬

�u 1/3. �»� 1/2���¡È� 1/4, ��¡È� 1, �¤¦VÇ�u 1/4 (Xã 1.4-c).

Ó�¯K%kn«ØÓ��Y, Ù���Ï3u�u�æ^ØÓ���U5b½. 1�«�{

b½à:3�±þþ!©Ù, 1�«�{b½u�¥:3�»þþ!©Ù, 1n«�{b½u�¥

%:3��Sþ!©Ù. ùn«�{æ^n«ØÓ��ÅÁ�, éu�g��ÅÁ�
ó, §�Ñ´

�(�, Ïd3VÇ�O�¥�½�²(äN�Á�.
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ããã 1.4 �AKÛØ

�AKÛØ3y�VÇ�uÐ¥å�L­��^, þã~fd�AKu 1899cJÑ, ±d�Ò


“��U5���½ÂVÇ”�*:. ldVÇØm©�únz�¡uÐ, lA÷v�Ä�5�5

½ÂVÇ, 
Ø´,
äN¯��VÇ. �Ï�Xd, F�ËAu 1900c3niÞ1�1�3êÆ

[�¬þJÑ
Í¶� 23�êÆ¯K, Ù¥18�¯KÒ´VÇúnz.

��;V.��, AÛV.�ïÄkÏuuyVÇ��
Ä�5�, kÏué,
VÇ¯K�

�*n)ÚäNO�.

1.4 |ÜOê*

|ÜOêïÄ÷v�½^��Oêé��ê8, VÇØ¥�éõ¯KÑ�±ÏLO���¯�

u)�ê85)û, X�;V.. d	, |ÜOê3<ó�U!O�Å�+�äk2��A^, �!

ò0�²;�|ÜOê: ��­Oê (The twelvefold way).

��­OêdÍ¶�|ÜÆ[ G.-C. Rota (1932-1999)JÑ, �Ð�¯KLã�ïÄ�½^�

eü�8Ü�mN��ê8. �
¯K��n)5, ·�æ^5O�Å§S�O²â6¥�Lã:

ò n�ØÓ½�Ó�¥, �\m�ØÓ½�Ó��f, 3Ã?Û��!½z��f�õ½����

�¥�^�, ïÄ3ù��«�/e©Okõ�«ØÓ��{ê. ·�Äk�Ñ��­Oê�(J,

XL 1.3¤«, �'�£ÚÎÒ`²ò3�Y�!Å�0�.

LLL 1.3 ��­Oê.

n�¥ m��f Ã?Û�� z��f�õ��¥ z��f����¥

ØÓ ØÓ mn (m)n m!S(n,m)

�Ó ØÓ
(
n+m−1

n

) (
m
n

) (
n−1
m−1

)
ØÓ �Ó

m∑
k=1

S(n, k)

{
1 n 6 m

0 n > m
S(n,m)

�Ó �Ó
m∑

k=1

p(n, k)

{
1 n 6 m

0 n > m
p(n,m)
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1.4.1 ü�!�ü�!|Ü�õ­|Ü

c¡0�
ü�, =l n�ØÓ���¥�Ñ r���?1ü�, I�Ä�Ñ���±9Ùü

�^S, k (n)r = n(n− 1) · · · (n− r + 1)«ØÓ�ü��{. e r = n�¡�ü�, k n!«�{.

el n�ØÓ���¥�Ñ r���ü¤����, ¡����üüü���.

ããã 1.5 �ü�.

Xmã¤«, l^��w a-b-c-a, b-c-a-bÚ

c-a-b-c´Ó���ü�, � a-c-b-aKØ´. Ïd

l n�ØÓ���¥�Ñ r ���?1�ü�,

z���ü�éAu r«ØÓ���ü�, 
�

ØÓ��ü�éA���ü�pØ�Ó. Ïdk

½Â 1.8 el n �ØÓ���¥�Ñ r ���ü¤����, k (n)r/r «ØÓ�ü{, ¡

(n)r/r����üüü���êêê. AO/, n�ØÓ����ü�ê� (n− 1)!.

~ 1.17 ò néÅO?¿Sü3�Ü�S, ¦?Û�éÅÓÑ�Sü�3�å�VÇ.

) ^ ΩL«ò néÅO?¿Sü3�Ü�S�¤k�U��ü�, ±9^ AL«?Û�éÅ

ÓÑ�Sü�3�å�¯�. K�â�ü���

|Ω| = (2n− 1)! Ú |A| = 2n(n− 1)!.

dd��?Û�éÅÓÑ�Sü�3�å�VÇ 2n(n− 1)!/(2n− 1)!.

c¡0�
|Üê, =l nØÓ���¥À� r���, �Ñ����mÃ^S'X, k
(
n
r

)
«

ØÓ��{, ¡�|Üê. yò|Üê�Vg?1í2�õ­|Üê.

½Â 1.9 ò n�ØÓ���©¤ k |, z|©Ok r1, r2, · · · , rk ���, |S��Ã^S'

X, =÷v n = r1 + · · ·+ rk � r1, r2, · · · , rk ���ê, Kk(
n

r1, r2, · · · , rk

)
=

(
n

r1

)(
n− r1

r2

)
· · ·
(
n− r1 − r2 − · · · − rk−1

rk

)
=

n!

r1!r2! · · · rk!

«ØÓ��{, ¡
(

n
r1,r2,...,rk

)
�õõõ­­­|||ÜÜÜêêê.

éu�� ngõ�ªk:

(x1 + x2 + · · ·+ xk)
n =

∑
n=r1+r2+···+rk

(
n

r1, r2, · · · , rk

)
xr11 x

r2
2 · · ·x

rk
k ,

Ïdõ­|Üêq�¡�õ�ªXê.

�â½Â��|Üê��þ�áuõ­|Üê, =
(
n
r

)
=
(

n
r,n−r

)
.

±cïÄ8Ü���Ñ´pØ�Ó�, ·�Ú\õ­8�Vg.
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½Â 1.10 e8Ü¥���´�±­E�, �­E���´���Ó!Ø�©E�, K¡T8

Ü� õõõ­­­888. ~Xõ­8 A = {1, 1, 1, 2, 2, 2, 3, 3, 4}.

b�õ­8Ak kaØÓ���,za����ê©O� r1, r2, · · · , rk,= n = r1+r2+· · ·+rk.
eòdõ­8 A¥�¤k��ü�¤�ü, K��ul n� �¥À�Ñ r1 � ��1�a��,

2l�e�l n− r1� �¥À�Ñ r2� ��1�a��, · · · , l�� rk� ��1 ka��.

ÏdTõ­8 Ak (
n

r1, r2, · · · , rk

)
«ØÓ�ü��{, =õ­|Üê.

�âü�|Üêk

n�¥ m��f Ã?Û�� z��f�õ��¥

ØÓ ØÓ mn (m)n

�Ó ØÓ
(
m
n

)
1.4.2 �ê�kS©)

�!ïÄò n����Ó!Ø�©E�¥�\m�ØÓ��f, kõ�«ØÓ��{ê. �u

¥���Ó�Ø�©E, �±é¯K?1=z: b�1���fk x1 �¥, 1���fk x2 �¥,

· · · , 1m��fk xm�¥, ùp x1, x2, · · · , xm´�K��ê, ¿÷v

x1 + x2 + · · ·+ xm = n.

Ïdò n��Ó�¥�\m�ØÓ��f�duþã�§��K�ê), kXe½n:

½n 1.1 �§ x1 + x2 + · · ·+ xm = nk
(
n+m−1
m−1

)
=
(
n+m−1

n

)
«ØÓ��K�ê).

y² ùpòÏL�E��éA'X�Ñ|Üy². ò n��Ó�¥éAu n�� ‘◦’, òm�

�f� m^ç� ‘|’?1'é. yò n���Ú m − 1^ç�ü�¤�1, ��3ü�"�2\\

�^ç�, Xe¤«:

◦ ◦ ◦ ◦︸ ︷︷ ︸
x1

| | · · · | ◦ ◦ ◦ ◦ ◦︸ ︷︷ ︸
xi

| · · · | ◦ ◦︸︷︷︸
xm

|.

l��mw, ^ x1 L«1�^ç��c����ê, ^ xi L«1 i^ç��1 i− 1^ç��m�

���ê (2 6 i 6 m). dd���§ x1 + x2 + · · ·+ xm = n��K�ê)�þã�ü��m�3

��éA'X, 
ù«ü�k (
n+m− 1

m− 1

)
=

(
n+m− 1

n

)
«ØÓ��{, =�¤¦�§ x1 + x2 + · · ·+ xm = n�K�ê)��ê.

~X, �§ x1 + x2 + x3 = 10k
(

12
2

)
= 66«ØÓ��K�ê), Ïdò 10��Ó�¥�\ 3

�ØÓ��fk 66«ØÓ��{.
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½n 1.1�Ñ
�§ x1 + x2 + · · ·+ xm = n�K�ê)��ê, �âT½n�±?�ÚïÄT

�§���ê)��ê, ±9Ø�ª x1 + x2 + · · ·+ xm < n�K�ê)½��ê)��ê. ~X,

íØ 1.2 �§ x1 + x2 + · · ·+ xm = n (m 6 n)k
(
n−1
m−1

)
=
(
n−1
n−m

)
«ØÓ���ê).

) Ú\#Cþ x′1 = x1 − 1, x′2 = x2 − 1, · · · , x′m = xm − 1, K�§ x1 + x2 + · · ·+ xm = n�

��ê)�du�§

x′1 + x′2 + · · ·+ x′m = n−m

��K�ê). �â½n 1.1��þã�§k(
n−m+m− 1

m− 1

)
=

(
n− 1

m− 1

)
=

(
n− 1

n−m

)
«ØÓ���ê).

~ 1.18 ¦õ�ª (x1 + x2 + · · ·+ xm)n�Ðmª¥kõ�«ØÓ�Ðm�.

) �âõ�ª�Ðmªk

(x1 + x2 + · · ·+ xm)n =
∑

r1,r2,··· ,rm �K�ê�Ú� n

(
n

r1, r2, · · · , rm

)
xr11 x

r2
2 · · ·x

rm
m ,

ØÓ�Ðm�¿�X��CþØÓ�õ�ªgê, d���§ x1 + x2 + · · · + xm = n��K�ê

)ïá��éA'X, Ïdõ�ª (x1 + x2 + · · ·+ xm)nk
(
n+m−1
m−1

)
«ØÓ�Ðm�.

�â�ê�kS©)k:

n�¥ m��f Ã?Û�� z��f����¥

�Ó ØÓ
(
n+m−1
m−1

) (
n−1
m−1

)

1.4.3 1�a Stirlingê (The Stirling number of the second kind)

�!ïÄò n�ØÓ�¥�\m��Ó��f, kõ�«ØÓ��{, ùp�f���ÓØ�

©E, �±ÏL�fp���ØÓ�¥\±«©. T¯K3|ÜÆ¥k,�«Lã: ò n�ØÓ�

��©¤m���f8 (block)�y©ê, =1�a Stirlingê:

½Â 1.11 ò n�ØÓ���©¤ m���f8�y©ê, ¡�111���aaa Stirling êêê, P�

S(n,m).

~X�Än�ØÓ��� {1, 2, 3}, ©¤m = 1, 2, 3����f8, ØÓ�y©�¹Xe:

• e©¤m = 1����f8, Kk {1, 2, 3}, Ïd S(3, 1) = 1;

• e©¤m = 2����f8,Kk {{1}, {2, 3}}, {{2}, {1, 3}}, {{3}, {1, 2}},ÏdS(3, 2) = 3;
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• e©¤m = 3����f8, Kk {{1}, {2}, {3}}, Ïd S(3, 3) = 1.

�â1�a Stirlingê�½Â��, � n > 1�k

S(n, n) = 1, S(n, 1) = 1, S(n, 0) = 0 .

�m > n > 1�k S(n,m) = 0. U.~� S(0, 0) = 1. é1�a StirlingêkXe4í'X:

½n 1.2 é n > m > 1k

S(n,m) = mS(n− 1,m) + S(n− 1,m− 1).

y² �â½Â��ò {1, 2, . . . , n}y©¤ m����f8, k S(n,m)«ØÓ�y©ê. ò

ù
ØÓ�y©�©¤ü«�¹�Ä:

• e�� n�y©�üÕ�f8 {n}, KÙ§�{����y©¤m− 1����f8, d�

k S(n− 1,m− 1)«ØÓ�y©ê;

• e�� n��y©�üÕ�f8, Ù§�{���y©¤ m����f8, k S(n − 1,m)

«ØÓ�y©ê; 2ò�� n�\®²y©Ð�m�f8��, �mS(n− 1,m)«y©ê.

dd�¤y².

�âþ¡�4í'X, |^8B{y²��

íØ 1.3 1�a Stirlingê÷v

S(n,m) =
1

m!

m∑
i=0

(−1)i
(
m

i

)
(m− i)n Ú

n∑
m=1

S(n,m)(x)m = xn,

ùp (x)m = x(x− 1) · · · (x−m+ 1).

�â1�a Stirlingêk

n�¥ m��f Ã?Û�� z��f�õ��¥ z��f����¥

ØÓ ØÓ m!S(n,m)

ØÓ �Ó
m∑

k=1

S(n, k)

{
1 n 6 m

0 n > m
S(n,m)

1.4.4 ��ê�ÃS©
 (Partition)

�!ïÄò n��Ó�¥�\m��Ó��f, ¥��fÑ´���Ó!Ø�©E�, �UÏ

L�fSØÓ�¥��ê\±«O. T¯K3|ÜÆ¥k,�«Lã: ò��ê ny©¤m�ÃS

���ê�Ú, =������êêê���ÃÃÃSSS©©©


.
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½Â 1.12 ò��ê ny©¤m�ÃS���ê�Ú, kõ�«ØÓ�y©êP� p(n,m).

~X�Ä��ê 7�ÃSy©, �'©
Úy©ê p(n,m)XeL:

m = 1 7 p(7, 1) = 1

m = 2 6 + 1, 5 + 2, 4 + 3 p(7, 2) = 3

m = 3 5 + 1 + 1, 4 + 2 + 1, 3 + 3 + 1, 3 + 2 + 2 p(7, 3) = 4

m = 4 4 + 1 + 1 + 1, 3 + 2 + 1 + 1, 2 + 2 + 2 + 1 p(7, 4) = 3

m = 5 3 + 1 + 1 + 1 + 1, 2 + 2 + 1 + 1 + 1 p(7, 5) = 2

m = 6 2 + 1 + 1 + 1 + 1 + 1 p(7, 6) = 1

m = 7 1 + 1 + 1 + 1 + 1 + 1 + 1 p(7, 7) = 1

ÏLþ¡�*	uy, ò��ê ny©¤m�ÃS���ê, �due¡�§�)

x1 + x2 + · · ·+ xm = n s.t. x1 > x2 > · · · > xm > 1.

�â½Â��, � n > 1�k

p(n, n) = 1, p(n, 1) = 1, p(n, 0) = 0,

�m > n > 1�k p(n,m) = 0, U.~� p(0, 0) = 1. é p(n,m)kXe4í'X:

½n 1.3 é n > m > 1k

p(n,m) = p(n− 1,m− 1) + p(n−m,m) Ú p(n,m) =
m∑
i=1

p(n−m, i).

y² ò��ê ny©¤ m�ÃS���ê�Ú, k p(n,m)«ØÓ�y©�{. �é?¿�

«y© x1 + x2 + · · ·+ xm = n (x1 > x2 > · · · > xm > 1), �±�Äü«�¹:

• e��Ü© xm = 1, K x1 + x2 + · · · + xm−1 = n− 1´�ê n− 1�m− 1Ü©�ÃSy

©, k p(n− 1,m− 1)«ØÓ�y©ê;

• e��Ü© xm > 1, K x1− 1 + x2− 1 + · · ·+ xm− 1 = n−m´�ê n−m�mÜ©�Ã

Sy©, k p(n−m,m)«ØÓ�y©ê.

ddy² p(n,m) = p(n− 1,m− 1) + p(n−m,m).

é1���ª�y², �Ä?Û�«y© x1 + x2 + · · ·+ xm = n (x1 > x2 > · · · > xm > 1), �

yj = xj − 1, Kk

y1 + y2 + · · ·+ ym = n−m s. t. y1 > y2 > · · · > ym > 0.
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�Ä y1, y2, · · · , ym�"���ê, b�TÐk i��"�, Kk p(n−m, i)«ØÓ�), ddy²

p(n,m) =
m∑
i=1

p(n−m, i).

e¡�Ñ
 p(n,m)�k��O, �'y²�Ñ
�Ö���.

½n 1.4 é�ê n > m > 1k

1

m!

(
n− 1

m− 1

)
6 p(n,m) 6

1

m!

(
n− 1 +m(m− 1)/2

m− 1

)
.

�½�êm > 1, � n�~�½ n→∞k

p(n,m) ≈ nm−1

m!(m− 1)!
.

�â��ê�ÃS©
k

n�¥ m��f Ã?Û�� z��f�õ��¥ z��f����¥

�Ó �Ó
m∑

k=1

p(n, k)

{
1 n 6 m

0 n > m
p(n,m)



26 1 1Ù �Å¯��VÇ

SK

1.1 {ã: ªÇ�VÇ�'X, �Åy�¥��­5, éá�pØ�N¯��'X.

1.2 i)é?¿¯� AÚ B, {z (A−AB) ∪B Ú (Ā ∪B);

ii)e¯� A,B,C üüpØ�N, {z (A ∪B)− C.

1.3 �?k n�ÓÆë\�Á, ^ AiL«1 i�ÓÆÏL�Á�¯�, ^¦�L«±e¯�:

i)�k1� ÓÆ�ÏL�Á; ii)��k� ÓÆ�ÏL�Á;

iii)TÐk� ÓÆ�ÏL�Á; iv)��kü ÓÆ�ÏL�Á;

v)�õkü ÓÆ�ÏL�Á; vi)¤kÓÆÏL
�Á.

1.4 y² n�¯�����Æ, =é?¿ n�¯� A1,A2,...,Ank

n⋃
i=1

Ai =
n⋂
i=1

Ai Ú

n⋂
i=1

Ai =
n⋃
i=1

Ai.

1.5 ®�¯� A,B,C ÷v P (A) = 1/3, P (B) = 1/5, P (C) = 1/6, P (AB) = 1/20, P (AC) =

1/20, P (BC) = 1/60Ú P (ABC) = 1/100, ¦¯� ĀB, Ā∪ B̄, A∪B ∪C, ĀB̄C̄, ĀB̄C Ú

(ĀB̄) ∪ C �VÇ.

1.6 e¯� A,B�VÇ©O� P (A) = 0.6Ú P (B) = 0.9, ¦ P (AB)����Ú���, ¿`

²3No���/e��.

1.7 e¯� AÚ B ÷v P (AB) = P (ĀB̄)�VÇ P (B) = 1/4, ¦VÇ P (A).

1.8 e¯� AÚ B ÷v P (A) = 0.1Ú P (ĀB̄) = 0.7 , ¦VÇ P (B −A).

1.9 y²: é?¿ n�¯� A1,A2,...,Ank

P (

n⋃
i=1

Ai) =

n∑
i=1

P (Ai)−
∑
i<j

P (AiAj) +
∑
i<j<k

P (AiAjAk) + ...+ (−1)n−1P (A1, A2, ..., An).

1.10 ®� 16��¬¥k 4�´g¬, Ø�£/?�üg§zg?����¬, ¦¯��VÇ: i)

ü�þ´g¬; ii) ���¬Ú��g¬; iii) 1�g�Ñ�¬.

1.11 ò n�I)Úü�å)?¿ü¤��, üå)mTk k�I) (2 < k < n)�VÇ´õ�.

1.12 ò n�I)Úm�å)?¿ü¤�� (m < n), ¯?¿üå)Ø���VÇ´õ�; eü

�¤���, ¯?¿üå)Ø���VÇq´õ�.

1.13 l 1� 1000¥�Å����ê, ¦����êQØU� 6�ØqØU� 9�Ø�VÇ.
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1.14 ü�ØÓ��f¥©OCk n�°J, e�ÅÀ���f¿<rÙ¥��°J, ¦���

fpvk°J�,��f��e k�°J�VÇ (k ∈ [n]).

1.15 km��Ó½ØÓ�x¥Ú n��Ó½ØÓ�ù¥, �Å�Ñ�gü¤��, ¦1 kg�

Ñù¥�VÇ (©o«�¹?Ø).

1.16 ò 3�ØÓ�¥�\ 4�ØÓ��f, ¦�f¥¥����ê©O� 1, 2, 3�VÇ.

1.17 �¥k a�ØÓ�x¥, b�ØÓ�ù¥, b�k k �<�g?¿Ã�£/l�¥���

¥, ¯1 i�< (i 6 k)�Ñù¥�VÇ´õ�; e�?¿Ã�£/�¥, 1 i�< (i 6 k)

�Ñù¥�VÇq´õ�.

1.18 �Ü�Sk 2n� �, ò néÅÓ?¿Sü\��S, ¦?¿�éÅÓØ���VÇ.

1.19 3«m [0, 1]S�Å�üê, ¦üê�È�u 1/4�VÇ.

1.20 |^O�Å?§O�: 3 [0, 1]«mS?¿� 4�ê a, b, c, d, ¦¯�

A = {a2 + sin(b) + a · ec 6 d}

u)�VÇ (�¦�Ñ��è±9VÇ�3�ê:� 5 ).

1.21 ®�õ­8 A = {a, a, a, b, b, b, b, c, c}, ¦ Akõ�«ØÓ�ü�.

1.22 é��êm,n±9 r < n, y²:(
n+ 1

r

)
=

(
n

r

)
+

(
n

r − 1

)
,

(
m+ n

r

)
=

r∑
i=0

(
m

i

)(
n

r − i

)
,

(
2n

n

)
=

n∑
i=0

(
n

i

)2

.

1.23 lm�ØÓ���¥Ã�£/k�£/�Ñ r���?1ü�, ©Okõ�«ØÓ�ü{;

elm�ØÓ���¥Ã�£/k�£/�Ñ r���, ©Okõ�«ØÓ��{.

1.24 ¦�§ x1 + x2 + ...+ xk 6 n���ê)!�K�ê)��ê ( n���ê).

1.25 ¦�§ x1 + x2 + ...+ xk < n���ê)!�K�ê)��ê ( n���ê).

1.26 |^1�a Stirlingê�4í'Xy²:

S(n, k) =
1

k!

k∑
i=0

(−1)i
(
k

i

)
(k − i)n.


