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c¡'u¯�VÇ�?ØÑ´3�����mþ?1, ØI�ÄÙ§^�½��Ï�. ,
3

éõ¢S¯K¥, ·�  '%�Å¯�3�½N\&E (^�)eu)�VÇ, =^�VÇ. §´

VÇØ¥���~­��¢^�Vg. �±�Ï·��Ð/©ÛÚn)E,��Å¯�, Ó��k

Ïu{zE,¯�VÇ�O�.

2.1 ^�VÇ

2.1.1 ^�VÇ

Äk5w��~f, �¿Ý��q�f*	:ê, Ù���m Ω = {1, 2, · · · , 6}. ^ AL«*	

�Ûê:�¯�, K¯� A = {1, 3, 5}, �â�;V.k P (A) = 1/2. ^ B L«*	� 3:�¯�,

�â�;V.k P (B) = 1/6.

y3�Ä3¯� Au)��¹e¯� B u)�VÇ, P� P (B|A). du A = {1, 3, 5}�z«
(J��Uu), dd��^�VÇ

P (B|A) = 1/3 > P (B).

^¯� C L«*	� 2:, �â�;V.k P (C) = 1/6, �3¯� Au)��¹e¯� C Ø�U

u), Ïd^�VÇ

P (C|A) = 0 < P (C).

dd�����Å¯�u)�VÇ�U�X^��UC
UC, Ó�ÏL*	�±uy

P (B|A) = 1/3 =
P (AB)

P (A)
Ú P (C|A) = 0 =

P (AC)

P (A)
.

�é���/, ·�òþã'X��^�VÇ�½Â.

½Â 2.1 � (Ω,Σ, P )´��VÇ�m, �Å¯� A ∈ Σ� P (A) > 0. é?¿¯� B ∈ Σ, ¡

P (B|A) =
P (AB)

P (A)

�¯� Au)�^�e¯� B u)�VÇ, {¡ ^̂̂���VVVÇÇÇ (conditional probability).

é?¿¯� A ∈ Σk P (A) = P (AΩ)/P (Ω) = P (A|Ω)¤á, Ï
?Û�Å¯��VÇ�±w

�7,¯�e�^�VÇ. �â^�VÇ�½Âk P (AB) = P (A)P (B|A). 3�Ö�YÙ!¥, e

Ñy^�VÇ P (B|A), ��Ñ%@ P (A) > 0.
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�â^�VÇ�½Â, ØJ�y^�VÇ P (·|A)äk±e�
Ä�5�:

1◦ ���KKK555: é?¿¯� B k P (B|A) > 0;

2◦ 555���555: é���m Ωk P (Ω|A) = 1;

3◦ ���������\\\555: e B1, B2, . . . , Bn, . . .´��Ã¡�pØ�N�¯�, = BiBj = ∅ (i 6= j), k

P (B1 ∪B2 ∪ · · · ∪Bn ∪ · · · |A) = P (B1|A) + P (B2|A) + · · ·+ P (Bn|A) + · · · .

lVÇÚ^�VÇ�½Â�� P (B|A) = P (AB)/P (B) > 0±9 P (Ω|A) = P (AΩ)/P (A) = 1,

dd�yún 1◦ Úún 2◦. e���¯� B1, B2, · · · , Bn, · · · ´üüpØ�N�, K���¯�

AB1, AB2, · · · , ABn, · · · �´üüpØ�N�, �â©�Æk

P

( ∞⋃
i=1

Bi

∣∣∣∣∣A
)

=
P (A(

⋃∞
i=1Bi))

P (A)
=
P (
⋃∞
i=1ABi)

P (A)
=

∞∑
i=1

P (ABi)

P (A)
=

∞∑
i=1

P (Bi|A)

dd��ún 3◦¤á. du^�VÇ÷vVÇ�n^ún, Ïd^�VÇ P (·|A)E,´�«VÇ.

5� 2.1 (NNN½½½���nnn) é�Å¯� A, B1Ú B2�÷v P (A) > 0, k

P (B1 ∪B2|A) = P (B1|A) + P (B2|A)− P (B1B2|A).

y² d^�VÇ�½Âk

P (B1 ∪B2|A) = P ((B1 ∪B2) ∩A)/P (A).

2�â�Å¯��©�ÆÚN½�nk

P ((B1 ∪B2) ∩A) = P (AB1 ∪AB2) = P (AB1) + P (AB2)− P (AB1B2),

þªü>Ó�Ø± P (A)=��¤y².

5� 2.2 é�Å¯� AÚ B �÷v P (A) > 0, k P (B|A) = 1− P (B̄|A).

y² �âN½�nk

1 = P (Ω|A) = P (B ∪ B̄|A) = P (B|A) + P (B̄|A)− P (BB̄|A)

2�â¯� B Ú B̄ pØ�Nk P (BB̄|A) = 0, l
�¤y².

¯� Au)�^�e¯� B u)�VÇ, �±ò Aw�#����m!
�Ñ±c����

m Ω, dd�±uy: ^̂̂���VVVÇÇÇ���������´́́   ���


kkk���������������mmm. ù��O�^�VÇJø
�«

�{: �m ~{, 3#����m Ae�Ä¯� B u)�VÇ.
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~ 2.1 Ýf¥k 4�ØÓ��¬, Ù¥ 3���¬, 1���¬. lÝf¥Ø�£�Å�üg

�¬. ^ AL«1�g<���¬�¯�, B L«1�g����¬�¯�, ¦^�VÇ P (B|A).

) òÝf¥ 3����¬©O?Ò� 1, 2, 3, ��¬?Ò4. ^ iÚ j©OL«1�!�gÄ�

��¬�?Ò, dd��

Ω = {(i, j) : i 6= j, i, j ∈ [4]}, A = {(i, j) : i 6= j, i 6= 4},

B = {(i, j) : i 6= j, j 6= 4}, AB = {(i, j), i 6= j, i, j ∈ [3]}.

O��� |Ω| = 12, |A| = 9, |B| = 9±9 AB = 6. �â�;V.k

P (A) =
|A|
|Ω|

=
3

4
, P (B|A) =

P (AB)

P (A)
=

1/2

3/4
=

2

3
.

��±æ^���������mmm   ~~~{{{5¦)d¯K: �¯� Au)�, �e 2���¬, 1���¬,

Ïd���� P (B|A) = 2/3.

~ 2.2 �f¥k a�ù¥Ú b�x¥, �g?¿Ã�£/�Ñ n�¥ (n 6 a+ b), Ù¥�) k

�x¥ (k 6 b), 3d�/e¦1�g�Ñx¥�VÇ.

) ^ AL«1�g�Ñx¥�¯�, ^ B L«�g�Ñ n�¥¥�) k�x¥�¯�. �â

K¿Ú�AÛ©Ùk

P (A) =
b

a+ b
, P (B) =

(
a

n− k

)(
b

k

)/(
a+ b

n

)
, P (B|A) =

(
a

n− k

)(
b− 1

k − 1

)/(
a+ b− 1

n− 1

)
.

¤¦^�VÇ

P (A|B) =
P (A ∩B)

P (B)
=
P (A)P (B|A)

P (B)
=
k

n
.

��±æ^���������mmm   ~~~{{{5¦)d¯K: 3¯� B u)��¹e, =À¥� n�¥¥k k

�x¥, du?Û�¥�1�gÀ¥��U5��, Ïd¯� Au)�VÇ� k/n.

2.1.2 ¦{úª

�Å¯� AÚ B ÷v P (A) > 0, P (B) > 0, �â^�VÇ�½Â��

P (AB) = P (A)P (B|A) = P (B)P (A|B).

òþª?�Úí2, �â^�VÇ�½Âke¡�¦{úª:

½n 2.1 � (Ω,Σ, P ) ´��VÇ�m, e�Å¯� A1, A2, . . . , An ∈ Σ, �÷v^�

P (A1A2 · · ·An−1) > 0, Kk

P (A1A2 · · ·An) = P (A1)P (A2|A1)P (A3|A1A2) · · ·P (An|A1A2 · · ·An−1).
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~ 2.3 b��1��k 100�, Ù¥kg¬ 10�, Ù{��¬. Ø�£Ä�/zgÄ���,

¦1ngâ´�¬�VÇ.

) ^ Ai L«1 i gÄ��¬�¯� (i ∈ [3]), ¯� B L«1 3 gâÄ���¬, Kk

B = Ā1Ā2A3. �â¦{úªk

P (B) = P (Ā1Ā2 A3) = P (Ā1)P (Ā2|Ā1)P (A3|Ā1Ā2) =
10

100
× 9

99
× 90

98
=

9

1078
.

~ 2.4 � nr�²¥�k�rU�m�. Ø�£�Å�Ñ�rm�, ¦1 kg�m��VÇ.

) ^ AiL«1 igvk�m��¯�, K1 kg�m��¯��L«� A1A2 · · ·Ak−1Āk, �

â¦{úªk

P (A1A2 · · ·Ak−1Āk)

= P (A1)P (A2|A1)P (A3|A1A2) · · ·P (Ak−1|A1 · · ·Ak−2)P (Āk|A1A2 · · ·Ak)

=
n− 1

n
× n− 2

n− 1
× · · · × n− (k − 1)

n− (k − 2)
× 1

n− (k − 1)
=

1

n

��±�âÄÄÄ\\\���nnn5¦)T¯K: 1 kg�m��VÇ� kÃ', zg�m��VÇ�Ó,

� nr�², Ïd1 kg�m��VÇ� 1/n.

~ 2.5 b�k néÅÓë\¹Ä, ��Å©¤ n|, z|�I�å, ¦ néÅÓTÐüü�©

��|�VÇ.

) ^ AiL«1 iéÅÓ�©�Ó�|�¯�, K néÅÓTÐüü�©��|�¯��L«

� A1A2 · · ·An. �â¦{úªk

P (A1A2 · · ·An)

= P (A1)P (A2|A1)P (A3|A1A2) · · ·P (An|A1A2 · · ·An−1)

=
1

n
× 1

n− 1
× · · · × 1

1
=

1

n!
.

~ 2.6 1���fpk n�ØÓ�x¥, 1���fpk m�ØÓ�ù¥, l1���f?

¿�r�¥, 2l1���fp?¿�r�¥�\1���f, �g?1, ��1�!1���fÑ

��, ¦1���f���g�r�¥´x¥�VÇ.

) b�1���fp�x¥©OIÒ� 1, 2, · · · , n, ^ Ai L«1���f���r�´1 i

Òx¥�¯�. dd��¯� A1, A2, · · · , An ´üüpØ�N�, �1���f���g�r�¥

´x¥�¯��L«� A1 ∪A2 ∪ · · · ∪An, �â¯��é¡5��ÙVÇ�

P (A1 ∪A2 ∪ · · · ∪An) =

n∑
i=1

P (Ai) = nP (A1).
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e¯� A1 u), Kl1���f¥�r� m + n − 1�¥þØ´1 1Òx¥, ^¯� Bj L«1 j

gl1���fp�r�¥Ø´1 1Òx¥, = A1 = B1B2 · · ·Bm+n−1. �â¦{úªk

P (A1) = P (B1)P (B2|B1) · · ·P (Bm|B1B2 · · ·Bm−1)× P (Bm+1Bm+2 · · ·Bm+n−1|B1B2 · · ·Bm)

=

(
1− 1

n

)m
P (Bm+1Bm+2 · · ·Bm+n−1|B1B2 · · ·Bm) =

(
1− 1

n

)m
× 1

n
.

dd��1���f���g�r�¥´x¥�VÇ� (1− 1/n)m.

~ 2.7 b��fpk m�ù¥Ú n�x¥, y�Å�Ñ�¥��£, ¿\\ c���Ñ¥Ó

Ú�¥, ¦cüg�Ñù¥!�üg�Ñx¥�VÇ.

) ^ Ai L«1 igÄ�ù¥�¯� (i ∈ [2]), ¯� Bi L«1 igÄ�ù¥�¯� (i = 3, 4),

·�k

P (A1) =
m

m+ n
, P (A2|A1) =

m+ c

m+ n+ c
,

P (B1|A1A2) =
n

m+ n+ 2c
, P (B2|A1A2B1) =

n+ c

m+ n+ 3c
.

�â¦{úªk

P (A1A2B1B2) =
mn(m+ c)(n+ c)

(m+ n)(m+ n+ c)(m+ n+ 2c)(m+ n+ 3c)

þã~f�^5��;¾D/�oÑ)º, z�Ñ�¥�L;¾��gD/, zgD/òO\

2D/��U5.

2.2 �VÇúªÚ��dúª

�!0�VÇO�¥ü�­��úª: �VÇúªÚ��dúª.

2.2.1 �VÇúª

�VÇúª´VÇØ¥�Ä��úª��, ò��E,¯��VÇO�©)�eZ{ü¯��

VÇO�. äN
ó, ò��E,¯�©)�eZØ�N�{ü¯��Ú, ÏL©OO�{ü¯��

VÇ, |^VÇ��\5��E,¯��VÇ. Äk½Â���m���©�.

½Â 2.2 � A1, A2, · · · , An´���m Ω��|¯�, e÷v:

i) ?¿ü�¯�´pØ�N5�, = Ai ∩Aj = ∅ (i 6= j);

ii) ��5 Ω = A1 ∪A2 ∪ · · · ∪An,

K¡¯� A1, A2, · · · , An����m Ω���©©©���, ½¡������¯̄̄���|||.
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ããã 2.1 ���m�©��¯�

Xã 2.1(a)¤«,eA1, A2, · · · , An����m Ω���©�,KzgÁ��3A1, A2, · · · , An
¥k�=k��¯�u). é?Û¯� A ⊆ Ω, ¯� A�éá¯� Ā�¤���m Ω���©�.

Äu���m�©�, e¡�Ñ�VÇúª:

½n 2.2 �¯� A1, A2, · · · , An´���m Ω���©�, é?¿¯� B k

P (B) =

n∑
i=1

P (BAi) =

n∑
i=1

P (Ai)P (B|Ai),

Túª�¡����VVVÇÇÇúúúªªª (Law of total probability).

y² T½n�y²��þ´é\{Ú¦{¯��nÜ$^. Äk�â©�Æk

B = B ∩ Ω = B
⋂(

n⋃
i=1

Ai

)
=

n⋃
i=1

BAi

d Ai ∩Aj = ∅�� BAi ∩BAj = ∅, dVÇ�k����\5k

P (B) = P

(
n⋃
i=1

BAi

)
=

n∑
i=1

P (BAi) =
n∑
i=1

P (Ai)P (B|Ai).

du?¿¯�ÚÙéá¯��¤��©�, é?¿VÇ�"�¯� AÚ B k

P (B) = P (AB) + P (ĀB) = P (A)P (B|A) + P (Ā)P (B|Ā).

Xã 2.1(b), ��±l,���Ý5n)�VÇúª: ò¯� B w���(J, ò¯�

A1, A2, · · · , An w��)T(J�eZ�Ï, �éØÓ�Ï¯� B u)�VÇ (=^�VÇ

P (B|Ai))�Ø�Ó, 
�.´=�«�Ïäk�Å5. äN
ó, z�«�Ïu)�VÇ P (Ai)´

®��, ±9z�«�Ïé(J B �K� P (B|Ai)®�, K�±O�(J P (B).

e¡5w�
~f:

~ 2.8 �²ë\�g<ó�U¿m, 8c�ü¶Øn�, ©ÛÙ�Ï: �{Ø
#L�VÇ�

50%, ÏL�O#�{���n�ü¶�VÇ� 50%; §Ý�èkØ�VÇ� 30%, ÏLÅ��è�
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��n�ü¶�VÇ� 60%; êâØ¿©�VÇ� 20%, ÏLæ8�õêâ���n�ü¶�VÇ

� 80%. ¦�²����n�ü¶�VÇ.

) ^ B L«�²����n�ü¶�¯�, ^ A1, A2, A3 ©OL«�{Ø
#L!§Ý�è

kØ!êâØ¿©ùn�¯�, �âK¿k

P (A1) = 50%, P (A2) = 30%, P (A3) = 20%, P (B|A1) = 50%, P (B|A2) = 60%, P (B|A3) = 80%.

�²����n�ü¶�VÇ

P (B) = P (A1)P (B|A1) + P (A2)P (B|A2) + P (A3)P (B|A3) = 59%.

~ 2.9 �¿� ngM1, y²�¡�þ�gê´óê (½Ûê)�VÇ� 1/2.

y² ^¯� AL«c n− 1g�M1�¡�þ�gê�óê, Ùéá¯� ĀL«c n− 1g

�M1�þ�gê�Ûê, ¯� B L«c ngM1�þ�gê�óê. u´k

P (B) = P (A)P (B|A) + P (Ā)P (B|Ā) =
P (A)

2
+
P (Ā)

2
=

1

2
.

�{�: ��O�VÇ. e�¡�þ�gê´óê, K�¿� ngM1¥�¡�þ�gê�ó

ê©Ok {0, 2, 4, . . . , 2k} (2k 6 n), �âVÇúª��O�k

∑
06k6n/2

(
n

2k

)(
1

2

)2k (1

2

)n−2k

=
1

2n

∑
06k6n/2

(
n

2k

)
=

1

2
,

ùp¦^úª
∑

06k6n/2

(
n
2k

)
= 2n−1.

~ 2.10 b�k n��f, z��fpk a�x¥Ú b�ù¥, yl1���f�Ñ��¥�

\1���f, 1���f�Ñ��¥�\1n��f, �gaí, ¦l�����f�Ñ�¥´ù

¥�VÇ.

) ^ Ai L«l1 i��f�Ñù¥�¯� (i ∈ [n]), K Ai L«l1 i��f�Ñx¥�¯

�. Kk

P (A1) = b/(a+ b) Ú P (A1) = a/(a+ b) .

�â�VÇúªk

P (A2) = P (A1)P (A2|A1) + P (A1)P (A2|A1) =
b

a+ b
× b+ 1

a+ b+ 1
+

a

a+ b
× b

a+ b+ 1
=

b

a+ b
.

dd�� P (A2) = a/(a+ b). �gaí­EþãL§ n− 1g, �����f¥�Ñ�¥´ù¥�

VÇ� b/(a+ b).
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2.2.2 ��dúª

��dúª�´VÇØ¥�Ä��úª��, 3(Ju)��¹e&?´dÛ«�Ï��(J.

äN
ó, b�k A1, A2, · · · , An«�Ï��¯� B u), ��dúªïÄ3¯� B u)�¹ed

�Ï Ai���VÇ, =^�VÇ P (Ai|B).

½n 2.3 � A1, A2, · · · , An ´���m Ω���©�, ^ B L«?�¯��÷v P (B) > 0.

é?¿ 1 6 i 6 nk

P (Ai|B) =
P (AiB)

P (B)
=

P (Ai)P (B|Ai)∑n
j=1 P (Aj)P (B|Aj)

,

Túª�¡�������dddúúúªªª (Bayes’ formula).

��dúªd^�VÇÚ�VÇúª��í���. du?Û¯�ÚÙéá¯�Ñ´���m

���©�, é?¿VÇ�"�¯� AÚ B k

P (A|B) =
P (AB)

P (B)
=

P (A)P (B|A)

P (A)P (B|A) + P (Ā)P (B|Ā)
.

�VÇúªÚ��dúªA^�^�´�Ó�, �)û�¯KØÓ: ò¯� A1, A2, · · · , An w
�¯� B u)�“�Ï”, 
¯� B ´��X�Ï A1, A2, · · · , An 
u)�“(J”. e���«�

Ï P (Ai), ±93T�Ïe¯� B u)�VÇ P (B|Ai), d�|^�VÇúªO�(J¯� B u

)�VÇ; e(J¯� B ®²u), d�|^��dúª&?´d,�Ï Ai ��T(J�VÇ

P (Ai|B).

��dúª�A^u)¹¥�éõûü¯K, �ûünØ���', e¡5w��{ü�~f:

~ 2.11 �²ë\�g<ó�U¿m, 8c�ü¶Øn�, ©ÛÙ�Ï: �{Ø
#L�VÇ

� 50%, ÏL�O#�{���n�ü¶�VÇ� 50%; §Ý�èkØ�VÇ� 30%, ÏLÅ��

è���n�ü¶�VÇ� 60%; êâØ¿©�VÇ� 20%, ÏLæ8�õêâ���n�ü¶�

VÇ� 80%. Ï��mk�, �²�UÀJn«�Y (�O#�{!Å��è!æ8�õêâ)¥�

«, ����n��ü¶, �²ATÀJ=�«�Y.

) ^ B L«�²����n�ü¶�¯�, ^ A1, A2, A3 ©OL«�{Ø
#L!§Ý�è

kØ!êâØ¿©ùn�¯�, �âK¿k

P (A1) = 50%, P (A2) = 30%, P (A3) = 20%, P (B|A1) = 50%, P (B|A2) = 60%, P (B|A3) = 80%.

�²����n�ü¶�VÇ

P (B) = P (A1)P (B|A1) + P (A2)P (B|A2) + P (A3)P (B|A3) = 59%.

�â��dúªk P (A1|B) = P (A1)P (B|A1)/P (B) = 25/59, Ón�� P (A2|B) = 18/59 Ú

P (A3|B) = 16/59. Ïd�²ATÀJ�O#�{5¼�n�ü¶�VÇ�p.
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~ 2.12 (nnn§§§äää¯̄̄KKK) n�< a, b, cþ���k-, {(�Å��Ù¥�<, wÅ��X��

��Ø¬`. �< a¯wÅ: bÚ cX¬��1k-? wÅ�üÑ: i) e�� b, K` c; ii) e�� c,

K` b; iii) e�� a, K± 1/2�VÇ` b½ c. wÅ£� a: �< b¬��1k-. �< a,¯Ø®,

Ï�gC)��VÇ� 1/2. �< aòd¯w��< c, cÓ�p,, Ï�¦ú�gC�)�AÇ�

2/3. @oXâ´�(�Q?

) ^¯� A, B, C ©OL«�< a, b, c���, dK¿��

P (A) = P (B) = P (C) = 1/3.

^¯� DL«wÅ<`�< b��1k-, Kk

P (D|A) = 1/2 P (D|B) = 0 P (D|C) = 1.

d�VÇúªk

P (D) = P (A)P (D|A) + P (B)P (D|B) + P (C)P (D|C) = 1/2.

d��dúªk

P (A|D) = P (A)P (D|A)/P (D) = 1/3 Ú P (C|D) = P (C)P (D|C)/P (D) = 2/3,

¤±�< a�íäØ�(, �< c�íä�(.

��dúªJÑ
­��ínÜ6, 3VÇÚO±9F~)¹¥�3õ�¡�A^. b½

A1, A2, · · · , An´��(J¯� B�“�Ï”, VÇ P (Ai)�¡�kkk���VVVÇÇÇ (prior probability), �N


�«“�Ï”��U5��, ��Ñ´�âkc�²�o(
¤. ey3Á��)
¯� B, ù�

&EkÏu&?¯�u)�“�Ï”, ^�VÇ Pr(Ai|B)�¡������VVVÇÇÇ (posterior probability), �

N
Á���é�«“�Ï”u)�U5�#�£.

~X, �)��ä¾<�
;¾ A1, A2, . . .¥=�«;¾, �±é¾<?1u�, (½,��I

B (XÉ0!É�!ÉW�), l
�Ï�ä, d��±æ^��dúª5O��'VÇ. �â± �

êâ]�(½k�VÇ P (Ai), =<���«;¾��U5; 3ÏL�Æ�£(½VÇ P (B|Ai), �
�ÏL��dúªO���VÇ P (Ai|B). 3¢SA^¥, �Uu�õ��I B, nÜ¤k���V

Ç?1�ä. 3gÄ�äÚ9Ï�ä�;[XÚ¥, ù«�{�~¢^.

��dúª¦^¥��3�Æ�?3uk��À�, 3éõ¢SA^¥  Ñ�â± �êâ


�Ñ�, ÎÜVÇ�ªÇ)º, �I�± �þ�{¤êâ, 3¢SA^¥Ï~J±÷v. Ùg,

3éõA^¥k�VÇ�Ud,�«Ì*��ª�Ñ, ~Xé�5÷*²L/³ (½é,<ª&Ý)

��ä, ù«òVÇ)º�&?§Ý��{²w�kÌ*5, Ï~�¡�ÌÌÌ***VVVÇÇÇ.
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�¢ûó“¯f�H”ù���¯zU�ìþ��, ìpkHÑv, 1�U¦3ìþ½“H5
�

H5
�”, ìe�~¬�ª(B��H, �
ìþuyvkH; 1�UE´Xd; 1nUHý5
,

�ÃØ�¯No½�, �vk<5Í¦, Ï�c�g¦`
�{, <�Ø2�&¦
. ·��±òù

�ûóÄ����Ì*VÇ�~f, ¿|^��dúª5©Ûù�ûó¥~¬��%n¹Ä.

~ 2.13 b�~¬�éù��¯�<���, @��¯`�{Ú`ý{�VÇ�Ó, þ� 1/2.

b�`�{��¯½H5
�Hý5�VÇ� 1/3, 
`ý{��¯½H5
�Hý5�VÇ�

3/4. e1�U!1�UþìþvkuyH, �©Û~¬��%n¹Ä.

) ^ B1 Ú B2 ©OL«1�UÚ1�UH5
�¯�, ^ A1 L«�¯1�U`�{�¯�,

^ A2L«31�UHvk��¹e�¯1�U`�{�¯�, �âK¿��

P (A1) = P (A1) = 1/2, P (B1|A1) = 1/3, P (B1|A1) = 3/4, P (B2|A2) = 1/3, P (B2|A2) = 3/4.

1�U~¬þì�H�vkuyH, �â��dúª��~¬�é`�{�¯�@£u)
UC,

Ny3

P (A2) = P (A1|B1) =
P (B1|A1)P (A1)

P (B1|A1)P (A1) + P (B1|A1)P (A1)
=

8

11
≈ 0.7273, P (A2) =

3

11
.

d�, ~¬éù��¯`�{�VÇl 50%N�� 72.72%.

1�U~¬þì�H�´vkuyH, �â��dúª��~¬�é`�{�¯�@£qu)


UC, Ny3

P (A2|B2) =
P (B2|A2)P (A2)

P (B2|A2)P (A2) + P (B2|A2)P (A2)
=

64

73
≈ 0.8767.

d�, ~¬éù��¯`�{�VÇl 72.72%N�� 87.67%.

ùL²~¬�²Lügþ�, éù��¯`�{�VÇl 50%þ,� 87.67%, �~¬3eù«

<�, ¦�f�1ng���Ø¬2þì�H.

2.3 ¯�Õá5

c¡�~fL², 3¯� Au)��¹e¯� B u)�^�VÇ P (B|A), Ï~Ø�u¯� B

u)�VÇ P (B) (Ã?ÛN\^�), = P (B|A) 6= P (B), �Ò´`“¯� Au)Ï~¬UC¯� B

u)��U5”. ,
3k
AÏ�/e, ¯� A�u)é¯� B �u)�Uvk?ÛK�, ùÒ

´�!¤ïÄ�¯�Õá5.

2.3.1 ü¯��Õá5

½Â 2.3 � (Ω,Σ, P )´��VÇ�m, e¯� A,B ∈ Σ�÷v P (AB) = P (A)P (B), K¡

¯̄̄��� A��� B ´́́���pppÕÕÕááá���, {¡ÕÕÕááá.
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�â½Â��?Û¯��Ø�U¯� (½7,¯�)´�pÕá�. �ü¯� AÚ B ´�pÕ

á�, �÷v P (A)P (B) > 0, Kk

P (AB) = P (A)P (B)⇔ P (B|A) = P (B)⇔ P (A|B) = P (A).

5� 2.3 e¯� A� B �pÕá, K A� B̄, Ā� B, Ā� B̄ Ñp�Õá.

y² �â¯��úª P (A−B) = P (A)− P (AB)k

P (AB̄) = P (A−AB) = P (A)− P (AB) = P (A)− P (A)P (B) = P (A)(1− P (B)) = P (A)P (B̄).

Ón�y P (ĀB) = P (Ā)P (B). |^N½�nk

P (ĀB̄) = 1− P (A ∪B) = 1− P (A)− P (B) + P (AB)

= 1− P (A)− P (B) + P (A)P (B) = (1− P (A))(1− P (B)) = P (Ā)P (B̄),

l
�¤y².

XÛ�ä¯��Õá5? �â½Â��O�?1�ä:

~ 2.14 l�BÀ� (Ø¹��!��)¥�ÅÄ��ÜÀ�, ^¯� AL«Ä� 10, ¯� B

L«Ä�çÚ�À�. ¯� A� B ´ÄÕá?

) �â¯K���BÀ� (Ø¹��!��) 52Ü, çÚÀ� 26Ü, 4Ü 10, �â�;V.k

P (A) = 4/52 = 1/13, P (B) = 1/2.

dd�� P (AB) = 2/52 = 1/26 = P (A)P (B), �â½Â��¯� AÚ B ´�pÕá�.

��±�â¢S¯K�ä¯��Õá5, ~X

• ü<Õá�Â�q!�pØK�, Ïdü<¥q�¯��pÕá;

• l n��¬¥�ÅÄ�ü�, ¯� Ai L«1 i�´Ü�¬. ek�£Ä�K¯� A1 � A2

�pÕá; eØ�£KØÕá;

• ÅìÆS�²;b�´ÔöêâÕáÓ©Ùæ�.

Õá�p½�m�'X: e¯� AÚ B´Õá�, k P (AB) = P (A)P (B), Õá5�VÇ�',

�N¯��VÇá5; e¯� AÚ B ´p½�, k AB = ∅, p½5�¯��$�'X�', �VÇ

Ã', ÏdÕá5�pØ�N5�N¯�ØÓ�5�.

aqu^�VÇ, �±½ÂVÇØ¥�^�Õá5, =3�½^�eü¯�´�pÕá�.
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½Â 2.4 � (Ω,Σ, P )´��VÇ�m, ¯� C ∈ Σk P (C) > 0¤á, e¯� A,B ∈ Σ÷v

P (AB|C) = P (A|C)P (B|C) ½ P (A|BC) = P (A|C),

K¡¯� AÚ B 3 C u)��¹e´ ^̂̂���ÕÕÕááá��� (conditional independent).

e¡�Ñ��'u^�Õá5�~f:

~ 2.15 b����f¥k k + 1qØþ!�M1, Ý�1 iqM1��¡�þ�VÇ� i/k

(i = 0, 1, 2, · · · , k). yl�f¥?¿�Ñ�qM1!¿?¿­EÝ�õg, ec ng�¡�þ, ¦1

n+ 1g�¡�þ�VÇ.

) ^ AL«1 n+ 1gÝ��¡�þ�¯�, ^ B L«c ngÝ�Ñ�¡�þ�¯�, ^ Ci

L«l�f¥�Ñ1 iqM1�¯� (i = 0, 1, 2, · · · , k). �â^�VÇ�½Â��

P (A|B) = P (AB)/P (B) .

�â�VÇúªÚ^�Õá5k

P (AB) =

k∑
i=0

P (Ci)P (AB|Ci) =

k∑
i=0

P (Ci)P (A|Ci)P (B|Ci) =
1

k + 1

k∑
i=0

in+1

kn+1
,

±9

P (B) =

k∑
i=0

P (Ci)P (B|Ci) =
1

k + 1

k∑
i=0

in

kn
,

dd��

P (A|B) =

∑k
i=0(i/k)n+1∑k
i=0(i/k)n

.

� k�~�½ k → +∞��|^È©Cq

1

k

k∑
i=1

(i/k)n ≈
∫ 1

0
xndx =

1

n+ 1
Ú

1

k

k∑
i=1

(i/k)n+1 ≈
∫ 1

0
xn+1dx =

1

n+ 2
,

d�k P (A|B) ≈ (n+ 1)/(n+ 2).

2.3.2 õ�¯��Õá5

½Â 2.5 � (Ω,Σ, P )´��VÇ�m, e¯� A,B,C ∈ Σ�÷v

• ¯�üüÕá, = P (AB) = P (A)P (B), P (AC) = P (A)P (C)Ú P (BC) = P (B)P (C),

• P (ABC) = P (A)P (B)P (C),

K¡¯� A,B,C ´���pppÕÕÕááá���.
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�â½Â��e¯� A,B,C ´�pÕá�, K¯� A,B,C ´üü�pÕá�; ���Ø�½

¤á, �I÷v P (ABC) = P (A)P (B)P (C). e¡�Ñ��{ü�~f`²: n¯��üüÕá¿

ØU�Ñn¯��pÕá.

[Bernstein���~~~] ��þ!��o¡N, 1�¡´ùÚ, 1�¡´xÚ, 1n¡´çÚ, 1o¡Ó�

kù!x!çn«ôÚ. �¿Ý��gTo¡N, ^ A,B,C ©OL«ùÚ!xÚ!çÚ�e�¯

�, Ï�k�¡Ó��¹n«ôÚ, k

P (A) = P (B) = P (C) = 1/2 Ú P (AB) = P (BC) = P (AC) = 1/4,

dd��¯� A,B,C üüÕá. �du

P (ABC) = 1/4 6= 1/8 = P (A)P (B)P (C),

dd�� A,B,C Ø´�pÕá�.

½Â 2.6 � (Ω,Σ, P )´��VÇ�m, e¯� A1, A2, · · · , An ∈ Σ¥?¿ k�¯�´�pÕ

á� (k > 2), =÷v

• é?¿ 1 6 i1 < i2 6 nk P (Ai1Ai2) = P (Ai1)P (Ai2)¤á;

• é?¿ 1 6 i1 < i2 < i3 6 nk P (Ai1Ai2Ai3) = P (Ai1)P (Ai2)P (Ai3)¤á;

• · · · · · ·

• P (A1A2 · · ·An) = P (A1)P (A2) · · ·P (An),

K¡¯� A1, A2, · · · , An´���pppÕÕÕááá���.

�â½Â��, n�¯���pÕá5A÷v
(
n
2

)
+
(
n
3

)
+ · · ·+

(
n
n

)
= 2n − n− 1��ª, Ó� n

�¯���pÕá5�üüÕá5´ØÓ�Vg. aq/�±½Âõ�¯��^�Õá5. e¡w

��'uÕá5�~f.

~ 2.16 n<Õá»È�°�è, z<üÕU»È�VÇ©O� 1/5, 1/3, 1/4, ¯n<¥��

k�<U»È�è�VÇ.

) ^¯� AiL«1 i�<»È�è (i ∈ [3]), �âK¿k

P (A1) = 1/5, P (A2) = 1/3, P (A3) = 1/4.

�âN½�nÚÕá5, n<¥��k�<U»È�è�VÇ�

P (A1∪A2∪A3) = P (A1)+P (A2)+P (A3)−P (A1A2)−P (A1A3)−P (A2A3)+P (A1A2A3) = 3/5 .
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��±�âéó5ÚÕá55¦)T¯K, n<¥��k�<U»È�è�VÇ�

P (A1 ∪A2 ∪A3) = 1− P (Ā1Ā2Ā3) = 1− P (Ā1)P (Ā2)P (Ā3) = 1− 4

5
· 2

3
· 3

4
= 3/5 .

lþ~��: ¦+z�<U»È�è�VÇÑØ�u 1/3, �n<Õá?1»È, K��k�<

»È�è�VÇK� 3/5, ddJp
»È�è�VÇ. ·��±òaq¯Kí2������¹.

e¯� A1, A2, · · · , An �pÕá, u)�VÇ©O� p1, p2, · · · , pn, K¯� A1, A2, · · · , An ¥
��k�¯�u)�VÇ�

P (A1 ∪A2 ∪ · · · ∪An) = 1− P (Ā1Ā2 · · · Ān) = 1− (1− p1)(1− p2) · · · (1− pn);

d	, ¯� A1, A2, · · · , An¥��k�¯�Øu)�VÇ�

P (Ā1 ∪ Ā2 ∪ · · · ∪ Ān) = 1− P (A1A2 · · ·An) = 1− p1p2 · · · pn.

dd��: ¦+z�¯�u)�VÇ pi Ñ�~�, �e n�~�, K n��pÕá�¯�¥ “��

k�¯�u)”½ “��k�¯�Øu)”�VÇ�Ué�.

½Â 2.7 (���VVVÇÇÇ���nnn) e¯� A3�gÁ�¥u)�VÇ�~�, �²LõgÕá/­EÁ

�, ¯� A�u)´7,�, ¡�����VVVÇÇÇ���nnn.

�VÇ�n�ÏLî��êÆy²��: e¯� A1, A2, · · · , An, · · · Õá�z¯�u)�VÇ
P (Ai) = p > 0�~�, Kk

P (A1 ∪A2 ∪ · · · ∪An) = 1− P (Ā1Ā2 · · · Ān) = 1− (1− p)n → 1 � n→∞,

=Õá­Eõg��VÇ¯�½�¤á7,¯�.

~ 2.17 eÔ�Ï{I���°Ý 90%, �é���°Ý 70%, ��é���êþAOõ, �

��êþUÄ�Ö°Ý�Øv?

) b�zgÕáu� nq��, ^¯� Ai L«1 iq��·¥8I, K nq��Â¥8I�

VÇ�

P (A1 ∪A2 ∪ · · · ∪An) = 1− (1− 0.7)n > 0.9 ⇒ n > 2,

ÏdzgÕáu� 2q��, Â¥8I�VÇpu 90%.

~ 2.18 b�½|þkm«ØÓa.�e¦, � 8eOÐöÂ81 i«e¦�VÇ� pi, �

p1 + p2 + · · ·+ pm = 1. b�zg8eÑ´ÕáÓ©Ù�, ey®Â8� nÜe¦, ^ Ai L«��

Â8�1 i«a.e¦�¯�, ¦VÇ P (Ai), P (Ai ∪Aj)±9 P (Ai|Aj) (i 6= j).
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) �âK¿k

P (Ai) = 1− P (Ai) = 1− P
(
Â8� nÜe¦¥vk1 i«a.e¦

)
= 1− (1− pi)n .

Ón��

P (Ai ∪Aj) = 1− P (Ai ∩Aj) = 1− (1− pi − pj)n .

|^N½�nÚ^�VÇ�½Âk

P (Ai ∪Aj) =
P (AiAj)

P (Aj)
=
P (Ai) + P (Aj)− P (Ai ∪Aj)

P (Aj)

=
1− (1− pi)n − (1− pj)n + (1− pi − pj)n

1− (1− pj)n
.

��yXÚ���5, C�>fXÚÏ~dõ�Õá����¤, ����U�~ó��VÇ

¡�ù������5. d��|¤�XÚU�~ó��VÇ¡�XÚ���5.

~ 2.19 ��¤XÚ�z������5þ� p (0 < p < 1), ����´Ä�~ó�´�pÕ

á�. �k 2n���Ueã¤«, ü«ØÓë��ª�¤ü�ØÓ�XÚ, '�ùü«XÚ���

5��.

) ^¯� Ai Ú Bi L«ã¥¤éA����~ó� (i = 1, 2, ,, n). �±uyXÚ Ikü^Ï

´, §U�~ó���=�ü^Ï´��k�^U�~ó�, 
z�^Ï´U�~ó���=�§

�z���U�~ó�, ÏdkXÚ I���5�

P ((A1A2 · · ·An) ∪ (B1B2 · · ·Bn))

= P (A1A2 · · ·An) + P (B1B2 · · ·Bn)− P (A1A2 · · ·AnB1B2 · · ·Bn) = 2pn − p2n = pn(2− pn).

XÚ IId né¿é�� {Ai, Bi}|¤, §U�~ó���=�zé¿é��|U
�~ó�, Ïd

XÚ II���5�

P

(
n⋂
i=1

(Ai ∪Bi)

)
=

n∏
i=1

P (Ai ∪Bi) = (2p− p2) = pn(2− p)n.

|^êÆ8B{�y²� n > 2�k (2− p)n > 2− pn¤á, dd��XÚ II���5�Ð.
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2.3.3 Borel-CantelliÚn*

Borel-CantelliÚn~~�^5O�¯��VÇ� 0½ 1, Äk0���k^�Ún:

Ún 2.1 eê� {pi}ni=1÷v pi ∈ [0, 1]Ú
∑∞

i=1 pi = +∞, Kk
∏∞
i=1(1− pi) = 0.

y² é?¿ x ∈ [0, 1], k ln(1− x) 6 −x, u´��

ln
∞∏
i=1

(1− pi) 6 ln
n∏
i=1

(1− pi) =
n∑
i=1

ln(1− pi) 6
n∑
i=1

−pi.

©Oéþªü>�4� n→ +∞k ln
∏∞
i=1(1− pi) = −∞, dd�¤y².

�âþãÚn, ·��±y²Xe½n

½n 2.4 (Borel-CantelliÚÚÚnnn) � (Ω,Σ, P )´��VÇ�m, ±9¯�X� Ai ∈ Σ, -¯

� A =
⋂+∞
n=1

⋃+∞
i=n Ai, Kk

• e
∑∞

i=1 P (Ai) < +∞Kk P (A) = 0;

• e
∑∞

i=1 P (Ai) = +∞�¯� {Ai}�pÕá, Kk P (A) = 1.

T½n�Ä¯�S� {Ai}+∞i=1 ¥áuÃ�õ Ai �Ä�¯��VÇÚ. 3½n1�Ø�¥¯� Ai �

m�pÕá

y² �âÃ¡?ê
∑∞

i=1 P (Ai) < +∞Âñ�5��� limn→∞
∑∞

i=n P (Ai) = 0. �âK¿

�� A ⊆
⋃+∞
i=n Ai, |^Union boundsk

P (A) 6 P

(
+∞⋃
i=n

Ai

)
6

+∞∑
i=n

P (Ai),

þªü>Ó�é n→ +∞�4�y² P (A) = 0.

�é1��¯K, Ø�� Bn =
⋃+∞
i=n Ai, dd�� A =

⋂+∞
n=1Bn. �½?¿��êm > n > 1,

|^���ÆÚÕá5b�k

P (Bn) = P

( ∞⋂
i=n

Ai

)
= lim

m→+∞
P

(
m⋂
i=n

Ai

)
= lim

m→+∞

m∏
i=n

P
(
Ai
)

=

+∞∏
i=n

(1− P (Ai))

�âÚn 2.1�� P (Bn) = 0, (Ü���Æ?�Úk

P (Ā) = P

(
+∞⋃
n=1

Bn

)
6

+∞∑
n=1

P (Bn) = 0,

dd�¤y².
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2.4 Y~©Û

e¡ò|^�!�£5)û�
¢S�¯K, ��5¿�´��dúª3<ó�U�ûü?Ö

¥kÃõ�A^, ~XÈ���d©aì�, du�9�õ��ÅCþ�', ·�ò3�¡�Ù!¥

0���dúª�A^.

2.4.1 õ�ª��

kü���E,�õ�ª, ~X

F (x) = (x+ 2)7(x+ 3)5 + (x+ 1)100 + (x+ 2)(x+ 3) + x20,

G(x) = (x+ 3)100 − (x+ 1)25(x+ 2)30 + x20 + (x− 2)(x− 3) · · · (x− 100).

´Ä�3�«�{�y F (x) ≡ G(x).

�N´����{´òõ�ª�ÜÐm, Ü¿Óa�, '�õ�ªz��Xê, e�A�Xê�

��ÓKk F (x) ≡ G(x). �ù«�{Ï~I��p�O��mm�, �õ�ª�E,��\(J,

´Ä�3�«{ü¯$��y�{.

·�0��«|^�Å55¦)T¯K�{ü�{: Ø�b� F (x)ÚG(x)��pg (½õ�

ª�Ý)Ø�L d, �Äl8Ü [100d] = {1, 2, · · · , 100d}¥��U�¿À���ê r, ,�O� F (r)

ÚG(r), e F (r) 6= G(r)K�£ F (x) 6≡ G(x); ÄK�£ F (x) ≡ G(x). e¡©ÛT�{��(5:

• eõ�ª F (x) ≡ G(x), KT�{��“�(”(J, Ï�é?¿ r ∈ [100d]Ñk F (r) = G(r).

• eõ�ª F (x) 6≡ G(x) � F (r) 6= G(r), KT�{���“�(”(J, Ï�é�
��

r ∈ [100d]¦� F (r) 6= G(r)¤á.

• eõ�ª F (x) 6≡ G(x)� F (r) = G(r), KT�{��“�Ø”(J. � F (x) 6≡ G(x)�, �,

�3 r ∈ [100d]¦� F (r) = G(r)¤á, d� r´õ�ª F (x)−G(x) = 0���¢ê�. �

â�ê�£Ø�L dgõ�ª F (x)−G(x) = 0�õk d�¢ê�, 
 rl [100d]¥��U

�ÅÀ�, Ïdk

P [F (r) = G(r)] 6 d/100d = 1/100.

|^Õá5�±?�ÚJp�{�£“�(”�VÇ: l8Ü [100d]¥Õá/�¿À� k (< d)

�ê r1, r2, · · · , rk. e�3 ri¦� F (ri) 6= G(ri)¤á,K�£ F (x) 6≡ G(x),ÄK�£ F (x) ≡ G(x).

ùp=©ÛT�{�£“�Ø”(Ju)�VÇ,� F (x) 6≡ G(x)�Ñy F (r1) = G(r1), F (r2) =

G(r2), · · · , F (rk) = G(rk)�VÇ, �â¯��Õá5�c¡�©Ûk

P

(
k⋂
i=1

{F (ri) = G(ri)}

)
=

k∏
i=1

P (F (ri) = G(ri)) 6 1/100k,

ÏdwÍJp
�{�£“�(”(J�VÇ.
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2.4.2 �Ý
¦{

�!�Ä|^VÇ�Å55¯��yÝ
¦{�¯K. b��½n�Ý
A,B,C ∈ {0, 1}n×n,

Ù¥ n�~�, ~X n > 10000000, ·�ïÄ�¯K: �ye¡�Ý
¦{´Ä¤á

AB
?
= C.

e��æ^Ý
¦{O� AB, ,�2�Ý
 C?1'�, KO�E,m�� O(n3). ��±æ^

��°©��{, 'Xæ^©£üÑ, 8c�Ð�(½5�{�O�E,m�� O(n2.37), ·�æ^

VÇ��Å�{?�Úü$O�m�.

aqu�yõ�ª F (x) ≡ G(x)��{, ·��ÅÀ����þ r̄ = (r1, r2, · · · , rn)>, Ù¥�

� r1, r2, · · · , rnÑ´l {0, 1}¥Õá��U�ÅÀ�¤�. e¡�y

ABr̄ = A(Br̄)
?
= Cr̄.

O� A(Br̄)Ú Cr̄, ±9'�ü��þ´Ä���O�E,m�� O(n2). e A(Br̄) 6= Cr̄K�±

����(JAB 6= C; 
A(Br̄) = Cr̄KØU����(JAB = C, d��±òþãL§Õá

/?1 kg, ±d^���VÇ�ykAB = C¤á. TL§�¡� Freivalds�{, Xe¤«:

Ñ\: Ý
A,B,C

ÑÑ: ´/Ä %% �yAB
?
= C

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

For i = 1 : k

�ÅÀJ�þ r̄i = (ri1, ri2, · · · , rin), Ùz���´l {0, 1}Õá��U�Åæ�¤�
O��þ p̄i = A(B)r̄i −Cr̄i

If {p̄iØ´"�þ} then

�£“Ä”

EndIf

EndFor

�£“´”.

'uk�5, e�{�£“Ä”, K7kAB 6= C, Ï�é�
�� r̄¦�A(B)r̄ 6= Cr̄¤á; e

�{�£“´”, KØ�½kAB = C¤á, �·��±�Ñ±���VÇ�ykAB = C¤á.

½n 2.5 ��Å�þ r̄1, r̄2, · · · , r̄k ∈ {0, 1}n ¥z���Ñ´l {0, 1}Õá��U�ÅÀ�,

eAB 6= C, Kk

P

[
k⋂
i=1

{A(B)r̄i = Cr̄i}

]
6

1

2k
.
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�âT½n�±ÀJ k = log2 n, K Freivalds�{O�E,Ý� O(n2 log n), e�{�£ “Ä”,

KkAB 6= C; e�£ “´”, Kk P (AB = C)¤á�VÇ�L 1− 1/n.

y² Äk�â�Å�þ r̄1, r̄2, · · · , r̄k �ÕáÓ©Ù5k

P

[
k⋂
i=1

{A(B)r̄i = Cr̄i}

]
=

k∏
i=1

P [{A(B)r̄i = Cr̄i}] = (P [{A(B)r̄1 = Cr̄1}])k . (2.1)

e AB 6= C, K7k D = (dij)n×n = AB − C 6= (0)n×n, d�Ø�b� d11 6= 0. �Å�þ

r̄1 = (r11, r12, · · · , r1n)> ¥z���Ñ´l {0, 1}Õá��U�ÅÀ�, du(J�£ “´”��

Dr̄1 = 0, dd��

d11r11 + d12r12 + · · ·+ d1nr1n = 0 =⇒ r1 = −d12r12 + · · ·+ d1nr1n

d11
.

ÏdÃØ r12, . . . , r1n�Û�, �ª d11r11 + d12r12 + · · ·+ d1nr1n = 0´Ä¤á��â r11��û½.

2�â P (r11 = 0) = P (r11 = 1) = 1/2���ª d11r11 + d12r12 + · · ·+ d1nr1n = 0¤á�VÇØ�

L 1/2, Ïdk

P [{A(B)r̄1 = Cr̄1}] 6 1/2.

(Ü (2.1)�¤y².

y²�g�q�¡�òòò´́́ûûûüüü���nnn (Principle of deferred decision), �kõ��ÅCþ)û�

�¯K�, �±kX­�ÄÙ¥��½�
Cþ, 
4Ù§�{�Cþ�±�Å5, =ò´$�ØI

�Ä�{Cþéûü�K�. 3þ¡�y²L§¥, �éõ��ÅCþ r11, r12, · · · , r1n, ·�X­�

Ä�ÅCþ r11, ÏL r11VÇ�����)û¯K, 
vk�ÄÙ§Cþ��U5.

2.4.3 Ûh¯K�N�*

y¢)¹¥�z�<Ñk�
Ûh½��, �'&EØF"�	<�¡, ,
éu�
äk�

¬ÊH5�Ûh¯K, ·�I�éd?1�½�
)ÚN�, ~X3��Æ)k³����ÓÆÓ

kõ�'~, [ÌØÚ��ÓÆÓkõ�'~, ��. ù
&Eáu�<ÛhØB��N�, I��

O�«Ð��Y, ¦�N�ö�¿�Ñý¢£�!qU�Ð/�o�<Ûh.

²LõcïÄ�¢�§%nÆ[ÚÚOÆ[�O
�«|©��Y, Ø%´Xeü�¯K:

[¯̄̄KKK A:] \�)F´Ä3 7� 1F�c? [¯̄̄KKK B:] \´Äk³����?

2O����f, p¡Ckm�x¥Ú n�ù¥. �N�ö�ÅÄ��¥, eÄ�x¥£�¯K A,

ÄK£�¯K B. 3¯ò��Yþ�küÀ�: “ ´”½“Ä”, ÃØ=�¯KÑ�IÀJ“´”½“Ä”,

��ò�ò�\��Ý¦�S�µ.

þã�Ä¥�£�L§Ñ3�mÃ<��mS?1, ?Û	<ÑØ���N�öÄ��oôÚ

�¥, �Ø���N�ö��Y, ±d�o�<Ûh. XJ��N�ö)º�Ù
TN��Y¿î�

�1, @o�N�öéN´(&¦/¨ë\ùgN�Ø¬�³�<Ûh, l
�¿�ÜN�.
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�k N > 500 Æ)ë\N��, Ò�±�mÝ¦�?1ÚO. �k Ny Ü�òÀJ“´”, �â

ªÇ�VÇ�'Xk

P (��Æ)£�“´”) ≈ Ny/N.

���Æ)k³����VÇ� p, =

P (��Æ)£�“´”|ù¥) = p.

Ø�b�z�Æ)�)F´��U¯�, Ïd��Æ)3 7� 1F�cÑ)�VÇ� 1/2, =

P (��Æ)£�“´”|x¥) = 1/2.

�â�VÇúªk

P (��Æ)£�“´”) = P (��Æ)£�“´”|ù¥)P (ù¥)+P (��Æ)£�“´”|x¥)P (x¥).

dd��
Ny

N
≈ m

m+ n
× 1

2
+

n

m+ n
× p,

?�Ú�OÑäk³����Æ)'~� p ≈ (m+ n)Ny/nN −m/2n.

2.4.4 ��ãXÚ*

�²¡þk n�º:, Ù¥?¿n�º:Ø3Ó�^��þ, ^ n(n− 1)/2^>òù
º:ë

�å5�ã¡� n�º:�������ããã, ~Xn�!o�!Ê�º:���ãXe¤«:

òã¥�z^>Ñ©O/¤ùÚ½7Ú, �½ü��ê n > 10Ú k > n/2, ´Ä�3�«/Ú�{,

¦�ãþ?¿ k�º:�éA� k(k − 1)/2^>Ø´Ó�ôÚ?

·�|^VÇ��{5¦)T¯K: b�z^>��UÕá/�/¤ùÚ½7Ú, =z^>�

ùÚ½�7Ú�VÇþ� 1/2. l n�ØÓº:¥ÀÑ k�º:k
(
n
k

)
«ØÓ�À{, ©OéAu(

n
k

)
��¹k k�º:�f8, ùpò k�º:�f8©OIÒ� 1, 2, · · · ,

(
n
k

)
.

^ EiL«1 i�f8¥ k(k − 1)/2^>/¤�ÓôÚ�¯�, �âK¿��

P (Ei) = 2(1/2)k(k−1)/2 i = 1, 2, · · · ,
(
n

k

)
.
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e�3 k�º:, Ù�A� k(k− 1)/2^>´Ó�ôÚ�¯��L«�
⋃(nk)
i=1Ei. �âÙ�Ø�ªk

P

(nk)⋃
i=1

Ei

 6

(nk)∑
i=1

P (Ei) =

(
n

k

)
(1/2)k(k−1)/2−1 .

� n > 10Ú k > 2/n�kP

(⋃(nk)
i=1Ei

)
6 1,Ïd¯�“��ã¥?¿ k�º:,Ù�A� k(k−1)/2

^>Ø´Ó�ôÚ”�VÇ�u". ù¿�X���3�«/Ú�{, ¦�é?¿ kº:8Ü¤éA

� k(k − 1)/2>/ÚØ��Ó.

ù«òVÇ^u¦)X{(½5¯K��{¡�VVVÇÇÇzzz���{{{ (probabilistic method), 3O�

Å½<ó�U¥y²�35�²~^�.

þã©Û`²
��ã/Ú÷v�¦��35, �¿vkw�·�XÛæôÚ: �«�{´�

ÅæÚ, ,�u�¤æ�ôÚ´Ä÷v¤�¦�5�; eØ¤2­E?1��¤õ��.
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SK

2.1 �ãÕá�pØ�N�'X.

2.2 e¯� A, B, C Õá, y²: A�¯� B ∪ C Õá.

2.3 �¯� AÚ B ÷v P (A)P (B) > 0, y²: eü¯�ÕáKØp½; eü¯�p½KØÕ

á.

2.4 �²ÓÆë\��� 1���¿m, b�¦3 a ∈ [0, 1]��S�¤¿m�VÇ� a/2. ®

��²3����E��¤, ¦¦���^�����^�VÇ.

2.5 �Å�üg�f, ®�1�g� 6:, ¦üg:ê�ÚØ�u 10�VÇ.

2.6 (nnn���¯̄̄KKK) 3�>À!8¥, ëmöw�n÷'4��, ®����¡´ð�, Ù§ü�

�¡´ì�, À¥�oK¼��o, Ì±<��n��k�o. �ëmöÀ½�÷���

mé, d�!8Ì±<Kmé�ekì���÷�. ¯K: eëmö#N­#ÀJ, ´Ä�

�÷�?

2.7 ®�¯�A�¾<��ä�_J, ¯�C�¾<�k_J, P (A|C) = 0.95, P (A|C) = 0.9,

P (C) = 0.0004. ¦P (C|A).

2.8 Öþ�SK: Ö 26�� 28�: 22, 27, 28, 30, 31, 32, 33, 37, 39.


