
1 3Ù lÑ.�ÅCþ

3éõ�Åy�¥, �ÅÁ��(J�U�,
ê����', ~X, ��q�f�:ê©O�

1, 2, · · · , 6; I[�cSÑ)�?�ê; �1Ñ���¬¥�¹�¢¬ê; ��. k
wå5�ê�Ã

'��Åy�, ��±ÏLê�5£ã, ~X3�M1Á�¥, zgÁ�(J��¡½�¡�þ, �

ê�vÃ', ·��±^ 1L« ‘�¡�þ’, ^ 0L« ‘�¡�þ’, ÏLê�?1£ã. �é���

��Å¯� A, ���ê��)éX, X

X =

1 XJ¯� Au),

0 XJ¯� AØu).

�é�Åy�¥�z«(J ω (=z�Ä�¯�), ÑU�¢ê�X(ω)ïá,«ê�éA'X, ¿�

�XÄ�¯� ω�ØÓ
X(ω)����ØÓ, ¡ù��¼êX = X(ω)��ÅCþ, Xeã¤«:

½Â 3.1 � Ω´�����m, XJéz�Ä�¯� ω ∈ Ω, ÑéAu��¢ê X(ω), ¡ù

��ü�¢�¼ê X(ω) : Ω→ R����ÅÅÅCCCþþþ (random variable), ��{�� X.

�ÅCþ X ����Á�(J�ØÓ
ØÓ, äk�½��Å5; du�Á�(J�Ñyäk

�½�VÇ, X ���äkÚO5Æ5, Ïd�ÅCþ�ÊÏ¼ê�3X���ØÓ. ÏL�ÅC

þ5£ã�Åy�½�Å¯�, ¦�·��±|^�«êÆ©Ûóä, ÏLé�ÅCþ�ïÄ5©

Û�Åy�. �±^ {X 6 −∞}L«Ø�U¯�, ±9 {X 6 +∞}L«7,¯�. ��^��i1

X,Y, Z L«�ÅCþ. e¡�Ñ�
�ÅCþ�~f:

• ��q�f, ^�ÅCþ X L«Ñy�:ê, K�ÅCþ X ∈ {1, 2, 3, 4, 5, 6}. Ñy�:ê
Ø�L 4�¯��L«� {X 6 4}; Ñyóê:�¯��L«� {X = 2, 4, 6}.

• ^�ÅCþ X L«�Ì>��Æ·, Ù��� [0,+∞), >�Æ·Ø�L 500���¯��

L«� {X 6 500}.

�â���a., �ò�ÅCþ©�lÑ.�ÅCþÚ�lÑ.�ÅCþ. e�ÅCþ X ��

�´k��!½Ã����, K¡ X �lllÑÑÑ...���ÅÅÅCCCþþþ; e�ÅCþ X ���´Ã�Ø���,

K¡ X ����lllÑÑÑ...���ÅÅÅCCCþþþ. �ÙÌ�ïÄlÑ.�ÅCþ.
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3.1 lÑ.�ÅCþ9©Ù�

lÑ.�ÅCþ���´k�½Ã����, ����x§�VÇá5, I�Äk
)§¤k

�U���, ±9ù
��u)�VÇ.

½Â 3.2 ��ÅCþ X ¤k�U���� x1, x2, · · · , xk, · · · , ¯� {X = xk}�VÇ�

pk = P (X = xk), k = 1, 2, · · · ,

¡���ÅCþ X �VVVÇÇÇ©©©ÙÙÙ���½VVVÇÇÇ©©©ÙÙÙ, {¡©©©ÙÙÙ���.

VÇ©Ù�U�8
,�wÑ�ÅCþ���±9�A�VÇ, ��±ÏLe¡�L��Ñ:

X x1 x2 · · · xn · · ·

P p1 p2 · · · pn · · ·

�âVÇ��K5Ú��5��©Ù�AäkXe5�:

5� 3.1 �ÅCþ X �©Ù� pk = P (X = xk)÷v pk > 0Ú
∑

k pk = 1.

��, ?Û÷vþ¡ü^5��ê� {pk}, Ñ�±�����ÅCþ�©Ù�.

~ 3.1 ��ÅCþ X �©Ù� P (X = k) = c/4k (k = 0, 1, 2, · · · ), ¦VÇ P (X = 1).

) �âVÇ���5k

1 =

∞∑
k=0

P (X = k) =

∞∑
k=0

c

4k
=

4

3
c,

¦)�� c = 3/4, ?�Úk P (X = 1) = 3/16.

~ 3.2 �½~ê λ > 0, �ÅCþ X �©Ù� p(X = i) = cλi/i! (i > 0), ¦ P (X > 2).

) �âVÇ���5k

1 =

∞∑
i=0

P (X = i) = c

∞∑
i=0

λi

i!
= c · eλ

l
�� c = e−λ, ?�Ú��

P (X > 2) = 1− P (X 6 2) = 1− p0 − p1 − p2 = 1− e−λ(1 + λ+ λ2/2).
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3.2 lÑ.�ÅCþ�Ï"

�é��äN�¯K, ��¦)ÑVÇ©Ù��UØ´��N´�¯; éõ�ÿ�ØI���

°(�VÇ©Ù�, 
´�Ýº§��NA�. ~X, 3ÚO,�/«�ó]Y²�, ·��U�'

%T/«ó]�²þY²!«L�å�A�, 
Ø´z�<�äNó]. ù
�x�ÅCþ,
�

¡A��ê�¡����ÅÅÅCCCþþþ���êêêiiiAAA���.

êiA�3VÇÚO¥åX­���^, §l÷*��Ý�x
�ÅCþ,
Ä�A5, kÏ

ué�ÅCþ�oNn). �é�
~^��ÅCþ, ·��U�I���¦���
êiA�, Ò

�±��(½ÙVÇ©Ù. ~^�êiA��)�ÅCþ�Ï"!��!�'XêÚÝ�, �!0

�lÑ.�ÅCþ�Ï"Ú5�, Ù§êiA�3�YÙ!¥0�.

½Â 3.3 �lÑ.�ÅCþ X �©Ù�� pk = P (X = xk) (k > 1). e?ê

∞∑
k=1

pkxk

ýéÂñ, K¡T?êÚ��ÅCþ X �ÏÏÏ""" (expectation), q¡�þþþ��� (mean), P� E(X), =

E(X) =
∞∑
k=1

pkxk .

Ï" E(X)�N�ÅCþ X �²þ�, d�ÅCþ�©Ù�û½, ´~þ
Ø´Cþ, Ù��

´�ÅCþ��� xi �âVÇ pi \�¤�. ?ê�ýéÂñ(�
Ï" E(X)���5, =?ê

ÚØ¬�?ê��gS�UC
UC. Ø�AO`², ·�Ï~Ñ��|^½ÂO�Ï", ØI�Ä

ÙýéÂñ5.

~ 3.3 �¿��q�f, X L«*	��:ê, ¦ E[X].

) �ÅCþX���� 1, 2, · · · , 6, �z:��Uu), Ù©Ù�� P (X = k) = 1/6, k ∈ [6].

Ïd�ÅCþ X �Ï"� E(X) = (1 + 2 + 3 + 4 + 5 + 6)/6 = 7/2.

·�5w��Ï"Ø�3�~f:

~ 3.4 ��ÅCþ X �©Ù�� P
(
X = (−2)k/k

)
= 1/2k, k = 1, 2, · · · , ¦Ï" E(X).

) ¦+�â½Âk

E(X) =

+∞∑
k=1

P

(
X =

(−2)k

k

)
(−2)k

k
=

+∞∑
k=1

(−1)k

k
= − ln 2.

�´
+∞∑
k=1

P

(
X =

(−2)k

k

) ∣∣∣∣(−2)k

k

∣∣∣∣ =

+∞∑
k=1

1

k
→ +∞.
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T?ê¿�ýéÂñ, Ù?êÚ�U�X¦Ú^S�UC
UC, ?êÚ¿����ê�, �T�Å

Cþ�Ï" E(X)Ø�3.

~ 3.5 e nr�²¥�k�rUm�, y�ÅÀ��r�²m�, e�Øm�K�KT�²,

2�ÅÀ��e��²?1}Á, ¦�m�I�}Á�²þgê.

) ��ÅCþ X L«}Ám��gê, Ù©Ù��

P (X = k) =

(
n−1
k−1

)(
n
k−1

) · 1

n− k + 1
=

1

n
k ∈ [n] .

Ïd�m�I�}Á�²þgê

E(X) =

n∑
k=1

k

n
=

(1 + n)n

2n
=
n+ 1

2
.

e¡0�Ï"��
5�, Ø�AO`², ù
5�Ø=élÑ.�ÅCþ¤á, éÙ§?Ûa

.��ÅCþÑ¤á. �
y²��Ö5, 3y²L§¥=�ÄlÑ.�ÅCþ.

5� 3.2 � c ∈ R´~ê, e�ÅCþ X ≡ c, K E(X) = c.

5� 3.3 e�ÅCþ X ����K, = X > 0, K E(X) > 0.

5� 3.4 é�ÅCþ X Ú~ê a, b ∈ R, k E(aX + b) = aE(X) + b.

y² ��ÅCþ X �©Ù�� pk = P (X = xk), K�ÅCþ Y = aX + b �©Ù��

pk = P (Y = axk + b), ?
k

E[aX + b] =
∑
k>1

(axk + b)pk = a
∑
k>1

xkpk + b
∑
k>1

pk = aE[X] + b.

5� 3.5 elÑ.�ÅCþ X ¤k�U�����K�ê {0, 1, 2, · · · }, K

E(X) =
+∞∑
i=1

P (X > i) .

y² �âÏ"�½Âk

E[X] =

+∞∑
j=1

jP (X = j) =

+∞∑
j=1

j∑
i=1

P (X = j) =

+∞∑
i=1

+∞∑
j=i

P (X = j) =

+∞∑
i=1

P (X > i) ,

dd�¤y².

�é�ÅCþ�¼ê�Ï", kXe½n:
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½n 3.1 �lÑ.�ÅCþ X �©Ù�� pk = P (X = xk) (k > 1). é?¿�¢�¼ê

g : R→ R, e?ê
∑

k>1 g(xk)pk ýéÂñ, Kk

E[g(X)] =
∞∑
k=1

g(xk)pk.

y² y²�Ø%g�´|^Ã¡?ê�ýéÂñ(�?¿­ü��?êÚ�u�?êÚ. �

âK¿k X �©Ù�� pk = P (X = xk)Ú�ÅCþ¼ê Y = g(X)k

X x1 x2 · · · xn · · ·

P p1 p2 · · · pn · · ·

Y y1 y2 · · · yn · · ·

Ù¥ yi = g(xi). þ¡�L��Ñ
�ÅCþ X �©Ù�, �¿v�Ñ�ÅCþ Y �©Ù�, Ï�

�U�3 yi = g(xi) = yj = g(xj). �
���ÅCþ Y �©Ù�, I�ò x1, x2, . . . , xn, . . .?1­

#ü�©|�

x1,1, x1,2, · · · , x1,k1︸ ︷︷ ︸
y′1=g(x1,j) (j∈[k1])

, x2,1, x2,2, · · · , x2,k2︸ ︷︷ ︸
y′2=g(x2,j) (j∈[k2])

, · · · , xn,1, xn,2, · · · , xn,kn︸ ︷︷ ︸
y′n=g(xn,j) (j∈[kn])

, · · ·

÷v� i 6= j �k y′i 6= y′j ¤á. dd���ÅCþ Y �©Ù��

P (Y = y′i) =

ki∑
j=1

pi,j =
∑

k>1,y′i=g(xk)

pk ,

?�Ú���ÅCþ Y �Ï"�

E[Y ] =

∞∑
i=1

y′iP [Y = y′i] =

∞∑
i=1

y′i

ki∑
j=1

pi,j =
∞∑
i=1

ki∑
j=1

g(xi,j)pi,j =
∞∑
k=1

g(xk)pk ,

�����ª¤á´Ï�ýéÂñ�Ã¡?ê3­üc�­ü�Ù?êÚØC.

Äuþã½n, ·��±��O��ÅCþ Y = g(X)�Ï", 
ØI��� Y �©Ù�, =Ï

L X �©Ù�O�Ï" E[Y ]. d	ÄuT½nk

íØ 3.1 � X ´lÑ.�ÅCþ, ±9 gi : R→ R´¢�¼ê (i ∈ [n]). eÏ" E(gi(X))�

3, Ké?¿~ê c1, c2, . . . , cnk E (
∑n

i=1 cigi(X)) =
∑n

i=1 ciE(gi(X))¤á.

ÄudíØéN´��

E(X4 + sin(X) + 4) = E(X4) + E(sin(X)) + 4.



56 1 3Ù lÑ.�ÅCþ

��&?�¼ê g(x)÷v�o��5��, Ï" E(g(X))Ú g(E(X))�mÑ�3�½��

�'�'X. �'��£3¢SA^Ú�ï¥äk­�¿Â, Ï�=¦Ø���ÅCþ�äNV

Ç©Ù, E�±éÏ"?1�½��O½ín. w��~f: �lÑ.�ÅCþ X �©Ù��

P (X = 1) = P (X = 2) = P (X = 0) = 1/3, éN´uy

(E(X))2 6 E(X2) Ú
√
E(X) > E(

√
X).

�é�����¹, �Äüa¼ê:

½Â 3.4 �¼ê g : [a, b]→ R, é?¿ x1, x2 ∈ [a, b]Ú λ ∈ [0, 1],

• e g(λx1 + (1− λ)x2) 6 λg(x1) + (1− λ)g(x2), K¡¼ê g(x)´½Â3 [a, b]þ�ààà¼¼¼êêê;

• e g(λx1 + (1− λ)x2) > λg(x1) + (1− λ)g(x2), K¡¼ê g(x)´½Â3 [a, b]þ�]]]¼¼¼êêê.

à¼êÚ]¼êäkéõûÐ�êÆ5�, ~Xà¼ê����êüN5!���ê�u½�u",

�[�±ë��
êÆ©Û½`zÖ7. e¡0�Í¶����)))ØØØ���ªªª (Jensen’s inequality).

½n 3.2 ��ÅCþ X ∈ [a, b]Ú¢�¼ê g : [a, b]→ R,

• e g(x)3 [a, b]þ´à¼ê, Kk g(E(X)) 6 E(g(X));

• e g(x)3 [a, b]þ´]¼ê, Kk g(E(X)) > E(g(X)).

½n 3.2¥�Ø�ªé¤k��ÅCþÑ¤á. =¦3Ø���ÅCþ X �VÇ©Ù�¹e, �â

T½n��

(E(X))2 6 E(X2),
√
E(X) > E(

√
X) Ú eE(X) 6 E(eX) .

y² ùp=�ÑlÑ.�ÅCþäkk����Úà¼ê�y². ��ÅCþ X ����

x1, x2, · · · , xn, ±9§�©Ù�� pk = P (X = xk) > 0, ´�
∑

k pk = 1. ·�I�y²�Ø�ª�

g(p1x1 + p2x2 + · · ·+ pnxn) 6 p1g(x1) + p2g(x2) + · · ·+ png(xn). (3.1)

�éþªæ^8B{y², � n = 2�|^à¼ê�½Â(Øw,¤á. Ø�b�� n = m− 1�

(3.1)¤á, e¡y²� n = m� (3.1)½¤á. Äkk

g(p1x1 + p2x2 + · · ·+ pmxm) = g

(
p1x1 + (1− p1)

[
p2

1− p1
x2 + · · ·+ pm

1− p1
xm

])
6 p1g(x1) + (1− p1)g

(
p2

1− p1
x2 + · · ·+ pm

1− p1
xm

)
,

ùpòà¼ê�½ÂA^�ü�: x1Ú x′1 = (x2p2+· · ·+xmpm)/(1−p1). N´uy pi/(1−p1) > 0
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�
∑m

i=2 pi/(1− p1) = 1, �â8Bb�k

g

(
p2

1− p1
x2 + · · ·+ pm

1− p1
xm

)
6

p2

1− p1
g(x2) + · · ·+ pm

1− p1
g(xm),

dd��¤y².

3.3 lÑ.�ÅCþ���

êÆÏ"�N
�ÅCþ�²þ�, 3éõ¢SA^¥·�Ø==����ÅCþ�²þ�,

�I�?�Ú
)�ÅCþ����Ï"�m� l§Ý. ~X, �Än��ÅCþ X, Y Ú Z, §

��©Ù�©O�

P (X = 0) = 1; P (Y = 1) = P (Y = −1) = 1/2; P (Z = 2) = 1/5, P (Z = −1/2) = 4/5.

N´�� E(X) = E(Y ) = E(Z) = 0, =n��ÅCþ�Ï"�Ó. ,
éw,ùn��ÅCþ�

3X²w��É, XÛ�x§��ØÓ�?, �±�Än��ÅCþ����Ï"� l§Ý, =�

!¤ïÄ�ÅCþ���.

½Â 3.5 �lÑ�ÅCþX�©Ù�� pk = P (X = xk) > 0,eÏ"E(X)ÚE(X−E(X))2

�3, K¡ E(X − E(X))2��ÅCþ X ������� (variance), P� Var(X), =

Var(X) = E(X − E(X))2 =
∑
k

pk(xk − E(X))2 =
∑
k

pk

(
xk −

∑
k

xkpk

)2

. (3.2)

¡
√

Var(X)�IIIOOO��� (standard deviation), P� σ(X).

(Ü���½ÂÚÏ"�5�k

Var(X) = E(X − E(X))2 = E(X2 − 2XE(X) + E2(X))

= E(X2)− 2E(X)E(X) + (E(X))2 = E(X2)− (E(X))2,

dd�Ñ���,�«½Â

Var(X) = E(X2)− (E(X))2. (3.3)

¦+���ü«½Â�d, ,
3¢SA^¥%�3XØÓ�^?, (3.3)�Ñ
���Ôn¹Â,


 (3.3)�k|u���O�, ~X,

~ 3.6 ��ÅCþ X �©Ù�� P (X = xk) = 1/n (k ∈ [n]), ùp x1, x2, · · · , xn �ê��
Ø�Ó, IH{êâAgâUO�Ñ�� Var(X).

) eæ^ Var(X) = E(X − E(X))2, KI�H{êâ x1, x2, · · · , xn üg, 1�gO�Ï"

E(X), 1�gO��� Var(X).
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eæ^ Var(X) = E(X2) − (E(X))2, K�I�H{êâ x1, x2, · · · , xn �g, 3H{êâ�L

§¥O� E(X2)Ú (E(X))2, l
O���. 3dL§¥�ØI�ò�Üêâ x1, x2, · · · , xn �3
S�¥, �±���Ó6��êâ.

e¡�Ñ���5�:

5� 3.6 � c ∈ R´~ê, e�ÅCþ X ≡ c, K Var(X) = 0.

5� 3.7 é�ÅCþ X Ú~ê a, b ∈ R, k

Var(aX + b) = a2Var(X).

y² �âÏ"�5�k E(aX + b) = aE(X) + b, �\��

Var(aX + b) = E(aX + b− E(aX + b))2 = a2E(X − E(X))2 = a2Var(X).

��5¿�´, ��Ï~Øäk�55, = Var(f(X) + g(X)) 6= Var(f(X)) + Var(g(X)).

5� 3.8 é�ÅCþ X Ú~ê a ∈ R, k

Var(X) = E(X − E(X))2 6 E(X − a)2.

y² �âÏ"�5�k

E(X − c)2 = E(X − E(X) + E(X)− c)2

= E(X − E(X))2 + E[(X − E(X))(E(X)− c)] + (E(X)− c)2

= E(X − E(X))2 + (E(X)− c)2

> E(X − E(X))2,

l
�¤y².

½n 3.3 (Bhatia-DavisØØØ���ªªª) é�ÅCþ X ∈ [a, b], k

Var[X] 6 (b− E(X))(E(X)− a) 6 (b− a)2/4.

y² é?¿�ÅCþ X ∈ [a, b], k

(b−X)(X − a) > 0,

ü>Ó�é�ÅCþ�Ï", �n��

E(X2) 6 (a+ b)E(X)− ab.
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�â���½Âk

Var(X) = E(X2)− (E(X))2 = −(E(X))2 + (a+ b)E(X)− ab = (b− E(X))(E(X)− a).

|^�g¼ê f(t) = (b− t)(t− a) = −t2 + (a+ b)t− ab������

(b− E(X))(E(X)− a) 6 (b− a)2/4.

3.4 ~^lÑ.�ÅCþ

�!0�A«~^�lÑ.�ÅCþ, ¿ïÄ§��5�.

3.4.1 0-1©Ù

0-1©Ù´VÇÚO¥�²;!�{ü�©Ù, ´éõVÇ�.�Ä:.

½Â 3.6 ��ÅCþ X �©Ù� P (X = 1) = p, P (X = 0) = 1− p, �du

P (X = k) = pk(1− p)1−k k = 0, 1,

K¡�ÅCþXÑlëëëêêê��� p��� 0-1©©©ÙÙÙ,q¡üüü:::©©©ÙÙÙ,½ËËËããã|||©©©ÙÙÙ (Bernoulli distribution),

P X ∼ Ber(p).

0-1©Ù��±ÏLL�L«�

X 0 1

P 1− p p

�â½ÂN´��

Ún 3.1 e�ÅCþ X ∼ Ber(p), Kk E(X) = pÚ Var(X) = p(1− p).

dd�� 0-1©Ù��d§�êÆÏ"��(½.

e�gÁ���Ä¯� Au)½Øu)ü«�¹, ¡ù��Á��ËËËããã|||ÁÁÁ���, �±ÏL 0-1

©Ù5£ãËã|Á�:

X =

1 e¯� Au),

0 ÄK.

d�N´�� E[X] = P (A), =�ÅCþ X �Ï"�u¯� Au)�VÇ.

3.4.2 ��©Ù

Ëã|Á���Ä¯�Au)½Øu)ü«(J,Ø��¯�Au)�VÇ P (A) = p ∈ (0, 1).

ò��Ëã|Á�Õá­E/?1 ng, ¡ù�X�­E�ÕáÁ�� n­­­ËËËããã|||ÁÁÁ���. §´�«

�~­��VÇ�., û)Ñéõ�VÇ©Ù.
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3 n­Ëã|Á�¥, ·�'%�Å¯� Au)
õ�g, ^�ÅCþ X L«, Ù¤k�U�

��� 0, 1, 2, · · · , n. �Å¯� {X = k}L«3 n­Ëã|Á�¥¯� Au)
 kg, �.´= k

gu)�, �k
(
n
k

)
«ØÓ��¹. �é�«äN��¹, Ø��c kg¯� Au), � n− kg¯

� AØu), d«�¹u)�VÇ�

p× p× · · · × p︸ ︷︷ ︸
k �

× (1− p)× (1− p)× · · · × (1− p)︸ ︷︷ ︸
n−k �

= pk(1− p)n−p.

dd��3 n­Ëã|Á�¥¯� Au)
 kg�VÇ� P (X = k) =
(
n
k

)
pk(1− p)n−p.

½Â 3.7 e�ÅCþ X �©Ù��

P (X = k) =

(
n

k

)
pk(1− p)n−k k = 0, 1, 2, . . . , n, (3.4)

K¡�ÅCþ X Ñlëëëêêê��� nÚÚÚ p���������©©©ÙÙÙ (binomial distribution), P X ∼ B(n, p).

N´uy (3.4)¥ P (X = k)´��ª (1− p+ xp)nÐmª¥ xk ��Xê, ¤±T©Ù�¡���

©Ù. ?�Ú�u�

n∑
k=0

P (X = k) =

n∑
k=0

(
n

k

)
pk(1− p)n−k = (p+ 1− p)n = 1 .

e n = 1, K��©Ùòz� 0-1©Ù, = B(1, p) = Ber(p). 'u��©Ù�êiA�k

Ún 3.2 e�ÅCþ X ∼ B(n, p), Kk E(X) = npÚ Var(X) = np(1− p).

e����©Ù�Ï"Ú��, ��)Ñëê nÚ p, Ïd��©Ù�d§�Ï"Ú����(½.

y² �â½Âk

E(X) =

n∑
k=0

P (X = k)k =

n∑
k=1

k

(
n

k

)
pk(1− p)n−k = (1− p)n

n∑
k=1

(
n

k

)
k

(
p

1− p

)k
.

é��Ðmª (1 + x)n =
∑n

k=0

(
n
k

)
xk ü>Ó�¦��¦ x��

nx(1 + x)n−1 =
n∑
k=1

(
n

k

)
kxk ,

ò x = p/(1− p)�\þª��

E(X) = (1− p)n
n∑
k=0

(
n

k

)
k

(
p

1− p

)k
= (1− p)n np

1− p
1

(1− p)n−1
= np .
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éu��, ÄkO�

E(X2) =
n∑
k=0

k2

(
n

k

)
pk(1− p)n−k =

n∑
k=2

k(k − 1)

(
n

k

)
pk(1− p)n−k + np

= (1− p)n
n∑
k=2

k(k − 1)

(
n

k

)(
p

1− p

)k
+ np .

é��Ðmª (1 + x)n =
∑n

k=0

(
n
k

)
xk ü>Ó�¦�üg�¦ x2��

n(n− 1)x2(1 + x)n−2 =
n∑
k=2

(
n

k

)
k(k − 1)xk ,

ò x = p/(1− p)�\þªk

E(X2) = n(n− 1)p2 + np = n2p2 + np(1− p) ,

l
�� Var(X) = E[X2]− (E[X])2 = np(1− p).

e¡�ÑA���©Ù�VÇ©Ù«¿ã:

ããã 3.1 ��©Ù�VÇ©Ù«¿ã

�âþã©Ùã��: e�ÅCþ X ∼ B(n, p), Kk P (X = k)l�m©üN4O, ,���

üN4~, ��3Ï" npNC��ê:�����. ��î�y²: � k ∈ [0, np+ p]� P (X = k)

üN4O, � k ∈ [np+ p, n]� P (X = k)üN4~.

~ 3.7 b�kü��f, z��fp�
 n�¥, y3?¿À����f<rÙ¥�¥ (Ø�

£), ­Eù�L§, ¦���f¥�¥<1
,���f��e r�¥�VÇ.

) ü��f©O�L«�1���fÚ1���f, �Ä�Ëã|Á�: 3�fÀ�L§¥

´ÄÀ�1���f? ^¯� AL«À�1���f, �âK¿k P (A) = 1/2. Ïd�±�uy?

1
 2n− r­Ëã|Á�, ^ X L«¯� Au)�gê, u´k

X ∼ B(2n− r, 1/2).
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��¤¦VÇ�

P (X = n) + P (X = n− r)

=

(
2n− r
n

)
(1/2)n(1/2)n−r +

(
2n− r
n− r

)
(1/2)n−r(1/2)n =

(
2n− r
n

)/
22n−r−1 ,

dd�¤y².

~ 3.8 ��XÚd n�Õá���|¤, z���U�~ó��VÇ� p, eTXÚ¥��k

�����U�~ó�K��XÚk�, 3�o�¹e 5����XÚ' 3����XÚ�k�?

) ^ X L« n���U�~ó����ê, Kk X ∼ B(n, p). dd���¹k 5����

XÚk��VÇ�(
5

3

)
p3(1− p)2 +

(
5

4

)
p4(1− p) +

(
5

5

)
p5 = p3(6p2 − 15p+ 10) ,


�¹k 3����XÚk��VÇ�(
3

2

)
p2(1− p) +

(
3

3

)
p3 = p2(3− 2p) .

� p3(6p2 − 15p+ 10) > p2(3− 2p)�, =� 3(p− 1)2(2p− 1) > 0� 5����XÚ' 3����

XÚ�k�, d� p > 1/2.

3.4.3 Ñt©Ù

Ñt©Ù´VÇØ¥,�«­��©Ù, ^u£ã�þÁ�¥Dk¯�Ñygê�VÇ�..

~X, ���S�Õ��¯þ, ����Sú�ð�Õ5��¦�ê, Ö¥��Ñy�Ø��{ê,

�U¥Õ1�n�Ö���ê, �cS¥Iu)�/�gê�.

½Â 3.8 �½~ê λ > 0, e�ÅCþ X �©Ù��

P (X = k) =
λk

k!
e−λ k = 0, 1, 2, · · · ,

K¡�ÅCþ X Ñlëëëêêê��� λ���ÑÑÑttt©©©ÙÙÙ (Possion distribution), P� X ∼ P (λ).

N´�y P (X = k) = λke−λ/k! > 0, ¿�â�ê��VÐª ex =
∑∞

k=0 x
k/k!k

∞∑
k=0

λk

k!
e−λ = e−λ

∞∑
k=0

λk

k!
= e−λ · eλ = 1.

'uÑt©Ù�êiA�k:

Ún 3.3 e�ÅCþ X ∼ P (λ), Kk E(X) = λÚ Var(X) = λ.
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ÏdÑt©Ù�dÏ"½����(½.

y² �â�ê��VÐmªk ex =
∑∞

k=0 x
k/k!k

E(X) =

∞∑
k=0

k · P (X = k) =

∞∑
k=1

k · λ
k

k!
e−λ = λe−λ

∞∑
k=1

λk−1

(k − 1)!
= λ.

éu�ÅCþ���, ÄkO�

E[X2] =

∞∑
k=0

k2P (X = k) =

∞∑
k=1

k(k − 1)
λk

k!
e−λ + λ = λ2e−λ

∞∑
k=2

λk−2

(k − 2)!
+ λ = λ2 + λ .

l
�� Var(X) = E[X2]− (E[X])2 = λ.

ããã 3.2 Ñt©Ù«¿ã!±9Ñt©Ù���©Ù�%Cã

lã 3.2(a)¥�±*	uy: e�ÅCþ X ∼ P (λ), Kk P (X = k)l�m©üN4O, ,


��üN4~, 3Ï" λNC�����. Ùg, Ñt©Ù���©Ù�©Ùã�mk�½��q

5, Xã 3.2(b)¤«, e¡�½n�Ñ
�ö�m�Cq'X:

½n 3.4 (ÑÑÑttt½½½nnn) � λ > 0?¿�½�~ê, n´����ê, e npn = λ, Ké?¿�½

��K�ê k, k

lim
n→∞

(
n

k

)
pkn(1− pn)n−k =

λk

k!
e−λ.

y² d pn = λ/n, k

(
n

k

)
pkn(1− pn)n−k =

n(n− 1)(n− 2) · · · (n− k + 1)

k!

(
λ

n

)k (
1− λ

n

)n−k
=

λk

k!
(1− 1

n
) · · · (1− k − 1

n
)

(
1− λ

n

)n−k
=

λk

k!
(1− 1

n
) · · · (1− k − 1

n
)

(
1− λ

n

)n
λ
n−k
n
λ

� n→∞�k (1− λ
n)

n
λ → e−1±9 n−k

n λ→ λ, l
�¤y².
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Ñt©Ù�A^: e�ÅCþ X ∼ B(n, p), � n'��
 p'���, - λ = np, k

P (X = k) =

(
n

k

)
pk(1− p)n−k ≈ λk

k!
e−λ.

=|^Ñt©ÙCqO���©Ù. �éç¦¥ø!»ì�u!öY�E!¿	¯���VÇ¯�,

�Á��gê�õ�, �±ò n­Ëã|Á�¥�VÇ¯�u)�gêCqÑlÑt©Ù.

~ 3.9 �k 80�Óa.��Õáó�, z�u)�æ�VÇ� 0.01, ����u)�æ��

Ud�<?n, �Äü«�Y: I) do<�o, z<üÕKI 20�; II) dn<�Ó�o 80�. =«

�Y��Ün?

) Äk?Ø�Y I), ^¯� Ai L«1 i <KI���u)�æØU9��?, ^ Xi �1

i <KI� 20 ���Ó���u)�æ��ê, Kk X ∼ B(20, 0.01), �âÑt½nkCqk

X ∼ P (0.2), ?�Úk

P (Ai) = P (Xi > 2) = 1− P (X = 0)− P (X = 1) ≈ 1−
2∑

k=0

(0.2)k

k!
e−0.2 ≈ 0.0175.

Ïo<Õá�?, k��u)�æ�
ØU9��VÇ

P (A1 ∪A2 ∪A3 ∪A4) > P (A1) ≈ 0.0175.

é�Y II): ��ÅCþ Y � 80���¥Ó���u)�æ��ê, K Y ∼ B(80, 0.01), �âÑt

½nkCqk Y ∼ P (0.8), Kk��u)�æØU9��?�VÇ�

P (Y > 4) = 1−
3∑

k=0

P (Y = k) ≈ 1−
3∑

k=0

(0.8)k

k!
e−0.8 ≈ 0.0091.

dd'����Y II)�`.

~ 3.10 ��ú�ð�Õkéõ´ú��, e���mãS�Õ�¦�ê X ∼ P (λ) (λ > 0),

¤k�Õ�¦�´�pÕá�!�ÀJ D1´ú���VÇ� p (p > 0), ¦¦� D1´ú���¦

�ê Y �©Ù.

) ����mãS�Õ�¦�ê� k, T¯�u)�VÇ

P (X = k) = λke−λ/k! .

�âK¿����ú�Õ� k�<¥¦� D1�<êÑlëê� kÚ p���©Ù B(k, p), =

P (Y = i|X = k) =

(
k

i

)
pi(1− p)k−i .
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�â�VÇúªÚ�ê¼ê ex��VÐmªk

P (Y = i) =
+∞∑
k=i

P (X = k)P (Y = i|X = k) = pie−λ
+∞∑
k=i

(
k

i

)
λk

k!
(1− p)k−i

=
(pλ)ie−λ

i!

+∞∑
k=i

((1− p)λ)k−i

(k − i)!
=

(pλ)ie−λ

i!

+∞∑
k=0

((1− p)λ)k

(k)!

=
(pλ)ie−λ

i!
e(1−p)λ =

(pλ)ie−pλ

i!
,

dd��¦� D1´ú���¦�ê Y ∼ P (pλ).

3.4.4 AÛ©Ù

3õ­ BernoulliÁ�¥, �¯� Au)�VÇ� p. ^�ÅCþ X L«¯� AÄgu)I

��Á�gê, ¯� {X = k}u)��=�¯� A3c k − 1gØu)
1 k gu), �âõ­

BernoulliÁ��Õá5��VÇ P (X = k) = (1− p)k−1p.

½Â 3.9 � p ∈ (0, 1)´��~ê, e�ÅCþ X �©Ù��

P (X = k) = (1− p)k−1p (k > 1) , (3.5)

¡ X Ñlëëëêêê��� p���AAAÛÛÛ©©©ÙÙÙ (geometric distribution), P X ∼ G(p).

N´�� P (X = k) > 0±9

∞∑
k=1

P (X = k) = p
∞∑
k=1

(1− p)k−1 = p× 1

1− (1− p)
= 1 ,

l
�y
 (3.5)�¤VÇ©Ù�. AÛ©Ùk��­��5�: ÃÃÃPPPÁÁÁ555 (memoryless property).

½n 3.5 ��ÅCþ X ∼ G(p), é?¿��êm,n, k

P (X > m+ n|X > m) = P (X > n).

y² �âAÛ©Ù�½Â, é?Û��ê kk

P (X > k) =

∞∑
i=k+1

p(1− p)i−1 = p

∞∑
i=k+1

(1− p)i−1 = p
(1− p)k

1− (1− p)
= (1− p)k .

�â^�VÇ�½Âk

P (X > m+ n|X > m) =
P (X > m+ n)

P (X > m)
=

(1− p)m+n

(1− p)m
= (1− p)n = P (X > n) ,
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ùp|^¯� {X > m+ n} ∩ {X > m} = {X > m+ n}, l
�¤y².

AÛ©ÙÃPÁ5��*)º: b�±c²{
mg�}, l�cå�¤õ�gê�mÃ'.

~X, �<ÙÆ�c¡oÑ, ú�e�gAT¬I
, ,
ÃPÁ5w��[: e�g´Ä¬I�c

¡Ñ
õ�gvk?Û'X.

'uAÛ©Ù�êiA�, ·�k

Ún 3.4 e�ÅCþ X ∼ G(p) (0 < p < 1), Kk

E(X) =
1

p
Ú Var(X) =

1− p
p2

.

y² �âAÛ©Ù�½Âk

P (X > i) =
+∞∑
k=i

P (X = k) = p
+∞∑
k=i

(1− p)k−1 = (1− p)i−1 .

éu�K�ê��ÅCþ X k

E(X) =
+∞∑
i=1

P (X > i) =
+∞∑
i=1

(1− p)i−1 = 1/p .

éu�ÅCþ X ���, ÄkO�

E(X2) =
∞∑
k=1

k2p(1− p)k−1 = p
∞∑
k=2

k(k − 1)(1− p)k−1 + 1/p .

é?êÐmª (1− x)−1 =
∑∞

k=0 x
k ü>k¦����¦ xk

∞∑
k=2

k(k − 1)xk−1 =
2x

(1− x)3
.

- x = 1− p�\�� E(X2) = (2− p)/p2. ��k Var(X) = E(X2)− (EX)2 = (1− p)/p2.

~ 3.11 3���~­À)I¯�)�]
k�, u´5½: z�[Ì�)��I¯, XJv

I¯K�±UY)���k��I¯; e®k��I¯, KØ2)�. Ø�b�z�[Ì)I¯�V

Ç� p = 1/2, ¯K: 1) ��[ÌTÐk n��¯�VÇ; 2) ��[Ì��k n��¯�VÇ; 3) I

å'~´Ä¬�ï?

) ^�ÅCþ X L«��[Ì��¯�ê, Ù��� {1, 2, · · · }, �âK¿�� X Ñlëê

� p = 1/2�AÛ©Ù, Ïd��[ÌTÐk n��¯�VÇ�

P (X = n) = p(1− p)n−1 = 1/2n .
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��[Ì��k n��¯�VÇ�

P (X > n) =
+∞∑
k=n

P (X = k) = 1/2n−1 .

�uIå'~´Ä¬�ï, �Ä��[Ì²þ�¯f�ê� E[X] = 1/p = 2, dd��3²þ��

/e, ��[Ì��¯Iå'~ 1 : 1, ÏdØ¬E¤Iå�ï.

AÛ©Ù�Ä3õ­Á�¥¯� AÄgu)�¤?1�Á�gê, �±?�Ú�Ä¯� A1 r

gu)�¤?1�Á�gê. ��Å¯� Au)�VÇ� p ∈ (0, 1), ^ X L«¯� A1 rg¤õ

�u)�Á�gê, K X �� r, r + 1, r + 2, · · · , Ù©Ù��

P (X = k) =

(
k − 1

r − 1

)
pr(1− p)k−r (k = r, r + 1, r + 2, · · · ) ,

¡�ÅCþ X Ñlëëëêêê��� r ÚÚÚ p���KKK������©©©ÙÙÙ½øøødddkkk©©©ÙÙÙ. �±�yþãVÇ�¤��©Ù

�, ±9�ÅCþ X �Ï" E(X) = r/pÚ�� Var(X) = r(1− p)/p2. �'y²ò��öSK.

3.5 Y~©Û

3.5.1 �I"�¯K

3�ÔÏm, Ó�I��3ãå(½�I"��)�êþ, kÏué�IÔå�µ�. ù�¯K

�£ã�: �I)�
 ný"�, ?Ò©O� 1, 2, · · · , n. ��3ÔÌ¥?¿Â¤
 ký"�, �Â

¤�"�?Ò©O� x1, x2, . . . , xk, UÄÏL�Â¤�"�?Ò5�O n���, =�O�I)�


õ�ý"�.

3vkÙ§&E��¹e, Ø�b���ÅÂ¤�"�´��U¯�, =1 iý"��Â¤�

VÇ� 1/n. �±ò¯Kw�l8Ü {1, 2, · · · , n}¥Ø�£�ÅÄ� k�ê, ^ X L«Ä�� k�

ê¥���ê. K X ���� {k, k + 1, · · · , n}±9VÇ

P (X = i) =

(
i− 1

k − 1

)/(
n

k

)
(i = k, k + 1, · · · , n) .

u´��

E(X) =

(
n

k

)−1 n∑
i=k

(
i− 1

k − 1

)
i .

�éþ¡�¦ÚL�ª, �±�Äl n + 1���¥À� k + 1���, �k
(
n+1
k+1

)
«ØÓ��{.

òù
ØÓ��{©�¹?Ø, UìÀ�� k+ 1���¥���� i = k+ 1, k+ 2, · · · , n+ 1?1

©a; e����� i, Kk
(
i−1
k

)
«ØÓ��{. u´k

(
n+ 1

k + 1

)
=

n+1∑
i=k+1

(
i− 1

k

)
=

n∑
i=k

(
i

k

)
=

n∑
i=k

i

k

(
i− 1

k − 1

)
,



68 1 3Ù lÑ.�ÅCþ

�\Ï" E(X)��

E(X) = k

(
n

k

)−1 n∑
i=k

(
i− 1

k − 1

)
i

k
= k

(
n+ 1

k + 1

)/(
n

k

)
=
k(n+ 1)

k + 1
.

du=�
�g*	, ò*	¥ k�ê����CqÏ" E[X], = E(X) ≈ max(x1, x2, · · · , xn), d

d�O

n ≈ max(x1, x2, · · · , xn)

(
1 +

1

k

)
− 1,

l
�¤ n��O.

~X, XJ*	��Â¤"�?Ò©O� 17, 68, 94, 127, 135, 212, �âþ¡�í���OÑ

n ≈ 212× (1 + 1/6)− 1 = 246.

�é�I"�êþ�¢S�O�¹�eL, �±uy|^þã¤J�ÚO�O�{�C�I�

¢S�þ, '=I����OO(�õ.

�m ÚO�O =I���O �I¢S�þ

1940-06 169 1000 122

1941-06 244 1550 271

1942-08 327 1550 342

3.5.2 8k¹Ä

éõ�*lU��«8k¹Ä, XcAùkÚ�Ûwk�. ¯¢þéõ¤c<�é8kiZ¿

Ø)), ~X 80c���¨��x!½ 90c���mè^ºk�. ¯K�±£ã�: ½|þk n«

ØÓa.�k¡, b����*lzgÑU±��UVÇ!Õá/Â8�Ük¡, ¯���*l3

²þ�¹e���Â8õ�ÜkâUÂ8à n«ØÓa.�k¡.

ùpkÖ¿��I�^��Ún, �¡ò�Ñ�[�y²:

Ún 3.5 é?¿��ÅCþ X1, X2, · · · , Xnk

E(X1 +X2 + · · ·+Xn) = E(X1) + E(X2) + · · ·+ E(Xn) .

^ X L«Â8à n«ØÓa.�k¡¤I��Â8gê, ^ Xk L«Â8à1 k − 1«Ú1 k

«ØÓa.k¡�m¤I��Â8gê (k ∈ [n]), u´k X = X1 +X2 + · · ·+Xn. ·��¯K´

O�Ï" E(X).

éN´uy�ÅCþXk Ñlëê� pk �AÛ©Ù. �®²Â8� k − 1«ØÓa.�k¡�,

2¼��Ü#k�VÇ

pk = 1− (k − 1)/n .
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�âAÛ©Ù�5�k E[Xk] = 1/pk = n/(n− k + 1). |^Ún 3.5k

E(X) = E

(∑
k=1

Xk

)
=
∑
k=1

E(Xk) =
n∑
k=1

n

n− k + 1
= n

n∑
k=1

1

k
= nH(n) ,

ùp H(n)L«ëê� n�NÚê, = H(n) =
∑n

k=1 1/k. 'uNÚêk

Ún 3.6 NÚê H(n) ∈ [ln(n+ 1), 1 + ln(n)].

y² Ï�¼ê 1/x3 x ∈ (0,+∞)üN4~, k

ln(n+ 1) =

∫ n+1

x=1

1

x
dx 6

n∑
k=1

1

k
= 1 +

n∑
k=2

1

k
6 1 +

∫ n

x=1

1

x
dx = 1 + ln(n).

���� n ln(n+ 1) 6 E(X) 6 n+ n lnn.

3.5.3 �Å��ä�f(:�pÝ

3ÅìÆS¥, �ÅäÚ�ÅÜ�´�a²;�©a½£8�{, �Åä�f(:�pÝ�O

éÆS�{5U�©Ûäk­��^. �!�Ä���Å���ä¥���f(:�²þpÝ. �

Å��ä��EL§�~{ü: Äk�½��ä��(:, ,�3z�Ó�S�L§¥�1±eü

Úö�:

• 3�c¤k��f(:¥�ÅÀJ���f(:��y©(:;

• �À¥��f(:C¤��SÜ(:, )�Ñ�!mü��f(:.

­EþãL§ nÚ, ����äk n��f(:��Å��ä. 3ù��EL§¥, �'���Ú

´�ÅÀJ��f(:��y©(:. �Å��ä�E�«¿ãXe¤«:

ããã 3.3 �Å��ä�E�«¿ã

���f(:�pÝ´l�!:�T�f(:�´»¥>�^ê. ¦)�¯K: 3��)¤�

�Å��ä¥, ¦?¿���(:�²þpÝ.

^�ÅCþ X L«?¿�½����(:�pÝ, ¿^�ÅCþ Xi L«31 iÓS�L§¥

T�f�yk(:´ÄTÐ�À¥��y©(:, 
31 iÓS�L§¥TÐk i��(:, Kk

Xi = Ber(1/i) � X = X1 +X2 + · · ·+Xn.
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�âÏ"�5�ÚÚn 3.6k

E[X] =

n∑
i=1

E(Xi) =

n∑
i=1

1/i = H(n) ∈ [ln(n+ 1), 1 + ln(n)] .

dd�����f(:�²þpÝ� Θ(lnn).
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3.1 l {1, 2, ..., 10}¥k�£/?� 5�ê, - X L«Ê�ê¥����, ¦ X �©Ù�, ¿

¦3Ã�£/�¹e�©Ù�.

3.2 ò�q�f?¿Ý�ng, ^ X L«ng¥����:�:ê, ¦ X �©Ù�9Ï".

3.3 k 4�Ýf?Ò©O� 1, 2, 3, 4. ò 3�ØÓ�¥�Å�\ 4�Ýf¥, Ó�ÝfS�¥Ã

^S'X, ^ X L«k¥Ýf���?Ò, ¦ E(X).

3.4 �lÑ.�ÅCþ X ∈ [a, b]���kk�¥�U, ¢�¼ê g : [a, b]→ R´]¼ê, y²

g(E(X)) > E(g(X)).

3.5 e�ÅCþ X ∼ B(n, p), y²� k ∈ [0, np+ p]� P (X = k)üN4O, � k ∈ [np+ p, n]

� P (X = k)üN4~.

3.6 ��ÅCþ X Ñlëê� λ�Ñt©Ù, � P (X = 1) = P (X = 2), ¦ P (X > 4).

3.7 ��ÅCþ X ���� r, r + 1, · · · ±9¯� {X = k}�VÇ�

P (X = k) =

(
k − 1

r − 1

)
pr(1− p)k−r, p ∈ (0, 1), k = r, r + 1, r + 2, · · · ,

u�þ¡�VÇ�¤��©Ù�.

3.8 ��ÅCþ X �©Ù��

P (X = k) =

(
k − 1

r − 1

)
pr(1− p)k−r, p ∈ (0, 1), k = r, r + 1, r + 2, · · · ,

y²: �ÅCþ X �Ï" E(X) = r/pÚ�� Var(X) = r(1− p)/p2

3.9 yI� 100�ÎÜ5����, l½|þ	ïT���¢¬Ç� 0.01, yO�3½|þï

100 + x���, �¦�Ù¥��k 100�ÎÜ5����VÇ�u 0.95, ¦ x����?

3.10 ��ÅCþ�©Ù�� P (X = (−5)k/k) = 4/5k (k = 1, 2, · · · ), y² X �Ï"Ø�3.

3.11 ���f¥k��x¥Ú��ù¥, el�f¥�Å¹���x¥K2�\��x¥, e

¹���ù¥K(åù�iZ. y²: iZ(å��¹¥gê�Ï"Ø�3.


