
1 4Ù ëY.�ÅCþ

4.1 ©Ù¼ê

lÑ.�ÅCþ|^VÇ©Ù�ò�ÅCþ���ÚéA�VÇ�ÜÛ�Ñ5. ,
�
�Å

y��Á�(J�UØ������, d�ØU���ÞÑ5, ~Xÿ�����m!��/«�

ü�þ!�Ì>��Æ·�. AO/, éuëY5�ÅCþ, §3?¿��A½��VÇ� 0 (ò3

4.2!0�), d�^©Ù�5£ãù�a.��ÅCþÒ��1ØÏ.

éu�
�lÑ.�ÅCþ, ·��U�'%3,�«mS�VÇ, 
Ø´§3,�A½:�

�VÇ.~X,éu�Ì>�
ó,·�'%ÙÆ·�u 1000����VÇ,
Ø´TÐ 1005���

�VÇ. �éù
�Åy�, ·�'5u�ÅCþ X 3��«m [x1, x2]þ�VÇ P (x1 6 X 6 x2).

�dÚ\©Ù¼ê�Vg:

½Â 4.1 �½�ÅCþ X, é?¿¢ê x ∈ (−∞,+∞), ¼ê

F (x) = P (X 6 x)

¡��ÅCþ X �©©©ÙÙÙ¼¼¼êêê (cumulative distribution function).

©Ù¼ê F (x)´½Â3 (−∞,+∞)�ÊÏ¼ê, òÊÏ¼ê��Å¯��VÇ'éå5, k

|u|^êÆ©Û��£5ïÄ�ÅCþ. ©Ù¼êØ���ÅCþ�a., ÃØ�lÑ.�ÅC

þ�´�lÑ.�ÅCþ, Ñk�g�©Ù¼ê.

©Ù¼ê���´VÇ, �Ä�Å¯� {X ∈ (−∞, x]}�VÇ. é?¿¢ê x1 < x2k

P (x1 < X 6 x2) = P (X 6 x2)− P (X 6 x1) = F (x2)− F (x1).

e®��ÅCþX �©Ù¼ê F (x), K�±��X á\?¿«m (x1, x2]þ�VÇ, Ïd©Ù¼ê

��/
�x�ÅCþ�ÚO5Æ5. ©Ù¼êäkûÐ�©Û5�:

½n 4.1 ©Ù¼ê F (x)äkXe5�:

• üN5: e x1 < x2, K F (x1) 6 F (x2);

• 5�5: F (x) ∈ [0, 1], � F (−∞) = limx→−∞ F (x) = 0, F (+∞) = limx→+∞ F (x) = 1;

• mëY5: F (x+ 0) = lim∆x→0+ F (x+ ∆x) = F (x).

y² �âVÇ��K5, é?¿ x1 < x2k

F (x2)− F (x1) = P (x1 < X 6 x2) > 0 .
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�â5�5k

1 = P (−∞ < X < +∞) =
+∞∑

n=−∞
P (n < X 6 n+ 1) =

+∞∑
n=−∞

F (n+ 1)− F (n)

= lim
n→−∞

F (n)− lim
m→+∞

F (m) .

�â F (x)�üN5k F (−∞) = limx→−∞ F (x) = limn→−∞ F (n)Ú F (+∞) = limx→+∞ F (x) =

limn→+∞ F (n), ±9(Ü F (−∞), F (+∞) ∈ [0, 1]Ú F (+∞)− F (−∞) = 1��

F (−∞) = 0 Ú F (+∞) = 1 .

�émëY5, � {xn}∞n=1´��üNeü�ê�� xn → x, Kk

F (x1)− F (x) = P (x < X 6 x1) =

+∞∑
n=1

F (xn)− F (xn+1) = F (x1)− lim
n→+∞

F (xn) .

u´�� limn→+∞ F (xn) = F (x), 2(Ü¼ê F (x)�üN5k

F (x+ 0) = lim
n→+∞

F (xn) = F (x) ,

dd�¤y².

ÏLþ¡�y²uy, ©Ù¼ê�n^Ä�5�, ©OéAuVÇ�n^ún. Ïd, ?Û©Ù

¼êÑ÷vn^Ä�5�, 
÷vþ¡n^Ä�5��¼ê7´,�ÅCþ�©Ù¼ê.

k
©Ù¼ê, ÒéN´O��ÅCþ X 3éõ«mþ�VÇ, ~X

P (X > a) = 1− F (a)

P (X < a) = F (a− 0) = lim
x→a−

F (x)

P (X = a) = F (a)− F (a− 0)

P (X > a) = 1− F (a− 0)

P (a 6 X 6 b) = F (b)− F (a− 0).

�élÑ.��ÅCþX, �Ù©Ù�� pk = P (X = xk) (k = 1, 2, · · · ), �âVÇ����\
5�� X �©Ù¼ê�

F (x) = P (X 6 x) =
∑

k : xk6x

pk . (4.1)

~ 4.1 �ÅCþ X �©Ù�� P (X = −1) = P (X = 3) = 1/4Ú P (X = 2) = 1/2, ¦ X �

©Ù¼ê.
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) � x < −1�, �â (4.1)k

F (x) = P (X 6 x) = P (∅) = 0;

� −1 6 x < 2�, �â (4.1)k

F (x) = P (X 6 x) = P (X = −1) =
1

4
;

� 2 6 x < 3�, �â (4.1)k

F (x) = P (X 6 x) = P (X = −1) + P (X = 2) =
3

4
;

� x > 3�k F (x) = 1. Xã 4.1(a)¤«, ©Ù¼ê F (x)´�^�F/�­�, 3 x = −1, 2, 3?

ka�:.

ããã 4.1 ã (a)Ú (b)©O�Ñ
~ 4.1Ú 4.2�©Ù¼ê

~ 4.2 3 [0, 1]«m�Å���:, ^ X L«á:��I, b� X á\ [0, 1]«mS?�f«

m�VÇ�«m�Ý¤�', ¦ X �©Ù¼ê.

) ��ÅCþ X �©Ù¼ê� F (x), Ù¥ x ∈ [0, 1], � x < 0�k F (x) = 0; � x > 1�k

F (x) = 1. � x ∈ [0, 1]�k

F (x) = P (X 6 x) = kx.

�â F (1) = 1¦)�� k = 1. l
�� X �©Ù¼ê�

F (x) =


0 x < 0,

x 0 6 x 6 1,

1 x > 1.

Xã 4.1(b)¤«, ©Ù¼ê F (x)´�^ëY�ò�.

~ 4.3 �ÅCþ X �©Ù¼ê F (x) = A+B arctanx, x ∈ (−∞,+∞), ¦ P (X 6 1).
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) d©Ù¼ê�5�k

0 = F (−∞) = limx→−∞A+B arctanx = A− πB/2,

1 = F (+∞) = limx→+∞A+B arctanx = A+ πB/2,

¦)�� A = 1/2Ú B = 1/π, l
�� P (X 6 1) = 3/4.

4.2 VÇ�Ý¼ê

lÑ.�ÅCþ���´k��½���lÑ�ü:, �!ïÄëY.�ÅCþ, =�ÅCþ

���¿÷��«m [a, b]½ (a,+∞), ~X»���Õ�m!½�Ì���Æ·�. lÑ.ÚëY

.�ÅCþ´¢SA^¥~���ü«�ÅCþ.

½Â 4.2 ��ÅCþ X �©Ù¼ê� F (x), XJ�3�È¼ê f(x), ¦�é?¿¢ê xk

F (x) =

∫ x

−∞
f(t)dt ,

K¡ X � ëëëYYY...���ÅÅÅCCCþþþ, ¼ê f(x) ��ÅCþ X � VVVÇÇÇ���ÝÝÝ¼¼¼êêê (probability density

function), {¡���ÝÝÝ¼¼¼êêê.

e¡�ÑVÇ�Ý¼ê��X�5�:

Ún 4.1 VÇ�Ý¼ê f(x)÷v�K5 f(x) > 0Ú5�5
∫ +∞
−∞ f(t)dt = 1.

?¿VÇ�Ý¼ê7,÷v�K5Ú5�5; 
é÷v�K5Ú5�5�?¿¼ê f(x), Ù7

�,��ÅCþ��Ý¼ê, ¿k©Ù¼ê� F (x) =
∫ x
−∞ f(t)dt, �Ý¼ê��/�x
�ÅCþ

�ÚO5Æ. ©Ù¼êÚ�Ý¼êÑU�xëY�ÅCþ�ÚO5Æ, ��Ý¼ê3ã/þé�«

©ÙA��w«�`��õ, '©Ù¼ê�~^.

ããã 4.2 VÇ�Ý¼ê�AÛ)º

�â5�5��­� y = f(x)� x¶¤�¤�¡È� 1 (Xã 4.2(a)¤«). é?¿ x1 < x2, k

P (x1 < X 6 x2) = F (x2)− F (x1) =

∫ x2

x1

f(t)dt .
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dd�ÑVÇ�Ý�AÛ)º: �ÅCþ X á\«m (x1, x2]�VÇ�ud x¶, x = x1, x = x2

Ú y = f(x)¤�¤�­>F/�¡È, Xã 4.2(b)¤«.

Ún 4.2 éëY�ÅCþ X, ©Ù¼ê F (x)3��¢ê�þëY; e�Ý¼ê f(x)3 x:

ëY, K©Ù¼ê F (x)3 x:��, �k F
′
(x) = f(x).

y² TÚn�â¼ê�È©5�����: e¼ê f(x)3¢ê�þ�È, KÈ©¼ê

F (x) =

∫ x

−∞
f(t)dt

3¢ê�þëY; e¼ê f(x) 3¢ê�þëY, K F (x) =
∫ x
−∞ f(t)dt 3¢ê�þ��, �k

F ′(x) = f(x)¤á.

Ún 4.3 é?¿~ê cÚëY.�ÅCþ X, k P (X = c) = 0.

y² é?¿∆x > 0k¯� {X = x} ⊂ {X ∈ (x−∆x, x]}, �âÈ©¥�½nk

P (X = x) 6 lim
∆x→0

P (x−∆x 6 X 6 x) = lim
∆x→0

∫ x

x−∆x
f(t)dt 6 lim

∆x→0
f(ξ)∆x = 0,

Ù¥ ξ = arg maxx∈(x−∆x,x] f(x), �âVÇ��K5�¤y².

�âþ¡�Ún, ��¯��VÇ� 0, ØUíÑT¯�´Ø�U¯�; ��¯��VÇ� 1, �

ØUíÑT¯�´7,¯�. d	, ëY�ÅCþ�VÇÃIrNà:, Ï�

P (a 6 X 6 b) = P (a < X < b) = P (a 6 X < b) = P (a < X 6 b).

Ï� f(x) 6= 0 = P (X = x), dd`²VÇ�Ý¼êØ´VÇ.

e f(x)3: xëY, dëY5½Âk

lim
∆x→0

P (x−∆x 6 X 6 x+ ∆x)

∆x
= lim

∆x→0

∫ x+∆x
x−∆x f(t)dt

∆x
= lim

∆x→0

2∆x · f(ξ)

∆x
= 2f(x),

Ù¥ ξ ∈ (x−∆x, x+ ∆x). dd��

P (x−∆x 6 X 6 x+ ∆x) ≈ 2f(x)∆x,

eVÇ�Ý f(x)��, K X 3 xNC���VÇ��.
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~ 4.4 ��ÅCþ X ��Ý¼ê

f(x) =


x 0 < x 6 1

a− x 1 < x < 2

0 Ù§,

¦Ù©Ù¼ê F (x).

) �âVÇ�Ý�5�5k

1 =

∫ +∞

−∞
f(t)dt =

∫ 1

0
tdt+

∫ 2

1
(a− t)dt = a− 1,

l
¦)Ñ a = 2, u´��äN��Ý¼ê f(x). � x 6 0�k F (x) = 0; � 0 < x 6 1�, k

F (x) =

∫ x

0
f(t)dt = x2/2;

� 1 < x 6 2�, k

F (x) =

∫ 1

0
f(t)dt+

∫ x

1
f(t)dt = 1/2 +

∫ x

1
(2− t)dt = −x2/2 + 2x− 1;

� x > 2�k F (x) = 1. nÜ��

F (x) =



0 x 6 0,

x2/2 0 < x 6 1,

−x2/2 + 2x− 1 1 < x 6 2,

1 x > 2.

�ÅCþ X ��Ý¼êÚ©Ù¼êXã 4.3¤«.

ããã 4.3 ~ 4.4¥�ÅCþ X ��Ý¼êÚ©Ù¼êã
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~ 4.5 éëY�ÅCþ X, � x ∈ (0, 3) ��Ý¼ê f(x) = cx2, 3Ù§:��Ý¼ê

f(x) = 0. ��ÅCþ

Y =


2, X 6 1

X, X ∈ (1, 2)

1, X > 2

¦�ÅCþ Y �©Ù¼ê, ±9O�VÇ P (Y > X).

) �âVÇ�Ý¼ê�5�5k 1 =
∫ +∞
−∞ f(t)dt = 9c, dd�� c = 1/9.

^ FY (y)L«�ÅCþ Y �©Ù¼ê. � y < 1�, k FY (y) = P (Y 6 y) = 0; � y > 2�, k

FY (y) = P (Y 6 y) = 1; � 1 6 y < 2�k

FY (y) = P (Y 6 y) = P (Y = 1) + P (1 < Y 6 y)

= P (X > 2) + P (1 < X 6 y) =

∫ 3

2
t2/9dt+

∫ y

1
t2/9dt = (18 + y3)/27 .

dd���ÅCþ Y �©Ù¼ê�

FY (y) =


0, y < 1,

(18 + y3)/27, y ∈ [1, 2),

1, y > 2.

�±*	uy�ÅCþ Y Ø´ëY.�ÅCþ, �Ø´lÑ.�ÅCþ. ��O�VÇ

P (X 6 Y ) = P (X < 2) =

∫ 2

0
t2/9dt = 8/27.

~ 4.6 ®���q�»� 2����, Â¥qþ?�Ó%��þ�:�VÇ�T���¡È

¤�'. b��ÂÑUÂ¥q, ^ X L«Â¥:��%�ål, ¦ X �VÇ�Ý¼ê.

) �âK¿©Û�ÅCþ X �©Ù¼ê F (x). � x < 0�k F (x) = 0; � 0 6 x 6 2�k

F (x) = P (X 6 x) = P (0 6 X 6 x) = kx2.

�â©Ù¼ê�5�k F (2) = 1 = 4k, ¦)�� k = 1/4, ?�Ú�� X �VÇ�Ý

f(x) =

x/2 0 6 x 6 2

0 Ù§.
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4.3 ëY.�ÅCþ�Ï"Ú��

�!ïÄëY.�ÅCþ�Ï"Ú��, k|u
)ù
Cþ��NêiA�.

½Â 4.3 �ëY�ÅCþ X �VÇ�Ý¼ê� f(x), eÈ©
∫ +∞
−∞ |x|f(x)dx Âñ, ¡∫ +∞

−∞ xf(x)dx��ÅCþ X �ÏÏÏ""", P� E(X), =

E(X) =

∫ +∞

−∞
tf(t)dt.

aqulÑ.�ÅCþ, ëY.�ÅCþ�Ï"äk±e�
5�:

Ún 4.4 (���555'''XXX) é?¿?¿~ê a, bÚëY�ÅCþ X, k E(aX + b) = aE(X) + b.

Ún 4.5 (JensenØØØ���ªªª) éëY�ÅCþ X Ú¼ê g(x),

• e g(x)´à¼ê, Kk g(E(X)) 6 E[g(X)];

• e g(x)´]¼ê, Kk g(E(X)) > E[g(X)].

éu�K�ëY.�ÅCþ, ��±|^ P (X > t)5��O�Ï":

Ún 4.6 eëY.�ÅCþ X > 0, Kk

E[X] =

∫ ∞
0

P (X > t)dt.

T½né�ÅCþ¼ê Y = g(X) > 0�¤á, = E[g(X)] =
∫∞

0 P (g(X) > t)dt.

y² ��ÅCþ X �VÇ�Ý� f(x), Äk*	��

X =

∫ X

0
1dt =

∫ +∞

0
I[t < X]dt =

∫ +∞

0
I[X > t]dt,

ùp I[·]L«�«¼ê, XJØä�ý, Ù�� 1, ÄK� 0. ü>Ó��Ï"k

E[X] = E

[∫ +∞

0
I[X > t]dt

]
=

∫ +∞

0

[∫ +∞

0
I[x > t]f(x)dt

]
dx (È©�S)

=

∫ +∞

0

[∫ +∞

0
I[x > t]f(x)dx

]
dt

=

∫ +∞

0

[∫ t

0
I[x > t]f(x)dx+

∫ +∞

t
I[x > t]f(x)dx

]
dt

=

∫ +∞

0

[∫ +∞

t
f(x)dx

]
dt =

∫ +∞

0
P (X > t)dt.
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éuëY�ÅCþ¼ê�Ï"k

½n 4.2 ��ÅCþ X ��Ý¼ê� f(x), �
∫ +∞
−∞ g(t)f(t)dtýé�È, K

E(g(X)) =

∫ +∞

−∞
g(t)f(t)dt.

T½nL², e®��ÅCþ X ��Ý¼ê� f(x), ±9�ÅCþ¼ê Y = g(X), �±��|^

�ÅCþ X ��Ý¼ê5O� Y �Ï", 
ØI����ÅCþ Y ��Ý¼ê.

y² T½né����È¼ê g(x)þ¤á, �y²L§%�~E,, ùp=�Ñ�K�ÅC

þ¼ê g(x) > 0�y². �âÚn 4.6k

E[g(X)] =

∫ +∞

0
P (g(X) > t)dt =

∫ +∞

0

∫
x : g(x)>t

f(x)dxdt

=

∫
x : g(x)>0

∫ g(x)

0
f(x)dtdx =

∫
x : g(x)>0

g(x)f(x)dx =

∫ +∞

−∞
g(x)f(x)dx ,

dd�¤y².

e¡0�ÔnÆ¥^���Ü©Ù (Cauchy distribution), §�Ï"Ø�3.

~ 4.7 �ëY�ÅCþ X ��Ý¼ê� f(x) = 1/π(1 + x2) (x ∈ R), ¦Ï" E(X).

Ï�È© ∫ +∞

−∞

|x|
π(1 + x2)

dx = 2

∫ +∞

0

x

π(1 + x2)
dx =

1

π

[
ln(1 + x2)

]+∞
0

= +∞,

dd��Ï" E(X)Ø�3.

~ 4.8 �<$x÷ú, XJ@�zUI���;¤^ c�, XJ��zUI��òÏ¤^� C

�. ÷ú3$xL§¥�3Uí!´¹�Ø(½Ï�, Ïd$xI��Uê´�Å�, ÙVÇ�Ý¼

ê� f(x), ¯�o�ÿÑuâU¦¤^�Ï"���?

) ^�ÅCþ X L«¢S�$xUê, ©Ù¼ê� F (x). Ø�b�Jc
 tUÑu, @o¤

I¤^�

`t(X) =

c(t−X) X 6 t,

C(X − t) X > t.

Ïd��

E[`t(X)] =

∫ +∞

0
`t(x)f(x)dx =

∫ t

0
c(t− x)f(x)dx+

∫ +∞

t
C(x− t)f(x)dx

= ctF (t)− c
∫ t

0
xf(x)dx+ C

∫ +∞

t
xf(x)dx− Ct(1− F (t)) .
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éþª¥� t¦�!¿-�ê�"��

d

dt
E[`t(X)] = cF (t)− C(1− F (t)) = (c+ C)F (t)− C .

¦)��Ï"���Uê t∗÷v

F (t∗) = C/(C + c) .

½Â 4.4 �ëY�ÅCþX �VÇ�Ý� f(x), e
∫ +∞
−∞ (t−E(X))2f(t)dtÂñ, ¡��ÅC

þ X �������, P� Var(X), =

Var(X) = E(X − E(X))2 =

∫ +∞

−∞
(t− E(X))2f(t)dt .

Ù�d5½Â�

Var(X) = E(X − E(X))2 = E(X2)− (E(X))2 =

∫ +∞

−∞
t2f(t)dt−

(∫ +∞

−∞
tf(t)dt

)2

.

aqulÑ.�ÅCþ, ëY.�ÅCþ���äkXe5�:

• éëY.�ÅCþ X Ú~ê a, b, k Var(aX + b) = a2Var(X);

• éëY.�ÅCþ X Ú~ê a, k Var(X) = E(X − E(X))2 6 E(X − a)2;

• éëY.�ÅCþ X ∈ [a, b], k Var(X) = (b− E(X))(E(X)− 1) 6 (b− a)2/4.

4.4 ~^ëY.�ÅCþ

e¡0�A«~^�ëY.�ÅCþ.

4.4.1 þ!©Ù(uniform distribution)

½Â 4.5 e�ÅCþ X �VÇ�Ý¼ê�

f(x) =

1/(b− a) x ∈ [a, b]

0 Ù§,

¡ X 3«m [a, b]þÑlþþþ!!!©©©ÙÙÙ, P X ∼ U(a, b).

�âþ¡�½ÂéN´uyÑlþ!©Ù��ÅCþá\«m?Û�:�VÇ�Ó. é?¿¢

ê x ∈ Rk f(x) > 0�∫ +∞

−∞
f(t)dt =

∫ a

−∞
f(t)dt+

∫ b

a
f(t)dt+

∫ +∞

b
f(t)dt =

∫ b

a

1

b− a
dt = 1 .
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e�ÅCþ X ∼ U(a, b), K X á\S?�f«m [x, x+ ∆]�VÇ

P (x 6 X 6 x+ ∆) =

∫ x+∆

x

1

b− a
dt =

∆

b− a
.

TVÇ�f«m�äN � xÃ', 
�f«m�Ý ∆¤�', dd�Ñ
þ!©Ù�AÛ)º:

e�ÅCþX ∼ U(a, b), KX á\ [a, b]S?�f«m�VÇ�T«m��Ý¤�', � �Ã'.

�â©Ù¼ê�½Â�� X ∼ U(a, b)�©Ù¼ê�

F (x) =


0 x 6 a

(x− a)/(b− a) a < x < b

1 x > b

�ÅCþ X ∼ U(a, b)��Ý¼êÚ©Ù¼ê�«¿ãXe:

ããã 4.4 �ÅCþ X ∼ U(a, b)��Ý¼êÚ©Ù¼ê

½n 4.3 e�ÅCþ X ∼ U(a, b), Kk

E(X) = (a+ b)/2 Ú Var(X) = (b− a)2/12 .

y² �âÏ"�½Âk

E(X) =

∫ +∞

−∞
tf(t)dt =

1

b− a

∫ b

a
tdt =

a+ b

2
,

E(X2) =

∫ +∞

−∞
t2f(t)dt =

1

b− a

∫ b

a
t2dt =

a2 + ab+ b2

3
,

l
����

Var(X) = E(X2)− (E(X))2 =
a2 + ab+ b2

3
− (a+ b)2

4
=

(b− a)2

12
.
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~ 4.9 ®��ÅCþ X ∼ U(a, b), é a < c < d < b, ¦ P (X 6 c|X 6 d].

) �â^�VÇ�½Âk

P (X 6 c|X 6 d] =
P ({X 6 d} ∩ {X 6 c})

P (X 6 d)
=
P (X 6 c)

P (X 6 d)
=
c− a
d− a

,

=3 X 6 d�^�e, �ÅCþ X Ñl U(a, d).

~ 4.10 ��ÅCþ ξ ∼ U(−3, 6), Á¦�§ 4x2 + 4ξx+ (ξ + 2) = 0k¢��VÇ.

) ´��ÅCþ ξ�VÇ�Ý¼ê

f(t) =

1/9 x ∈ [−3, 6]

0 Ù§.

�¯� AL«�§k¢�, u´k

P (A) = P ((4ξ)2 − 4× 4× (ξ + 2) > 0) = P ((ξ + 1)(ξ − 2) > 0)

= P ({ξ > −1} ∩ {ξ > 2} > 0) + P ({ξ 6 −1} ∩ {ξ 6 2} > 0)

= P (ξ 6 −1) + P (ξ > 2) =

∫ −1

−3

1

9
dt+

∫ 6

2

1

9
dt =

2

3
.

4.4.2 �ê©Ù

�ê©Ù~^u>{�Ï{�mÚÕ1�ÑÖ���m, ��±^u£ãÄÔÚ>f���Æ

·, 3��5nØÚüèØ¥äk2��A^.

½Â 4.6 �½~ê λ > 0, e�ÅCþ X ��Ý¼ê

f(x) =

λe−λx x > 0

0 Ù§,

¡ X Ñlëëëêêê��� λ������êêê©©©ÙÙÙ, P X ∼ e(λ).

é?¿¢ê xk�Ý¼ê f(x) > 0, ±9∫ +∞

−∞
f(t)dt =

∫ +∞

0
λe−λtdt =

[
−e−λt

]+∞

0
= 1.

�â�ê©Ù��Ý¼êéN´��©Ù¼ê, =� x 6 0�, ©Ù¼ê F (x) = 0; � x > 0�, ©

Ù¼ê

F (x) =

∫ x

0
λe−λtdt = 1− e−λx.
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�ê©Ù��Ý¼êÚ©Ù¼êXã 4.5¤«.

ããã 4.5 �ê©Ù��Ý¼êÚ©Ù¼ê

Ún 4.7 e�ÅCþ X ∼ e(λ), K E(X) = 1/λÚ Var(X) = 1/λ2.

y² �âëY¼ê�½Âk

E(X) =

∫ +∞

0
tλe−λtdt =

[
−te−λt

]+∞

0
+

∫ +∞

0
e−λtdt = − 1

λ

[
e−λt

]+∞

0
=

1

λ
,

é�K��ÅCþ X > 0, �±|^Ún 4.6Ú©Ù¼ê F (x) = P (X 6 x) = 1− e−λxk

E[X] =

∫ +∞

0
P (X > t)dt =

∫ +∞

0
1− F (t)dt =

∫ +∞

0
e−λtdt =

1

λ
.

éu��, ÄkO�

E(X2) = λ

∫ +∞

0
t2e−λtdt =

[
−t2e−λt

]+∞

0
+

∫ +∞

0
2te−λtdt =

2

λ
E(X) =

2

λ2
,

u´�� Var(X) = E(X2)− [E(X)]2 = 1/λ2.

e¡ïÄ�ê©Ù���­�5�: �ê©Ù�ÃPÁ5.

½n 4.4 e�ÅCþ X ∼ e(λ), Ké?¿ s > 0, t > 0, k

P (X > s+ t|X > t) = P (X > s).

y² é?¿ x > 0, �â©Ù¼êk P (X > x) = 1− F (x) = e−λx, l
��

P (X > s+ t|X > t) =
P ({X > s+ t} ∩ {X > t})

P (X > t)
=
P (X > s+ t)

P (X > t)
=
e−λ(s+t)

e−λt
= P (X > s) ,

½n�y.

�ê©Ù´��äkÃPÁ5�ëY.�ÅCþ, ~X�Ì���Æ· X Ñl�ê©Ù, e®

²¦^
 s���, K2¦^ t����VÇ�®¦^L s���Ã', òù�²{�“#P”
.
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Ún 4.8 e�ÅCþ X1, X2, · · · , Xn ´�pÕá�!�©OÑlëê� λ1, λ2, · · · , λn ��
ê©Ù, Kk

X = min{X1, X2, · · · , Xn} ∼ e(λ1 + λ2 + · · ·+ λn) .

) ùp�ÅCþ��pÕá5�±n)��ÅCþ�ØÓ���Å¯��pÕá. O��Å

Cþ X �©Ù¼ê

FX(x) = P (X 6 x) = 1− P (min(X1, X2, · · · , Xn) > x)

= 1−
n∏
i=1

P (Xi > x) = 1−
n∏
i=1

exp(−λix) = 1− exp

(
−x

n∑
i=1

λi

)
,

dd�¤y².

4.4.3 ��©Ù

��©Ù´VÇÚO¥�­���«©Ù, �@d{IêÆ[�#6 (De Moivre, 1667-1754)

3 1730sJÑ, ^uCq�M1Á�¥�Å¯��VÇ, =¥%4�½n�Ö/. �IêÆ[pd

(Gauss, 1777-1855)3 1800sÄgò��©ÙA^uýÿU©Æ¥(N� �, ddâÐ«Ñ��

©Ù�A^d�, �5uyéõ�Åy��±ÏL��©Ù5£ã, ��©ÙÏd�¡�pd©Ù.

��©Ù3VÇÚO¥�­�5Ì�Ny3±eA�¡:

• y¢)¹¥éõ�Åy�I�^��©Ù?1£ã, X<��p½N­, ,/«�ü�þ�;

• éõ©Ù�±ÏL��©Ù5?1CqO�, X�¡¤Æ�¥%4�½n;

• ênÚO¥~^�ÚO©Ù´d��©Ù�Ñ�, X�¡¤Æ� χ2©Ù!t©ÙÚ F ©Ù.

½Â 4.7 �½?Û¢ê uÚ σ > 0, e�ÅCþ X �VÇ�Ý�

f(x) =
1√
2πσ

e−
(x−µ)2

2σ2 x ∈ (−∞,+∞) ,

¡�ÅCþ X Ñlëëëêêê��� (µ, σ2) ���������©©©ÙÙÙ (normal distribution), q¡�pppddd©©©ÙÙÙ (Gaussian

distribution), P� X ∼ N (µ, σ2).

AO/, � µ = 0Ú σ = 1����©Ù N (0, 1)�¡�IIIOOO������©©©ÙÙÙ, d��Ý¼ê�

f(x) =
1√
2π
e−

x2

2 x ∈ (−∞,+∞) .

é?¿ x ∈ (−∞,+∞)k f(x) > 0, |^4�IC� (x = r cos θ, y = r sin θ)k

(∫ +∞

−∞
e−

x2

2 dx

)2

=

∫ +∞

−∞

∫ +∞

−∞
e−

x2+y2

2 dxdy
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=

∫ 2π

0
dθ

∫ +∞

0
e−

r2

2 rdr =

∫ 2π

0
dθ

∫ +∞

0
e−

r2

2 d
r2

2
= 2π ,

dd�y

∫ +∞
−∞

1√
2π
e−t

2/2dt = 1, |^{ü�CþO���y����©Ù��Ý¼ê.

'uIO��©ÙÚ�����©Ù, kXe'X:

½n 4.5 e�ÅCþX ∼ N (µ, σ2),Kk Y = (X−µ)/σ ∼ N (0, 1);e�ÅCþX ∼ N (0, 1),

Kk Y = σX + µ ∼ N (µ, σ2).

y² e�ÅCþ X ∼ N (µ, σ2), K Y = (X − µ)/σ�©Ù¼ê

FY (y) = P [Y 6 y] = P [X − µ 6 yσ] = P [X 6 yσ + µ] =

∫ µ+yσ

−∞

1√
2πσ

e−
(t−µ)2

2σ2 dt .

- x = (t− µ)/σ, �\þ¡�©Ù¼êk

FY (y) =

∫ y

−∞

1√
2π
e−

x2

2 dx ,

dd�y Y ∼ N (0, 1).

,��¡, e�ÅCþ X ∼ N (0, 1), Kk Y = σX + µ�©Ù¼ê

FY (y) = P (Y 6 y) = P (σX + µ 6 y) = P (X 6 (y − µ)/σ) =

∫ (y−µ)/σ

−∞

1√
2π
e−

t2

2 dt .

- t = (x− µ)/σ, �\þ¡�©Ù¼êk

FY (y) =

∫ y

−∞

1√
2πσ

e−
(x−µ)2

2σ2 dx ,

dd�y Y ∼ N (µ, σ2).

'u��©Ù�êiA�k

½n 4.6 e�ÅCþ X ∼ N (µ, σ2), Kk E(X) = µÚ Var(X) = σ2; AO/, e�ÅCþ

X ∼ N (0, 1), Kk E(X) = 0Ú Var(X) = 1.

��©Ù�ü�ëê©OL«��©Ù�Ï"Ú��.

y² ùp==y²IO��©Ù�Ï"� 0Ú��� 1,(Ü½n 4.5����X ∼ N (µ, σ2)

�Ï"Ú��. e�ÅCþ X ∼ N (0, 1), �âÛ¼ê3é¡�«mþÈ©� 0k

E(X) =

∫ +∞

−∞

t√
2π
e−t

2/2dt = 0 .
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�â���½ÂÚ©ÜÈ©k

Var(X) =

∫ +∞

−∞

t2√
2π
e−t

2/2dt = − 1√
2π

∫ +∞

−∞
tde−t

2/2 =

[
te−t

2/2

−
√

2π

]+∞

t=−∞

+
1√
2π

∫ +∞

−∞
e−t

2/2dt = 1 .

dd�¤y².

ããã 4.6 ��©Ù��Ý¼ê

��©Ù��Ý¼êXã 4.7(a)¤«, äk±e�
A::

1) ­� f(x)'u x = µé¡, küN4O, ��üN4~, 3 x = µ?���� 1/
√

2πσ. `²

�ÅCþ X ���Ì�8¥3 x = µ = E(X)NC, l x = µ���«mVÇ��.

2) �â limx→±∞ f(x) = 0��­� f(x)± x¶�ìC�; �â f
′′
(x) = 0��­� f(x)�$

:� x = µ± σ.

3) �½IO� σ
UCÏ" µ��, ­� f(x)/GØC, =÷ x¶�m²1£Ä, Xã 4.7(a).

4) �½Ï" µ 
UCIO� σ ��, ­� f(x) �é¡:ØC, ���� 1/
√

2πσ Ú$:

x = µ ± σ u)
UC. Xã 4.7(b)¤«: � σ ��, ­�º¸�p, ­��Í�, ©Ù�8

¥, ����; �� σ��, ­�º¸�/, ­��²", ©Ù�©Ñ, ����.

'u��©Ù�VÇ�O, ke¡�Ø�ª:

½n 4.7 e X ∼ N (0, 1), é?¿ ε > 0k

P (X > ε) 6
1

2
e−ε

2/2

P (|X| > ε) 6 min

{
1,

√
2

π

1

ε
e−ε

2/2

}
.

3þ¡�½n¥, 1��Ø�ªäk2��A^, 3 ε ∈ (0, 1)�éý¢�VÇk�Ð��O;

1��Ø�ª�¡�MillØ�ª, 3 ε ∈ (1,+∞)�éý¢�VÇk�Ð��O.
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y² �é1��Ø�ª, ·�k

P (X > ε) =

∫ +∞

ε

1√
2π
e−t

2/2dt =

∫ +∞

0

1√
2π
e−(x+ε)2/2dx

6 e−ε
2/2

∫ +∞

0

1√
2π
e−x

2/2dx =
1

2
e−ε

2/2 .

éuMillØ�ª, �â N (0, 1)�VÇ�Ý f(x) = e−x
2/2/
√

2πk f ′(x) = −xf(x), ?�Ú��

P (|X| > ε) = 2

∫ +∞

ε
f(t)dt = 2

∫ +∞

ε

tf(t)

t
dt

6 2

∫ +∞

ε

tf(t)

ε
dt = −2

∫ +∞

ε

f ′(t)

ε
dt = −2

ε
[f(t)]+∞ε =

2√
2πε

e−ε
2/2 .

dd�¤y².

e�ÅCþ X ∼ N (µ, σ2), Kk©Ù¼ê

F (x) =

∫ x

−∞

1√
2πσ

e−
(t−µ)2

2σ2 dt ,

T©Ù¼êvkw«�L�ª, �U¦ê�), ¼êXã 4.7(a)¤«. �BuïÄ��©Ù�©Ù

¼ê, |^½n 4.5�òÙ§��©ÙÑ=z�IO��©Ù N (0, 1), �Ù©Ù¼ê�

Φ(x) =

∫ x

−∞

1√
2π
e−

t2

2 dt .

L 4.1�Ñ
IO��©Ù Φ(x)�¼êL, 3O�äN�VÇ��ø�Î. e¡�Ñ'u©Ù¼ê

Φ(x)��
5�:

1) �âé¡5k Φ(x) + Φ(−x) = 1.

2) e�ÅCþ X ∼ N (µ, σ2), Ké?¿¢ê a < bk

P (X < a) = P

(
X − µ
σ

6
a− µ
σ

)
= Φ

(
a− µ
σ

)
,

P (X > b) = 1− P
(
X − µ
σ

6
b− µ
σ

)
= 1− Φ

(
b− µ
σ

)
,

P (a 6 X 6 b) = P

(
a− µ
σ

6
X − µ
σ

6
b− µ
σ

)
= Φ

(
b− µ
σ

)
− Φ

(
a− µ
σ

)
.

3) e�ÅCþ X ∼ N (µ, σ2), Ké?¿¢ê k > 0k

P (|x− µ| < kσ) = Φ(k)− Φ(−k) = 2Φ(k)− 1 .



90 1 4Ù ëY.�ÅCþ

ããã 4.7 ��©Ù¼êÚ 3σ�K

AO�, � k = 1, 2, 3�ÏLL 4.1k

P (|x− µ| < σ) = 0.6826, P (|x− µ| < 2σ) = 0.9544, P (|x− µ| < 3σ) = 0.9974 .

Xã 4.7(b) ¤«, ¦+�ÅCþ X ∼ N (µ, σ2) ��������¢ê� R, �Ù��á

3 [µ − 3σ, µ + 3σ] �	�VÇØ�LZ©�n, �Ò´ X ∼ N (µ, σ2) ���A�o3

[µ − 3σ, µ + 3σ]�S, ùÒ´<�¤`�“3σ�K”, 3¢S�ÚOíä, AO´�¬�þu

ÿ¥äk­��A^.

4) e�ÅCþ X ∼ N (µ, σ2), �®� P (X < c) = p, Kk

p = P (X < c) = P

(
X − µ
σ

<
c− µ
σ

)
= Φ

(
c− µ
σ

)
,

dd��)Ñ c = µ + σΦ−1(p). ùp Φ−1(x)L«IO��©Ù¼ê Φ(x)��¼ê, ��

âL 4.1dp�	��, ~X Φ−1(0.5871) = 0.22.

~ 4.11 ®�,úi
óz���ó]Ñl��©Ù N (6000, σ2), ¯K:

i) e®�IO� σ = 500, ¦ó]3 5000� 7000�m�
ó3úi¥Ó'õ�?

ii) �IO� σ�Û��, ó]3 5000� 7000�m�
ó3úi¥Ó'� 0.803?

) ^�ÅCþ X L«úi
óz���ó], K X ∼ N (6000, σ2). �é¯K i), � σ = 500

�ÏL�ÎL 4.1k

P (5000 6 X 6 7000) = P

(
−2 6

X − 6000

500
6 2

)
= Φ(2)− Φ(−2) = 2Φ(2)− 1 = 0.9544.

�é¯K ii)k

P (5000 6 X 6 7000) = P

(
−1000

σ
6
x− 6000

σ
6

1000

σ

)
= 2Φ(

1000

σ
)− 1 = 0.803 ,

u´�� Φ(1000/σ) = 0.9015, ÏLdSg	�L 4.1k σ ≈ 775.2.
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LLL 4.1 IO��©ÙL Φ(x) =
∫ x

−∞ e−t
2/2/
√

2πdt.

x 0.00 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09

0.0 0.5000 0.5040 0.5080 0.5120 0.5160 0.5199 0.5239 0.5279 0.5319 0.5359

0.1 0.5398 0.5438 0.5478 0.5517 0.5557 0.5596 0.5636 0.5675 0.5714 0.5753

0.2 0.5793 0.5832 0.5871 0.5910 0.5948 0.5987 0.6026 0.6064 0.6103 0.6141

0.3 0.6179 0.6217 0.6255 0.6293 0.6331 0.6368 0.6406 0.6443 0.6480 0.6517

0.4 0.6554 0.6591 0.6628 0.6664 0.6700 0.6736 0.6772 0.6808 0.6844 0.6879

0.5 0.6915 0.6950 0.6985 0.7019 0.7054 0.7088 0.7123 0.7157 0.7190 0.7224

0.6 0.7257 0.7291 0.7324 0.7357 0.7389 0.7422 0.7454 0.7486 0.7517 0.7549

0.7 0.7580 0.7611 0.7642 0.7673 0.7704 0.7734 0.7764 0.7794 0.7823 0.7852

0.8 0.7881 0.7910 0.7939 0.7967 0.7995 0.8023 0.8051 0.8078 0.8106 0.8133

0.9 0.8159 0.8186 0.8212 0.8238 0.8264 0.8289 0.8315 0.8340 0.8365 0.8389

1.0 0.8413 0.8438 0.8461 0.8485 0.8508 0.8531 0.8554 0.8577 0.8599 0.8621

1.1 0.8643 0.8665 0.8686 0.8708 0.8729 0.8749 0.8770 0.8790 0.8810 0.8830

1.2 0.8849 0.8869 0.8888 0.8907 0.8925 0.8944 0.8962 0.8980 0.8997 0.9015

1.3 0.9032 0.9049 0.9066 0.9082 0.9099 0.9115 0.9131 0.9147 0.9162 0.9177

1.4 0.9192 0.9207 0.9222 0.9236 0.9251 0.9265 0.9279 0.9292 0.9306 0.9319

1.5 0.9332 0.9345 0.9357 0.9370 0.9382 0.9394 0.9406 0.9418 0.9429 0.9441

1.6 0.9452 0.9463 0.9474 0.9484 0.9495 0.9505 0.9515 0.9525 0.9535 0.9545

1.7 0.9554 0.9564 0.9573 0.9582 0.9591 0.9599 0.9608 0.9616 0.9625 0.9633

1.8 0.9641 0.9649 0.9656 0.9664 0.9671 0.9678 0.9686 0.9693 0.9699 0.9706

1.9 0.9713 0.9719 0.9726 0.9732 0.9738 0.9744 0.9750 0.9756 0.9761 0.9767

2.0 0.9772 0.9778 0.9783 0.9788 0.9793 0.9798 0.9803 0.9808 0.9812 0.9817

2.1 0.9821 0.9826 0.9830 0.9834 0.9838 0.9842 0.9846 0.9850 0.9854 0.9857

2.2 0.9861 0.9864 0.9868 0.9871 0.9875 0.9878 0.9881 0.9884 0.9887 0.9890

2.3 0.9893 0.9896 0.9898 0.9901 0.9904 0.9906 0.9909 0.9911 0.9913 0.9916

2.4 0.9918 0.9920 0.9922 0.9925 0.9927 0.9929 0.9931 0.9932 0.9934 0.9936

2.5 0.9938 0.9940 0.9941 0.9943 0.9945 0.9946 0.9948 0.9949 0.9951 0.9952

2.6 0.9953 0.9955 0.9956 0.9957 0.9959 0.9960 0.9961 0.9962 0.9963 0.9964

2.7 0.9965 0.9966 0.9967 0.9968 0.9969 0.9970 0.9971 0.9972 0.9973 0.9974

2.8 0.9974 0.9975 0.9976 0.9977 0.9977 0.9978 0.9979 0.9979 0.9980 0.9981

2.9 0.9981 0.9982 0.9982 0.9983 0.9984 0.9984 0.9985 0.9985 0.9986 0.9986

3.0 0.9987 0.9987 0.9987 0.9988 0.9988 0.9989 0.9989 0.9989 0.9990 0.9990

3.1 0.9990 0.9991 0.9991 0.9991 0.9992 0.9992 0.9992 0.9992 0.9993 0.9993

3.2 0.9993 0.9993 0.9994 0.9994 0.9994 0.9994 0.9994 0.9995 0.9995 0.9995

3.3 0.9995 0.9995 0.9995 0.9996 0.9996 0.9996 0.9996 0.9996 0.9996 0.9997

3.4 0.9997 0.9997 0.9997 0.9997 0.9997 0.9997 0.9997 0.9997 0.9997 0.9998

4.5 ëY�ÅCþ¼ê�©Ù

������ÅCþ�VÇ©Ù�, ²~¬�Ä§��
¼ê�©Ù, ~X®������»

X Ñlþ!©Ù U(a, b), K�±�Ä��¡È Y = π(X/2)2�©Ù. ��/, e®��ÅCþ X �

©Ù¼ê, ±9 g(x)´½Â3�ÅCþ X ¤k�U���¼ê, K¡ Y = g(X)��ÅCþ X �

¼ê, éw, Y �´�ÅCþ. ïÄ�¯K�±8B�: e®��ÅCþX �VÇ©ÙÚ¼ê g(x),

XÛ¦)�ÅCþ Y = g(X)�VÇ©Ù.
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�lÑ.�ÅCþ X �©Ù�� pk = P (X = xk) (k = 1, 2, · · · ), ¦)�ÅCþ Y = g(X)�

©Ù���{ü, ò���� g(xi) = g(xj)Ü¿, �A�VÇ�\=�. ~X

~ 4.12 e�ÅCþ X �VÇ©Ù�� P (X = k) = 1/2k (k = 1, 2, · · · ), ¦�ÅCþ
Y = cos(πX/2)�©Ù�.

) � n = 1, 2, · · · �k

cos(kπ/2) =


1 k = 4n

0 k = 2n− 1

−1 k = 4n− 2 ,

¤± cos(πX/2)���� {−1, 0,+1}, ÙVÇ©O�

P (Y = 1) =
∞∑
n=1

P (X = 4n) =
∞∑
n=1

1

24n
=

1

15
,

P (Y = 0) =
∞∑
n=1

P (X = 2n− 1) =
∞∑
n=1

1

22n−1
=

2

3
,

P (Y = −1) =
∞∑
n=1

P (X = 4n− 2) =
∞∑
n=1

1

24n−2
=

4

15
,

dd�Ñ�ÅCþ Y �©Ù�.

�éëY.�ÅCþ, ��æ^VÇ�Ý¼ê5�xÙVÇ©Ù. e®�¼ê g(x)Ú�ÅCþ

X �VÇ�Ý¼ê� fX(x), ¦)�ÅCþ Y = g(X)�VÇ�Ý fY (y), Ï~©�±eüÚ:

1) ¦)�ÅCþ Y �©Ù¼ê FY (y) = P (Y 6 y) = P (g(X) 6 y) =
∫
g(x)6y fX(x)dx;

2) ¦)�ÅCþ Y ��Ý¼ê fY (y) = F ′Y (y).

¦)da¯K~^��êÆóä´È©¦�úª: �¼ê F (y) =
∫ ϕ(y)
ψ(y) f(x)dx, Kk

F ′(y) = f(ϕ(y))ϕ′(y)− f(ψ(y))ψ′(y) . (4.2)

e¡5wü�~f.

~ 4.13 ��ÅCþ X �VÇ�Ý� fX(x), ¦ Y = X2�VÇ�Ý.

) �â©Ù¼ê�½Â��

FY (y) = P (Y 6 y) = P (X2 6 y) .
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� y 6 0�k FY (y) = 0; � y > 0�k

FY (y) = P (X2 6 y) = P (−√y 6 x 6
√
y) =

∫ √y
−√y

fX(x)dx ,

�â (4.2)���Ý¼ê

fY (y) = F ′Y (y) = fX(
√
y)
/

2
√
y + fX(−√y)

/
2
√
y .

nþ¤ãk

fY (y) =


(
fX(−√y) + fX(

√
y)
) /

2
√
y y > 0 ,

0 y 6 0 .

~ 4.14 ��ÅCþ X ��Ý¼ê�

f(x) =

x/8 0 < x < 4

0 Ù§,

¦ Y = 2X + 8��Ý¼ê.

) Äk¦)©Ù¼ê

FY (y) = P (Y 6 y) = P (2X + 8 6 y) = P (X 6 (y − 8)/2) = FX((y − 8)/2) ,

¦����Ý¼ê

fY (y) = fX((y − 8)/2)/2 =

(y − 8)/32 (y − 8)/2 ∈ [0, 4]

0 Ù§
=

(y − 8)/32 y ∈ [8, 16]

0 Ù§ .

�é���¹kXe½n:

½n 4.8 ��ÅCþ X �VÇ�Ý´½Â3¢ê�þ�¼ê fX(x), ¼ê y = g(x)??��

�î�üN (= g′(x) > 0½ g′(x) < 0), -Ù�¼ê x = g−1(y) = h(y), K Y = g(X)�VÇ�Ý�

fY (y) =

fX(h(y))|h′(y)| y ∈ (α, β)

0 Ù§,

Ù¥ α = min{g(−∞), g(+∞)}Ú β = max{g(−∞), g(+∞)}.

�òþã½ní2�«m¼ê x ∈ [a, b], þã½n�Î¤á, d�k α = min{g(a), g(b)} Ú
β = max{g(a), g(b)}.
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y² y²g´�c¡�~Kaq, ùpØ�b� g′(x) > 0, Ón�±�Ä g′(x) < 0)��

¹. �â g′(x) > 0��Ù�¼ê x = h(y)�î�üN, � g(x) ∈ [α, β]. Ïd, � y 6 α �, k

FY (y) = 0; � y > β �k FY (y) = 1; � α < y < β �,

FY (y) = P (g(X) < y) = P (X 6 h(y)) = F (h(y)).

u´k�ÅCþ Y �VÇ�Ý

fY (y) = F ′(h(y)) · h′(y) = fX(h(y)) · h′(y).

�âx = h(y)î�üN�� h′(y) > 0.

½n 4.9 � X ∼ N (µ, σ2), K Y = aX + b (a > 0)Ñl��©Ù N (aµ+ b, a2σ2).

y² �¼ê g(x) = ax+ b, �� α = −∞, β = +∞, ±9 y = g(x)��¼ê�

x = h(y) = (y − b)/a,

�k h′(y) = 1/a. �â½n 4.8��

fY (y) =
1

a
fX(

y − b
a

) =
1

a

1√
2πσ

e−( y−b
a
−µ)2)2/2σ2

=
1√

2πaσ
e−(y−b−aµ)2/2a2σ2

,

ddy²
 Y = aX + b ∼ N (aµ+ b, a2σ2).

~ 4.15 ��ÅCþ X �©Ù¼ê FX(x)´î�üN�ëY¼ê, K Y = FX(X) ∼ U(0, 1).

y² - Y = FX(X)�©Ù¼ê� G(y), K

G(y) = P (Y 6 y) = P (FX(X) 6 y) .

Ï�©Ù¼ê FX(x) ∈ [0, 1], � y < 0�k G(y) = 0; � y > 1�k G(y) = 1; � y ∈ [0, 1]�, du

FX(X)î�üN, ¤± F−1
X (y)�3�î�üN, u´k

G(y) = P (FX(X) 6 y) = P
(
X 6 F−1

X (y)
)

= FX
(
F−1
X (y)

)
= y .

nþ¤ãk�Ý¼ê

fY (y) =

1 y ∈ [0, 1]

0 Ù§ .
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4.6 ~^©Ù��Åê*

�Åê3O�Å�ýÆÚ�èÆ�+�äk2��A^, ÏL�)�þ��Åêâ5¢yéý

¢­.��[. �±|^Ôn�ÅL§5�)ý¢��Åê, ~X�E��M1!�f!Ä\!~

Ò�, ù
�{�±���þép��Åê, �ÙêþÚa.Ï~��!J±÷v¢S�I¦.

y3�Ì6�{´¦^O�Å�)��Åê, ÏLO�Å�(½�{5)¤“aq”ý�Åê�

��Åê. du�{�Ñ�(Jo´(½�, ¤±��Åê¿Ø´ý���Åê, �´Ð���Å

êS��ý¢�ÅêS�LyA��Ó, éJ?1«©.

�!Äk0�XÛ)¤3 (0, 1)þþ!©Ù��Åê, ,��âd�Åê�EÙ§~^©Ù�

�Åê. ùp=�ÑäN��E�{, 'uÙ¥��n, k,��Öö�±ë��'Ö7.

4.6.1 «m (0, 1)þþ!©Ù��Åê

8ckéõ�{)¤ (0, 1)þþ!©Ù��Åê, ùp0��~^��5Ó{{. ÏLe¡�

S��ª�)�X��Åê x1, x2, · · · , xk,

xi = axi−1 + c mod m ,

Ù¥ 1 6 i 6 k 6 m, ~ê x0 �Ð©�½�«f. �
¼��Ð��Å5, Ï~m���Av
�,

Xm = 2k (k = 31, 63), ~ê c�mp�, ~ê a− 1�m�Ïf�Ø, ~X�«�1�ÀJ´

xi = 31415926xi−1 + 453806245 mod 231.

����3«m (0, 1)þþ!©Ù��Åê x1/m, x2/m, · · · , xk/m. éõ�ÿ¬�â¢S�¹ÀJ

ØÓ�Ð©«f x0. k
3 (0, 1)þþ!©Ù��Åê, K�±�E�
Ñl~^©Ù��Åê.

4.6.2 ~^lÑ.©Ù��Åê

½n 4.10 e�ÅCþ X ∼ U(0, 1), ±9 F (y)´,�lÑ.�ÅCþ�©Ù¼ê, Ù�U�

��� {y1, y2, · · · }, Ø�b� y1 < y2 < · · · . ��ÅCþ

Y =

y1 X 6 F (y1)

yi X ∈ (F (yi−1), F (yi)] (i > 2) ,

K Y �©Ù¼ê FY (y) = F (y) (Xã 4.8¤«).

ããã 4.8 lÑ©Ù��Åê)¤
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y² � y < y1�k

FY (y) = P (Y 6 y) 6 P (Y < y1) = 0 = F (y) .

� y1 6 y < y2��â X ∼ U(0, 1)k

FY (y) = P (Y 6 y) = P (Y = y1) = P (X 6 F (y1)) = F (y1) = F (y) .

� y > y2�2g�â X ∼ U(0, 1)k

FY (y) = P (Y 6 y) =
∑

yi : yi6y

P (Y = yi) =
∑

yi : yi6y

P (X ∈ (F (yi−1), F (yi)]) = max
yi : yi6y

F (yi) = F (y) .

½n 4.10`²�±|^þ!©Ù��Åê5�EÙ§lÑ.�ÅCþ��Åê, ±e±Ëã|

©Ù�~, �aq)¤Ù§~^©Ù��Åê.

~ 4.16 ®�3«m (0, 1)þþ!©Ù��Åê x1, x2, · · · , xk (k > 1), XÛ)¤ëê� p�

Ëã|©Ù��Åê.

) ��ÅCþ Y Ñlëê� p�Ëã|©Ù, K Y �©Ù¼ê F (0) = 1− pÚ F (1) = 1. �

â½n 4.10, � 1 6 i 6 k��E�Åê

yi =

0 xi 6 F (0) = 1− p

1 xi ∈ (F (0), F (1)] = (1− p, 1] ,

ÙÑlëê p�Ëã|©Ù.

4.6.3 ~^ëY.©Ù��Åê

½n 4.11 e�ÅCþ X ∼ U(0, 1), � F (y)´,��ëY�©Ù¼ê, éw,�¼ê F−1(y)

�3, K�ÅCþ

Y = F−1(X)

�©Ù¼ê� FY (y) = F (y).

y² �â©Ù¼ê�½ÂÚ F (x)�üN5k

FY (y) = P (Y 6 y) = P (F−1(X) 6 y) = P (X 6 F (y)) .

2�â©Ù¼ê F (y)��K5Ú�ÅCþ X ∼ U(0, 1)k

FY (y) = F (y) ,
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dd�¤y².

~ 4.17 e®�3«m (0, 1) þþ!©Ù��Åê x1, x2, · · · , xk (k > 1), XÛ)¤ëê�

λ = 4��ê©Ù��Åê.

) e�ÅCþ Y Ñlëê� λ = 4��ê©Ù, KkëY�©Ù¼ê FY (y) = 1− e−4λy, ±

9�¼ê F−1
Y (y) = − ln(1− y)/4. �â½n 4.11��E�Åê

yi = − ln(1− xi)/4 (i ∈ [k])

Ñlëê� λ = 4��ê©Ù.

du��©Ù�©Ù¼êØ�3w«L�ª, ¤±§��¼ê�Ø�3w«L�ª, ÏdØU

|^½n 4.115��)¤Ñl��©Ù��Åê. ùp{�0��«)¤IO��©Ù��Åê

��{!±9�
�'�(Ø, �[�y²�ë��'Ö7.

� X Ú Y ´�pÕá�IO��©Ù�ÅCþ, K§��4�IR =
√
X2 + Y 2

θ = arctan(Y/X)

�pÕá, � R2Ñlëê� 1/2��ê©Ù, 
 θÑl3 (0, 2π)þ�þ!©Ù. ��pÕá��Å

Cþ X1Ú X23«m (0, 1)þÑlþ!©Ù, Kk

R = (−2 lnX1)1/2 Ú θ = 2πX2 .

dd���pÕá�IO��©Ù�ÅCþ

X = R cos(θ) = (−2 lnX1)1/2 cos(2πX2) Ú Y = R sin(θ) = (−2 lnX1)1/2 sin(2πX2) ,

ù«�)IO��©Ù�ÅCþ��{�¡� Box-Muller���{{{.
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SK

4.1 e�ÅCþX ���«m� [1, c], �á\ [1, c]?¿�«m�VÇ��«m��Ý¤�',

¦ X �©Ù¼ê.

4.2 ^�ÅCþ X L«,Õ1leÌm©E�å�1����������m (©), � X �

©Ù¼ê�

F (x) =

1− c exp(−x/8) x > 0

0 x < 0

¦ù
¯��VÇ: 1) P (X 6 4); 2) P (X > 8); 3) P (4 6 X 6 8); 4) P (X 6 4 ½X > 8);

5) P (X = 6).

4.3 e�ÅCþ X �©Ù¼ê

F (x) =


0 x < 1

lnx 1 6 x < e

1 x > e,

¦�ÅCþ X ��Ý¼ê.

4.4 e�ÅCþ X ��Ý¼ê

f(x) =


x x ∈ [0, 1)

c− x x ∈ [1, 2)

0 Ù§,

¦�ÅCþ X �©Ù¼ê, ¿xÑ©Ù¼êÚ�Ý¼ê.

4.5 ®���/�°Ñlþ!©Ù U(0, 2) (ü : �), ±9��/�¡È� 10 (ü : ²��),

¦��/�±��Ï"���.

4.6 ��ÅCþ X �VÇ�Ý�

f(x) =

Ae−x x > 0

0 x 6 0.

¦ Y = e−2X �Ï".

4.7 ®��ÅCþ X ∼ U(0, 1), é?¿ λ > 0¦ E[λmax(X,1−X)].
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4.8 >³��æ´>Äð��Ø%¯K, ��Uüg¯��m��m T Ñlëê� 1/40��

ê©Ù, ¦VÇ P (X > 45), ±9¦��� τ ¦� P (X > t) > 60%.

4.9 �¦�3�ú��Õ��ú����mÑlëê� 1/6��ê©Ù, ,¦�e���m�

L 10©¨K�¦Ñu�lm. T¦����Sk 10U¦ú�Õ (zU´Ä¦Ñu��p

Õá), ^ Y L«T¦�Ï���ú��
�¦Ñu��gê, ¦ Y �©Ù¼ê.

4.10 ��ÅCþ X Ñla|©Ù, ÙVÇ�Ý�

f(x) =


x
σ2 e
−x2/(2σ2) x > 0

0 x 6 0 ,

¦Ï" E(X)Ú�� Var(X).

4.11 ��ÅCþ X ∼ N (4, 49), ¯K: i)¦VÇ P (3 < X 6 7), P (|X| 6 4)Ú P > 6; ii)¦~

ê c¦� P (X > c) = P (X 6 c); iii)¦~ê a�õkõ��÷v P (X > d) > 0.9.

4.12 ��1�¬�Æ· X ∼ N (180, σ2) (σ > 0), ��yk P (140 < X 6 220) > 0.9¤á, K

σ���´õ�.

4.13 y² ∫ +∞

−∞
e−

(t−µ)2

2σ2 dt =
√

2πσ.

4.14 e X ∼ N(0, 1),é?¿¢ê ε > 0, ¦y

P (X > ε) >
1

3
e−

(ε+1)2

2

4.15 ®��ÅCþ X �VÇ�Ý¼ê fX(x), ¦�ÅCþ Y = |X|�VÇ�Ý fY (y).

4.16 e�ÅCþ X ∼ N (µ, σ2), ¦�ÅCþ Y = eX ��Ý¼ê.

4.17 e�ÅCþ X ∼ N (0, 1), ¦�ÅCþ Y = X2Ú Z = 2X2 + 1��Ý¼ê.

4.18 e�ÅCþ X ∼ e(λ), ¦�ÅCþ Y = aX (a > 0)�VÇ©Ù.

4.19 e�ÅCþ X ∼ U(0, 1), ¦�ÅCþ Y = − lnX Ú Z = eX �VÇ©Ù.

4.20 ��ÅCþ X ��Ý¼ê�

f(x) =

2x/π x ∈ (0, π)

0 Ù§ .

¦ Y = sinX ��Ý¼ê.
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4.21 ���������: ?§)¤ 1000003 (0, 1)«mþþ!©Ù��Åê, ¿±d)¤Ëã|©Ù!�

�©Ù!Ñt©Ù!AÛ©Ù!�ê©Ù!��©Ù��Åê, I�ò�«©Ù�ëê�

�Ñ\Cþ, ���]��y�{��(5.


