
1 5Ù õ��Å�þ

c¡?Ø
���ÅCþ�VÇ©Ù, ,
éõ3¢S¯K¥, �Åy��UI�ü«½ü«

±þ��ÅÏ�5£ã, ==^���ÅCþ´Ø
�, I�õ��ÅCþ. ~X, �
�	,/«

�Ö��N���, �±Ó��Ä¦���p!N­!¡¹þ!Àå�, d���I�o��ÅC

þ5£ã. ù
�ÅCþ�m�U�3,
'é, Ïd©Oéz��ÅCþüÕ?1ïÄ´Ø
�,

I�òÙw����N5ïÄ, =õ��Å�þ.

½Â 5.1 � X1 = X1(ω), X2 = X2(ω), · · · , Xn = Xn(ω)´½Â3Ó����m Ωþ� n�

�ÅCþ, d§��¤��þ (X1, X2, · · · , Xn)¡� n������ÅÅÅ���þþþ, ½¡ n������ÅÅÅCCCþþþ.

���ÅCþ�±w�õ��ÅCþ��«AÏ�¹, �ÙÌ�?Ø���Å�þ9Ù©Ù,

Ón�?Ø��±þ��Å�þ.

5.1 ��éÜ©Ù¼ê

aqu���ÅCþ, ·�^©Ù¼ê5ïÄ���Å�þ�VÇA5.

½Â 5.2 � (X,Y )����Å�þ, é?¿¢ê xÚ y,

F (x, y) = P (X 6 x, Y 6 y)

¡����Å�þ (X,Y )�©©©ÙÙÙ¼¼¼êêê, ½¡�ÅCþ X Ú Y �éééÜÜÜ©©©ÙÙÙ¼¼¼êêê (joint cumulative

probability distribution function).

ããã 5.1 �Å�þ (X,Y )�©Ù¼ê F (x, y)ÚVÇ P (x1 < X 6 x2, y1 < Y 6 y2)

eò (X,Y )w�²¡þ�Å:��I, K©Ù¼ê F (x, y)��L«�Å�þ (X,Y )á\±

(x, y)�º:��e�Ã¡«��VÇ, Xã 5.1(a)¤«. 2�âã 5.1(b)��, �Å�þ (X,Y )á
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\Ý/«� {(x, y) : x1 < x 6 x2, y1 < y 6 y2}�VÇ

P (x1 < X 6 x2, y1 < Y 6 y2) = F (x2, y2)− F (x2, y1)− F (x1, y2) + F (x1, y1) .

���Å�þ (X,Y )�©Ù¼ê F (x, y)äk±e5�:

1) ©Ù¼ê F (x, y) éz�CþÑ´üNØ~�, =é?¿�½�¢ê y, � x1 > x2 �k

F (x1, y) > F (x2, y); é?¿�½�¢ê x, � y1 > y2�k F (x, y1) > F (x, y2).

2) é?¿¢ê xÚ y, ©Ù¼ê F (x, y) ∈ [0, 1], 
�

F (+∞,+∞) = 1, F (−∞, y) = F (x,−∞) = F (−∞,−∞) = 0 .

3) ©Ù¼ê F (x, y)'uz�CþmëY, =

F (x, y) = F (x+ 0, y) Ú F (x, y) = F (x, y + 0) .

4) é?¿¢ê x1 < x2Ú y1 < y2k

F (x2, y2)− F (x2, y1)− F (x1, y2) + F (x1, y1) > 0 .

?Û�©Ù¼ê F (x, y)Ñ÷vþão^5�, cn^5�����ÅCþaq, 1o^5��

âã 5.1(b)���y. ��, ?Û÷vþ¡o^5����¼ê F (x, y)Ñ�w¤,���Å�þ

�©Ù¼ê.

��`²�´, ���¼ê F (x, y)==÷vc¡�n^5��, ¿Ø�½U¤�,���Å�

þ�©Ù¼ê, ~X

F (x, y) =

1 x+ y > 0,

0 x+ y < 0.

éN´�y F (x, y)==÷vc¡�n^5�, �Ï�

F (1, 1)− F (1,−1)− F (−1, 1) + F (−1,−1) = −1 ,

Xã 5.2(a)¤«, Ø÷v1o^5�ÏdØ�¤��©Ù¼ê.

�â�Å�þ (X,Y )�éÜ©Ù¼ê F (x, y), ��±ïÄz��ÅCþ�ÚOA�, =ò X

Ú Y w�üÕ��ÅCþ, ÏLéÜ©Ù¼ê F (x, y)5ïÄ�ÅCþ X Ú Y �©Ù¼ê FX(x)

Ú FY (y), =>�©Ù¼ê.

½Â 5.3 ����Å�þ (X,Y )�éÜ©Ù¼ê� F (x, y), ¡

FX(x) = P (X 6 x) = P (X 6 x, y < +∞) = F (x,+∞) = lim
y→+∞

F (x, y) ,
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ããã 5.2 ©Ù¼ê1o^5���~Ú>�©Ù

� (X,Y )'u�ÅCþ X �>>>���©©©ÙÙÙ¼¼¼êêê (marginal distribution function). aq/½Â (X,Y )

'u�ÅCþ Y �>�©Ù¼ê

FY (y) = P (Y 6 y) = P (Y 6 y, x < +∞) = F (+∞, y) = lim
x→+∞

F (x, y) .

>�©Ù¼ê FX(x0)Ú FY (y0)��©OL«�Å�þ (X,Y )á\ã 5.2(b)Ú 5.2(c)¥ÒK

Ü©�VÇ. e¡5w��~f.

~ 5.1 ����Å�þ (X,Y )�©Ù¼ê�

F (x, y) = A(B + arctan
x

2
)(C + arctan

y

3
) (x, y ∈ R) .

¦�ÅCþ X � Y �>�©Ù¼ê, ±9VÇ P (Y > 3).

) é?¿ x ∈ (−∞,+∞)Ú y ∈ (−∞,+∞), �â©Ù¼ê�5�k

1 = F (+∞,+∞) = A(B +
π

2
)(C +

π

2
) ,

0 = F (x,−∞) = A(B + arctan
x

2
)(C − π

2
) ,

0 = F (−∞, y) = A(B − π

2
)(C + arctan

y

3
) .

¦)þã�§��

C =
π

2
, B =

π

2
, A =

1

π2
.

l
�� F (x, y) = (π/2 + arctanx/2)(π/2 + arctan y/3)/π2, ?�Ú��

FX(x) = lim
y→∞

1

π2
(
π

2
+ arctan

x

2
)(
π

2
+ arctan

y

3
) =

1

π
(
π

2
+ arctan

x

2
) ,

Ón��

FY (y) =
1

π
(
π

2
+ arctan

y

3
) .
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����

P (Y > 3) = 1− P (Y 6 3) = 1− FY (3) = 1−
(

1

2
+

1

π
arctan 1

)
=

1

4
.

5.2 ��lÑ.�Å�þ

½Â 5.4 e���Å�þ (X,Y )���´k��½Ã����, K¡ (X,Y )�������lllÑÑÑ...

���ÅÅÅ���þþþ. �lÑ.�Å�þ (X,Y )¤k�U���� (xi, yj) (i, j = 1, 2, · · · ), K¡

pij = P (X = xi, Y = yj)

����Å�þ (X,Y )�éééÜÜÜ©©©ÙÙÙ���, {¡©©©ÙÙÙ���.

���Å�þ©Ù�äke�5�:

pij > 0 Ú
∑
i,j

pij = 1.

ÏL�Å�þ (X,Y )�éÜ©Ù� pij , ��±ïÄz��ÅCþ�ÚOA�, ~X�ÅCþ X �

>>>���©©©ÙÙÙ����

P (X = xi) =
∞∑
j=1

P (X = xi, Y = yj) =
∞∑
j=1

pij = pi· ,

±9�ÅCþ Y �>>>���©©©ÙÙÙ����

P (Y = yj) =
∞∑
i=1

P (X = xi, Y = yj) =
∞∑
i=1

pij = p·j .

���Å�þ�éÜ©Ù�Ú>�©Ù��ÏLL 5.15?1L«.

LLL 5.1 ���Å�þ�VÇ©ÙL

X

Y
y1 y2 · · · yj · · · pi· =

∑
j pij

x1 p11 p12 · · · p1j · · · p1·

x2 p21 p22 · · · p2j · · · p2·
...

...
...

...
...

xi pi1 pi2 · · · pij · · · pi·
...

...
...

...
. . .

...

p·j =
∑

i pij p·1 p·2 · · · p·j · · · 1

�â���ÅCþ (X,Y )�éÜ©Ù� pij , �±��§��éÜ©Ù¼ê

F (x, y) =
∑

xi6x,yj6y

pij ,
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Ú>�©Ù¼ê

FX(x) =
∑
xi6x

pi· =
∑
xi6x

+∞∑
j=1

pij Ú FY (y) =
∑
yj6y

p·j =
∑
yj6y

+∞∑
i=1

pij .

~ 5.2 b�,/«k 15%�[Ìv�¯, 20%�[Ìk���¯, 35%�[Ìkü��¯,

30%�[Ìkn��¯, �b�z��¯�I¯½å¯´�pÕá���U�. �ÅÀJ��[Ì,

^�ÅCþ X,Y ©OL«T[Ì¥I¯Úå¯��ê, ¦ P (X > 1), P (Y 6 2)Ú P (X 6 Y ).

) �âK¿k X,Y �¤k�U��� {0, 1, 2, 3}, ?�ÚkéÜ©Ù�

P (X = i, Y = j) = P (ÀJ�[Ìk i+ j ��¯, Ù¥ i�I¯Ú j �å¯)

= P (ÀJ�[Ìk i+ j ��¯)P (i�I¯Ú j �å¯|ÀJ�[Ìk i+ j ��¯)

=

(
i+ j

i

)
1

2i+j
P (ÀJ�[Ìk i+ j ��¯) ,

dd��éÜ©Ù�Ú>�©Ù��

X

Y
0 1 2 3 pi·

0 0.1500 0.1000 0.0875 0.0375 0.3750

1 0.1000 0.175 0.1125 0 0.3875

2 0.0875 0.1125 0 0 0.2000

3 0.0375 0 0 0 0.0375

p·j 0.3750 0.3875 0.2000 0.0375 1

����

P (X > 1) = 0.625, P (Y 6 2) = 0.9625, P (X 6 Y ) = 0.6625 .

��0��«~^�õ�lÑ©Ù: õ�©Ù, §��þ´��©Ù�í2, �^uÅìÆS¥

õ©a¯K. b�Á� E k n«�U�(J A1, A2, · · · , An, z«(Ju)�VÇ pi = P (Ai), Kk

p1 + p2 + · · ·+ pn = 1.

òÁ� E Õá­E/?1 m g, ^ X1, X2, · · · , Xn ©OL«¯� A1, A2, · · · , An u)�g
ê, Kz��ÅCþ Xi ���� {0, 1, 2, · · · ,m} �÷v X1 + X2 + · · · + Xn = m, K�Å�þ

(X1, X2, · · · , Xn)Ñlõ�©Ù, Ùî��½ÂXe:

½Â 5.5 e n��Å�þ (X1, X2, · · · , Xn)�©Ù��

P (X1 = k1, X2 = k2, · · · , Xn = kn) =

(
m

k1, k2, · · · , kn

)
pk1

1 p
k2
2 · · · p

kn
n ,
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Ù¥ k1, k2, · · · , kn ´�K��ê�÷v k1 + k2 + · · · + kn = m, K¡�Å�þ (X1, X2, · · · , Xn)

Ñlëê� m, p1, p2, · · · , pn � õõõ���©©©ÙÙÙ (multinomial distribution), P� (X1, X2, · · · , Xn) ∼
M(m, p1, p2, · · · , pn).

éN´�y P (X1 = k1, X2 = k2, · · · , Xn = kn) > 0±9

∑
ki>0,k1+k2+···+kn=m

P (X1 = k1, X2 = k2, · · · , Xn = kn)

=
∑

ki>0,k1+k2+···+kn=m

(
m

k1, k2, · · · , kn

)
pk1

1 p
k2
2 · · · p

kn
n = (p1 + p2 + · · ·+ pn)m = 1 .

� n = 2�õ�©Ù{z���©Ù.

Ún 5.1 eõ��Å�þ (X1, X2, · · · , Xn) ∼M(m, p1, p2, · · · , pn), Kz��ÅCþ Xi�>

�©Ù´��©Ù B(m, pi).

�â Xi�¢S¹Â, �Ä¯� Aiu)½Øu)�Ëã|Á�, Kk Xi ∼ (m, pi). ,�«�{

´ÏLõ�©Ù�½Â��O�, ·�òÙ������K.

5.3 ��ëY.�Å�þ

½Â 5.6 ����Å�þ (X,Y )�©Ù¼ê� F (x, y), XJ�3���K�È¼ê f(x, y),

¦�é?¿¢ê xÚ yk

F (x, y) =

∫ x

−∞

∫ y

−∞
f(u, v)dudv,

K¡ (X,Y )�������ëëëYYY...���ÅÅÅ���þþþ, ¡ f(x, y)����Å�þ (X,Y )����ÝÝÝ¼¼¼êêê, ½¡�ÅC

þ X Ú Y �éééÜÜÜ���ÝÝÝ¼¼¼êêê.

éÜ�Ý¼ê f(x, y)÷vXe5�:

1) �K5: é?¿¢ê xÚ yk f(x, y) > 0.

2) 5�5:
∫ +∞
−∞

∫ +∞
−∞ f(x, y)dxdy = 1.

?Û÷vþ¡ü^5����¼ê f(x, y)�±¤�,�Å�þ (X,Y )�éÜ�Ý¼ê.

3) e G�²¡þ���«�, K: (X,Y )á\ G�VÇ�

P ((X,Y ) ∈ G) =
x

(x,y)∈G

f(x, y)dxdy ,

3AÛþ�±w�´± G�.¡, z = f(x, y)�º¡�ÎNNÈ, Xã 5.3(a)¤«.
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4) e�Ý¼ê f(x, y)3 (x, y)ëY, KéÜ©Ù¼ê F (x, y)Ú�Ý¼ê f(x, y)÷v

f(x, y) =
∂2F (x, y)

∂x∂y
.

�âd5�!¿|^õ��VÐmªk

lim
∆x→0+

∆y→0+

P (x < X 6 x+ ∆x, y < Y 6 y + ∆y)

∆x∆y

= lim
∆x→0+

∆y→0+

F (x+ ∆x, y + ∆y)− F (x+ ∆x, y)− F (x, y + ∆y) + F (x, y)

∆x∆y

=
∂2F (x, y)

∂x∂y
= f(x, y) ,

dd��

P (x < X 6 x+ ∆x, y < Y 6 y + ∆y) ≈ f(x, y)∆x∆y ,

VÇ f(x, y)���N
���Å�þ (X,Y )á\ (x, y)��SVÇ���.

ããã 5.3 ���Ý¼ê�AÛ¿ÂÚ~ 5.3�È©«�

�â (X,Y )�éÜ�Ý¼ê f(x, y), ��±ïÄz��ÅCþ X Ú Y ��Ý¼ê fX(x)Ú

fY (y). Äk�Ä�ÅCþ X �>�©Ù

FX(x) = P (X 6 x) = P (X 6 x, Y <∞) = F (x,+∞)

=

∫ x

−∞

∫ +∞

−∞
f(t, y)dtdy =

∫ x

−∞

(∫ +∞

−∞
f(t, y)dy

)
dt ,

éþªü>¦��� X �>�VÇ�Ý

fX(x) = F ′X(x) =

∫ +∞

−∞
f(x, y)dy .

Ón©Û�ÅCþ Y �>�©Ù, u´��>�VÇ�Ý�î�½Â.
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½Â 5.7 ����Å�þ (X,Y )�éÜ�Ý¼ê� f(x, y), K�ÅCþ X Ú Y �>>>������ÝÝÝ

¼¼¼êêê©O�

fX(x) =

∫ +∞

−∞
f(x, y)dy Ú fY (y) =

∫ +∞

−∞
f(x, y)dx .

~ 5.3 ����ÅCþ (X,Y )�VÇ�Ý�

f(x, y) =

ce−(3x+4y) x > 0, y > 0

0 Ù§ .

¦: 1) ~ê c; 2) éÜ©Ù¼ê F (x, y); 3) X Ú Y �>�VÇ�Ý; 4) VÇ P (X + Y 6 2).

) �â�Ý¼ê�5���

1 =

∫ +∞

−∞

∫ +∞

−∞
f(x, y)dxdy =

∫ +∞

−∞

∫ +∞

−∞
ce−(3x+4y)dxdy =

c

12
,

¦)Ñ c = 12. � x > 0Ú y > 0�k

F (x, y) =

∫ +∞

−∞

∫ +∞

−∞
f(x, y)dxdy =

∫ x

0

∫ y

0
12e−(3x+4y)dxdy = (1− e−3x)(1− e−4y) ,

?�Ú�â>�VÇ�Ý�½Âk

fX(x) =

∫ +∞

−∞
f(x, y)dy =

∫ +∞

0
12e−(3x+4y)dy = 3e−3x ,

Ón�� fY (y) = 4e−4y. ��O�VÇ P (X + Y 6 2), ÙÈ©«�Xã 5.3(b)¤«, k

P (X + Y 6 2) = 12

∫ 2

0
dx

∫ 2−x

0
e−(3x+4y)dy = 3

∫ 2

0
e−3x(1− e−8+4x)dx = 1− 4e−6 + 3e−8 .

5.3.1 ~^��ëY©Ù

e¡0�ü«~^���ëY©Ù: þ!©ÙÚ��©Ù.

½Â 5.8 � G�²¡þ��k.�«�, Ù¡È� AG, e���Å�þ (X,Y )�éÜ�Ý

¼ê�

f(x, y) =

1/AG (x, y) ∈ G

0 (x, y) /∈ G,

K¡ (X,Y )Ñl«� Gþ�������þþþ!!!©©©ÙÙÙ.

��þ!©Ù3«� Gþz�:��Uu), ��þÒ´ (²¡)AÛV.��Å�þ£ã. ù

p±��þ!©Ù�~, �aq�Än�/!ý��²¡þ��k.«��þ!©Ù.
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~ 5.4 3��±�I�:�¥%!�»� R��S��U�ÅÝ:. ^�Å�þ (X,Y )©

OL«á:�î�IÚp�I, ¦: �Å�þ (X,Y )�éÜ�Ý¼ê, >��Ý¼ê, ±9 (X,Y )

á\ X2 + Y 2 6 r2 (0 < r 6 R)�VÇ.

) éN´����¡È� πR2, dd���Å�þ (X,Y )�éÜ�Ý¼ê

f(x, y) =

1/πR2 x2 + y2 6 R2

0 x2 + y2 > R2 .

éu�ÅCþ X �>��Ý¼ê, � x2 6 R2�k

fX(x) =

∫ +∞

−∞
f(x, y)dy =

∫
x2+y26R2

1

πR2
dy =

∫ +
√
R2−x2

−
√
R2−x2

1

πR2
dy =

2

πR2

√
R2 − x2 ,

Ón���ÅCþ Y �>��Ý¼ê. ��¤¦VÇ

P (X2 + Y 2 6 r2) =
x

x2+y26r2

1

πR2
dxdy =

r2

R2
.

��ëY©Ù¥�­��´����©Ù, Ù½ÂXe:

½Â 5.9 é?¿¢ê x, y, e�Å�þ (X,Y )��Ý¼ê�

f(x, y) =
1

2π
√

1− ρ2σxσy
exp

(
− 1

2(1− ρ2)

[
(x− µx)2

σ2
x

+
(y − µy)2

σ2
y

− 2ρ(x− µx)(y − µy)
σxσy

])
,

Ù¥~ê µx, µy ∈ (−∞,+∞), σx, σy ∈ (0,+∞)±9 ρ ∈ (−1, 1), K¡ (X,Y )Ñl������������©©©ÙÙÙ,

P (X,Y ) ∼ N (µx, µy, σ
2
x, σ

2
y , ρ).

e¡ïÄ����©Ù�5�:

½n 5.1 ����Å�þ (X,Y )Ñl��©Ù N (µx, µy, σ
2
x, σ

2
y , ρ), Kk�ÅCþ X Ú Y �

>�©Ù©O� X ∼ N (µx, σ
2
x)Ú Y ∼ N (µy, σ

2
y).

y² ùpòy²�ÅCþ X �>��Ý¼ê, �Óny² Y �>��Ý¼ê. Äkò���

Å�þ (X,Y )�éÜ�Ý¼ê f(x, y)©)�

f(x, y) =
1√

2πσx
exp

(
− (x− µx)2

2σ2
x

)
× 1
√

2πσy
√

1− ρ2
exp

(
− (y − µy − ρσy(x− µx)/σx)2

2σ2
y(1− ρ2)

)
. (5.1)
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ÏdéÜ�Ý¼ê�uü�����©ÙN (µx, σx)ÚN (µy + ρσy(x− µx)/σx, σ
2
y(1− ρ2))��Ý

¼ê�¦È. �½ x, µx ∈ (−∞,+∞), σx > 0, ρ ∈ (−1, 1)Kk∫ +∞

−∞

1
√

2πσy
√

1− ρ2
exp

(
− (y − µy − ρσy(x− µx)/σx)2

2σ2
y(1− ρ2)

)
dy = 1 ,

u´��

fX(x) =

∫ +∞

−∞
f(x, y)dy =

1√
2πσx

exp
(
− (x− µx)2

2σ2
x

)
.

dd�¤y².

½n 5.1`²��©Ù�>�©Ù�´��©Ù, ¿�Ñ
����©Ùco�ëê�¿Â, =

�ÅCþ X Ú Y �Ï"Ú��, 1Ê�ëê�A
ü��ÅCþ���§Ý, ·�ò3�¡0�.

��éÜ©Ù�±��(½§��>�©Ù, ���Ø¤á, =¦��ü��ÅCþ�>�©

Ù, �Øv±û½éÜ©Ù. ~X, ü�>�©Ù� N (µx, σx)Ú N (µy, σy), Ï�ØU(½ ρ��


ØU(½§��éÜ©Ù. Äu (5.1), ·���±�y����©Ù�5�5∫ +∞

−∞

∫ +∞

−∞
f(x, y)dxdy = 1 ,

±9����©Ù��Ý¼ê��´ü� (��)��©Ù��Ý¼ê�¦È.

5.4 �ÅCþ�Õá5

c¡1�Ù0�
�Å¯��Õá5, =Õá���Å¯� AÚ B ÷v P (AB) = P (A)P (B).

�!0�VÇÚO¥,��­��Vg: �ÅCþ�Õá5. �Äü��ÅCþ, e���ÅCþ

���é,���ÅCþvk�oK�, K¡ü��ÅCþ�pÕá. e¡�Ñî��êÆ½Â:

½Â 5.10 ����Å�þ (X,Y )�éÜ©Ù¼ê� F (x, y), ±9 X Ú Y �>�©Ù¼ê

©O� FX(x)Ú FY (y), eé?¿�¢ê xÚ yk

F (x, y) = FX(x)FY (y) ,

K¡�ÅCþ X � Y ���pppÕÕÕááá.

�âþ¡�½Â��, �ÅCþ X � Y �pÕá�du�Å¯� {X 6 x}Ú {Y 6 y}é?¿
¢ê xÚ yÑ�pÕá; N´uy~ê c�?¿�ÅCþ�pÕá.

éulÑ.�Å�þ, �±�ÄÏL©Ù�5�x§�ÚO5Æ, 'uÕá5k

½n 5.2 ���lÑ.�Å�þ (X,Y )�©Ù�� pij = P (X = xi, Y = yj) (i, j = 1, 2, · · · ),
±9 X Ú Y �>�©Ù�� pi· = P (X = xi)Ú p·j = P (Y = yj), K�ÅCþ X Ú Y �pÕá�

¿�^�´ pij = pi·p·j .
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y² Äky²7�5, �â½Â 5.10©Ù¼ê�Õá5k

pi,j = F (xi, yj)− F (xi−1, yj)− F (xi, yj−1) + F (xi−1, yj−1)

= FX(xi)FY (yj)− FX(xi−1)FY (yj)− FX(xi)FY (yj−1) + FX(xi−1)FY (yj−1)

= (FX(xi)− FX(xi−1))FY (yj)− (FX(xi)− FX(xi−1))FY (yj−1)

= pi·FY (yj)− pi·FY (yj−1) = pi·p·j .

Ùgy²¿©5, �â pij = pi·p·j (i, j = 1, 2, · · · )k

F (xm, yn) =
∑
i6m

∑
j6n

pij =
∑
i6m

∑
j6m

pi·p·j =
∑
i6m

pi· ×
∑
j6n

p·j = FX(xm)FY (yn) .

dd�¤y².

~ 5.5 �lÑ.�ÅCþXÚ Y �pÕá�§����þ� {1, 2, 3},®� P (Y = 1) = 1/3,

P (X = 1, Y = 1) = P (X = 2, Y = 1) = 1/8Ú P (X = 1, Y = 3) = 1/16, ¦ X Ú Y �éÜ©Ù�

Ú>�©Ù�.

) �â>�©Ù��½Âk

P (X = 3, Y = 1) = P (Y = 1)− P (X = 1, Y = 1)− P (X = 2, Y = 1) = 1/12 ,

2�â½n 5.2k P (X = 1) = P (X = 2) = 3/8Ú P (X = 3) = 1/4, ÓnO�Ù§VÇ, ����

�©Ù��

X

Y
1 2 3 pi·

1 1/8 3/16 1/16 3/8

2 1/8 3/16 1/16 3/8

3 1/12 1/8 1/24 1/4

p·j 1/3 1/2 1/6

éuëY.�Å�þ, ���±ÏL�Ý¼ê5?1�x, 'uÕá5k

½n 5.3 ����Å�þ (X,Y )�éÜ�Ý¼ê� f(x, y), 9 X Ú Y �>��Ý¼ê©O

� fX(x)Ú fY (y), K�ÅCþ X Ú Y �pÕá�¿�^�´ f(x, y) = fX(x)fY (y).

y² Äky²7�5: e��ëY�ÅCþ÷v F (x, y) = FX(x)FY (y), Kk∫ x

−∞

∫ y

−∞
f(u, v)dudv =

∫ x

−∞
fX(u)du

∫ y

−∞
fY (v)dv ,



112 1 5Ù õ��Å�þ

éþªü>Ó�¦ �k

f(x, y) = fX(x)fY (y) .

Ùgy²¿©5: e f(x, y) = fX(x)fY (y), Kk

F (x, y) =

∫ x

−∞

∫ y

−∞
f(u, v)dudv =

∫ x

−∞

∫ y

−∞
fX(u)fY (v)dudv

=

∫ x

−∞
fX(u)du

∫ y

−∞
fY (v)dv = FX(x)FY (y) ,

dd�¤y².

e¡0�'u�ÅCþÕá5��
5�:

5� 5.1 e�ÅCþ X Ú Y �pÕá, Ké?¿�½�8Ü A,B ⊆ R, ¯� {X ∈ A}Ú¯
� {Y ∈ B}�pÕá.

y² TÚnélÑ.ÚëY.�ÅCþþ¤á, ùp·��[y²ëY�ÅCþ�/. �â

Õá5k f(x, y) = fX(x)fY (y), dd��

P (X ∈ A, Y ∈ B) =
x

x∈A,y∈B

f(x, y)dxdy

=
x

x∈A,y∈B

fX(x)fY (y)dxdy =

∫
x∈A

fX(x)dx

∫
y∈B

fY (y)dy = P (X ∈ A)P (Y ∈ B) ,

Ún�y.

5� 5.2 ��ÅCþ X Ú Y �pÕá, ±9 f(x) Ú g(y) ´ëY½©ãëY�¼ê, Kk

f(X)� g(Y )�pÕá.

T½nélÑ.ÚëY.�ÅCþþ¤á, ùpv�Ñ§�y²´ÏdÙ�Ñ
�Ö���.

�âdÚn, e�ÅCþX � Y �pÕá, KX2� Y 3�pÕá, ±9 sinX � cosY ��pÕá.

e¡�Ñ�«�äü��ÅCþÕá5�{ü�{:

5� 5.3 XJ�3ü�¼ê h(x)Ú g(y), ¦� X Ú Y �éÜ�Ý¼ê f(x, y)é?¿¢ê x

Ú yþk

f(x, y) = h(x)g(y) ,

K�ÅCþ X Ú Y �pÕá.

y² Ø�b�

C1 =

∫ +∞

−∞
h(x)dx Ú C2 =

∫ +∞

−∞
g(y)dy .
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�â�Ý¼ê�5�5k

1 =

∫ +∞

−∞

∫ +∞

−∞
f(x, y) =

∫ +∞

−∞
h(x)dx

∫ +∞

−∞
g(y)dy = C1C2 .

�ÅCþ X Ú Y �>�©Ù©O�

fX(x) =

∫ +∞

−∞
f(x, y)dy = h(x)C2 Ú fY (y) =

∫ +∞

−∞
f(x, y)dx = C1g(y) .

u´��

fX(x)fY (y) = C1C2h(x)g(y) = h(x)g(y) = f(x, y) ,

dd�¤y².

½n 5.4 ����Å�þ (X,Y ) ∼ N (µx, µy, σ
2
x, σ

2
y , ρ), K X � Y Õá�¿�^�� ρ = 0.

y² Äky²7�5. e�Å�þ (X,Y ) ∼ N (µx, µy, σ
2
x, σ

2
y , ρ), K X Ú Y �>�©Ù©O

� N (µx, σ
2
x)Ú N (µy, σ

2
y). � ρ = 0�, �â����©Ù�½Âk

f(x, y) =
1

2πσxσy
exp

(
−(x− µx)2

2σ2
x

− (y − µy)2

2σ2
y

)
= fX(x)fY (y) .

Ùgy²¿©5. e X � Y �pÕá, Ké?¿¢ê xÚ yþk f(x, y) = fX(x)fY (y)¤á, =

1

2πσxσy
exp

(
−(x− µx)2

2σ2
x

− (y − µy)2

2σ2
y

)
=

1

2π
√

1− ρ2σxσy
exp

(
− 1

2(1− ρ2)

[
(x− µx)2

σ2
x

+
(y − µy)2

σ2
y

− 2ρ

σxσy
(x− µx)(y − µy)

])
,

� x = µxÚ y = µy ¦)Ñ ρ = 0, dd�¤y²"

~ 5.6 ����Å�þ��Ý¼ê

f(x, y) =

cxe−y 0 < x < y < +∞

0 Ù§,

¯�ÅCþ X � Y ´Ä�pÕá?

) Xã 5.4(a)¤«, |^�Ý¼ê�5�5Ú©ÜÈ©k

1 =

∫ +∞

−∞

∫ +∞

−∞
f(x, y)dxdy = c

∫ +∞

0
dy

∫ y

0
xe−ydx = c.
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� x > 0��ÅCþ X �>�VÇ�Ý�

fX(x) =

∫ +∞

−∞
f(x, y)dy =

∫ +∞

x
xe−ydy = xe−x.

Ón� y > 0��ÅCþ Y �>�VÇ�Ý�

fY (y) =

∫ +∞

−∞
f(x, y)dx =

∫ y

0
xe−ydx =

1

2
y2e−y.

Ï� f(x, y) 6= fX(x)fY (y)���ÅCþ X � Y ØÕá.

ããã 5.4 ~ 5.6Ú 5.7�È©«�

~ 5.7 ��ÅCþ X � Y �pÕá, � X Ñl [−1, 1]þ!©Ù, Y Ñlëê� λ = 2��

ê©Ù, ¦ P (X + Y 6 1).

) Äkk�ÅCþ X � Y �>�VÇ�Ý©O�

fX(x) =


1
2 x ∈ [−1, 1]

0 Ù§
Ú fY (y) =

2e−2y y > 0

0 Ù§

�âÕá5���ÅCþ X � Y �éÜVÇ�Ý

f(x, y) =

e−2y −1 6 x 6 1, y > 0

0 Ù§ .

¤¦È©«�Xã 5.4(b)¤«, ����

P (X + Y 6 1) =

∫ 1

−1
dx

∫ 1−x

0
e−2ydy =

3

4
+

1

4
e−4.
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5.5 ^�©Ù

c¡1�Ù?Ø
�Å¯��^�VÇ, =3¯� B u)�^�e¯� Au)�^�VÇ

P (A|B) = P (AB)/P (B). �Ón�Ä�ÅCþ�^�©Ù, 3�½�ÅCþ Y äN���^�e,

�Ä�ÅCþ X �VÇ©Ù. e¡©lÑÚëYü«�/?1?Ø.

5.5.1 lÑ.�ÅCþ�^�VÇ

½Â 5.11 �lÑ.�ÅCþ (X,Y )�©Ù�� pij = P (X = xi, Y = yj) (i, j = 1, 2, · · · ), é
u�½�>�VÇ p·j = P (Y = yj) =

∑+∞
i=1 pij > 0,

P (X = xi|Y = yj) =
P (X = xi, Y = yj)

P (Y = yj)
=
pij
p·j

(i = 1, 2, · · · )

¡�3 Y = yj ^�e�ÅCþ X � ^̂̂���©©©ÙÙÙ��� (conditional probability distribution). �±aq

½Â3 X = xi^�e�ÅCþ Y �^�©Ù�.

^�©Ù��þ�´�«VÇ©Ù, äk©Ù�5�. ~X,

• ���KKK555: é?¿�ê i > 1k P (X = xi|Y = yj) > 0;

• 555���555:
∞∑
i=1

P (X = xi|Y = yj) =
+∞∑
i=1

P (X = xi, Y = yj)

P (Y = yj)
=

+∞∑
i=1

pij
p·j

= 1 .

• elÑ�ÅCþ X Ú Y �pÕá, Kk

P (X = xi|Y = yj) = P (X = xi) Ú P (Y = yj |X = xi) = P (Y = yj) .

3�¡�Ù!¥, eÑy^�VÇ P (X = xi|Y = yj), ��%@VÇ P (Y = yj) > 0. ^�©Ù��

�±ÏLe¡�L��Ñ:

X x1 x2 · · · xn · · ·

P (X = xi|Y = yj) p1j/p·j p2j/p·j · · · pnj/p·j · · ·

~ 5.8 ��ÀÃÂ¥8I�VÇ� p, �¥üg8I��, ^ X L«ÄgÂ¥8I¤?1�

�Âgê, ^ Y L«1�g�¥8I¤?1��Âgê, ¦ X Ú Y �éÜ©ÙÚ^�©Ù.

) �ÅCþ X = mL«ÄgÂ¥8I�Â
 mg, Y = nL«1�ggÂ¥8I�Â
 n

g, K X Ú Y �éÜ©Ù��

P{X = m,Y = n} = f(x, y) =

p2(1− p)n−2 1 6 m < n <∞

0 Ù§ .
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u´���ÅCþ X �>�©Ù�

P{X = m} =
∞∑

n=m+1

P{X = m,Y = n} =
∞∑

n=m+1

p2(1− p)n−2 = p(1− p)m−1 ,

±9�ÅCþ Y �>�©Ù�

P{Y = n} =

n−1∑
m=1

P{X = m,Y = n} =

n−1∑
m=1

p2(1− p)n−2 = (n− 1)p2(1− p)n−2 (n > 2) .

� n > 2�, �ÅCþ X 3 Y = n^�e�©Ù�

P{X = m|Y = n} =
P{X = m,Y = n}

P{Y = n}
=

p2(1− p)n−2

(n− 1)p2(1− p)n−2
=

1

n− 1
(1 6 m 6 n− 1) .

�m > 1�, �ÅCþ Y 3 X = m^�e�©Ù�

P{Y = n|X = m} =
P{X = m,Y = n}

P{X = m}
=
p2(1− p)n−2

p(1− p)m−1
= p(1− p)n−m−1 (n > m) .

5.5.2 ëY.�Å�þ�^�©Ù

ëY.�Å�þ (X,Y )é?¿¢ê x, y Ñk P (X = x) = 0Ú P (Y = y) = 0, ÏdØU^^

�VÇ�úª��í�ëY.�Å�þ�^�©Ù, ��±ÏLe¡�4��ª5�Ä.

� P (y 6 Y 6 y + ε) > 0�, |^È©¥�½n5¦)^�©Ù¼ê

FX|Y (x|y) = lim
ε→0+

P{X 6 x|y 6 Y 6 y + ε} = lim
ε→0+

P{X 6 x, y 6 Y 6 y + ε}
P{y 6 Y 6 y + ε}

= lim
ε→0+

∫ x
−∞

∫ y+ε
y f(u, v)dudv∫ y+ε
y fY (u)dv

= lim
ε→0+

ε
∫ x
−∞ f(u, y + θ1ε)du

εfY (y + θ2ε)
θ1, θ2 ∈ (0, 1)

=

∫ x
−∞ f(u, y)du

fY (y)
=

∫ x

−∞

f(u, y)

fY (y)
du ,

?�Ú��^��Ý¼ê fX|Y (x|y) = f(x, y)/fY (y). 3�¡�Ù!¥, eÑy^��Ý¼ê

fX|Y (x|y) (½ fY |X(y|x)), ��Ñ%@ fY (y) > 0 (½ fX(x) > 0). e¡��[�½Â:

½Â 5.12 �ëY.�ÅCþ (X,Y )�éÜVÇ�Ý� f(x, y), ±9 X Ú Y �>�VÇ�

Ý©O� fX(x)Ú fY (y). é?¿�½� fY (y) > 0, ¡ f(x, y)/fY (y)�3 Y = y ^�e�ÅCþ

X � ^̂̂������ÝÝÝ¼¼¼êêê (conditional probability density function), P�

fX|Y (x|y) = f(x, y)/fY (y) ,
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±93 Y = y^�e X � ^̂̂���©©©ÙÙÙ¼¼¼êêê (conditional cumulative distribution function)�

FX|Y (x|y) = P{X 6 x|Y = y} =

∫ x

−∞
fX|Y (u|y)du .

é?¿�½� fX(x) > 0, �aq½Â3 X = x^�e Y �^��Ý¼êÚ^�©Ù¼ê©O�

fY |X(y|x) = f(x, y)/fX(x) Ú FY |X(y|x) =

∫ y

−∞
fY |X(v|x)dv .

^��Ý¼ê��þ´�Ý¼ê, äk±e5�:

• ���KKK555: é?¿¢ê x, yk fY |X(y|x) > 0.

• 555���555: é?¿¢ê y : fY (y) > 0k∫ +∞

−∞
fX|Y (x|y)dx =

∫ +∞

−∞

f(x, y)

fY (y)
dx =

1

fY (y)

∫ +∞

−∞
f(x, y)dx = 1 .

• ¦¦¦{{{úúúªªª: f(x, y) = fX(x)fY |X(y|x) = fY (y)fX|Y (x|y).

• e�ÅCþ X Ú Y �pÕá, Kk

fY |X(y|x) = fY (y) Ú fX|Y (x|y) = fX(x) .

�â^�VÇ�¦{úªk

f(x|y) =
f(x, y)

fY (y)
=
fY |X(y|x)fX(x)

fY (y)
=
fY |X(y|x)fX(x)∫ +∞
−∞ f(x, y)dx

=
fY |X(y|x)fX(x)∫ +∞
−∞ f(y|x)fX(x)dx

,

�±òÙw����ÝÝÝ¼¼¼êêê���������dddúúúªªª. 8c�Ukn«å»5�E���Å�þ�éÜ©Ù¼ê:

i) �â¢S¯K½¢Sêâ8B� f(x, y);

ii) �â�ÅCþ�Õá5k f(x, y) = fX(x)fY (y);

iii) �â¦{úª f(x, y) = fX(x)fY |X(y|x).

'u����©Ùk

½n 5.5 e�Å�þ (X,Y ) ∼ N (µx, µy, σ
2
x, σ

2
y , ρ), K3 Y = y �^�e�ÅCþ X Ñl

��©Ù N (µx − ρσx(y − µy)/σy, (1 − ρ2)σ2
x), ±93 X = x�^�e�ÅCþ Y Ñl��©Ù

N (µy − ρσy(x− µx)/σx, (1− ρ2)σ2
y).

y² e�Å�þ (X,Y ) ∼ N (µx, µy, σ
2
x, σ

2
y , ρ), K�ÅCþ X �>�©Ù� N (µx, σ

2
x), =

fX(x) =
1√

2πσx
exp

(
− (x− µx)2

2σ2
x

)
,
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d	�±ò���Å�þ (X,Y )�éÜ�Ý¼ê f(x, y)©)�

f(x, y) =
1√

2πσx
exp

(
− (x− µx)2

2σ2
x

)
× 1
√

2πσy
√

1− ρ2
exp

(
− (y − µy − ρσy(x− µx)/σx)2

2σ2
y(1− ρ2)

)
.

�â¦{úª f(x, y) = fX(x)fY |X(y|x)��

fY |X(y|x) =
1

√
2πσy

√
1− ρ2

exp
(
− (y − µy − ρσy(x− µx)/σx)2

2σ2
y(1− ρ2)

)
,

=��©Ù N (µy − ρσy(x − µx)/σx, (1 − ρ2)σ2
y). Ón�y3 Y = y �^�e�ÅCþ X �^�

©Ù� N (µx − ρσx(y − µy)/σy, (1− ρ2)σ2
x).

~ 5.9 ����Å�þ (X,Y )��Ý¼ê

f(x, y) =

e−x/ye−y/y x > 0, y > 0

0 Ù§,

¦ P (X > 1|Y = y).

) È©«�Xã 5.5(a)¤«, ¦)�ÅCþ Y �>�©Ù�

fY (y) =

∫ +∞

0
e−x/ye−y/ydx = e−y

[
−e−x/y

]+∞

0
= e−y (y > 0) .

?
��3 Y = y^�e X �^�VÇ�Ý�

fX|Y (x|y) = e−x/y/y .

��¦)��

P (X > 1|Y = y) =

∫ ∞
1

e−x/y/ydx = −
[
e−x/y

]∞
1

= e−1/y .

ããã 5.5 ~ 5.9Ú 5.10�È©«�
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~ 5.10 ��ÅCþ X ∼ U(0, 1), 3*	� X = x�^�e�ÅCþ Y ∼ U(x, 1), ¦�ÅC

þ Y �VÇ�Ý.

) �ÅCþ X ∼ U(0, 1), 3�ÅCþ X = x�^�e Y ∼ U(x, 1), u´� x > 0�k

fY |X(y|x) = 1/(1− x) .

�â^�VÇ¦Èúªk

f(x, y) = fX(x)fY |X(y|x) =

1/(1− x) 0 < x < y < 1,

0 Ù§.

È©«�Xã 5.5(b)¤«, � y > 0��ÅCþ Y �>�©Ù

fY (y) =

∫ +∞

−∞
f(x, y)dx =

∫ y

0

1

1− x
dx = − ln(1− y) .

5.6 õ��ÅCþ¼ê�©Ù

®����Å�þ (X,Y )�VÇ©Ù, XÛ¦)�ÅCþ¼ê Z = g(X,Y )�VÇ©Ù. e¡

©lÑ.ÚëY.�ÅCþü«�¹?1?Ø.

5.6.1 ��lÑ.�Å�þ¼ê

®���lÑ.�Å�þ (X,Y )�éÜ©Ù�, ¦¼ê Z = g(X,Y )�©Ù��é{ü. Äk

�é X,Y ��«��, O��ÅCþ Z ��, ,�é�Ó� Z �Ü¿, éA�VÇ�\. e¡ïÄ

ü��pÕá�lÑ.�ÅCþ�Ú, =lÑ.�ÅCþ�òÈúª:

½n 5.6 �lÑ.�ÅCþ X � Y �pÕá!�§��©Ù�©O� ai = P (X = i)Ú

bj = P (Y = j) (i, j = 0, 1, · · · ), K�ÅCþ Z = X + Y �©Ù��

P (Z = k) =

k∑
i=0

aibk−i .

y² é?¿�K�ê iÚ j, �âÕá5��

P (X = i, Y = j) = P (X = i)P (Y = j) = aibj .

Ïd�ÅCþ Z �©Ù��

P (Z = k) = P (X + Y = k)

=

k∑
i=0

P (X = i, Y = k − i) =

k∑
i=0

P (X = i)P (Y = k − i) =

k∑
i=0

aibk−i ,
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½n�y.

Äu½n 5.6, �±���X�íØ:

íØ 5.1 e�ÅCþ X ∼ B(n1, p)Ú Y ∼ B(n2, p)�pÕá, K�ÅCþ

Z = X + Y ∼ B(n1 + n2, p) .

y² �â��©Ù�½Â, � i = 0, 1, · · · , n1Ú j = 0, 1, · · · , n2k

P (X = i) =

(
n1

i

)
pi(1− p)n1−i Ú P (X = j) =

(
n2

j

)
pj(1− p)n2−j .

é k = 0, 1, · · · , n1 + n2, �â½n 5.6k

P [Z = k] =
k∑
i=0

P [X = i]P [Y = k − i] =
k∑
i=0

(
n1

i

)
pi(1− p)n1−i

(
n2

k − i

)
pk−i(1− p)n2−(k−i)

= pk(1− p)n1+n2−k
k∑
i=0

(
n1

i

)(
n2

k − i

)
=

(
n1 + n2

k

)
pk(1− p)n1+n2−k .

|^8B{ÚíØ 5.1, e�pÕá��ÅCþ Xi ∼ Ber(p) = B(1, p) (i ∈ [n]), K�ÅCþ

X = X1 +X2 + · · ·+Xn ∼ B(n, p) .

=�ÅCþ X ∼ B(n, p)�±w� n��pÕá�Ñlëê� p�Ëã|©Ù�ÅCþ�Ú.

íØ 5.2 e�ÅCþ X ∼ P (λ1)Ú Y ∼ P (λ2)�pÕá, K�ÅCþ

Z = X + Y ∼ P (λ1 + λ2) .

y² �âÑt©Ù�½Â, é?¿�K�ê iÚ j k

P (X = i) = λi1e
−λ1/i! Ú P (Y = j) = λj2e

−λ2/j! .

é?¿�K�ê k, �â½n 5.6k

P (Z = k) =
k∑
i=0

P (X = i, Y = k − i) =
k∑
i=0

P (X = i)P (Y = k − i)

=

k∑
i=0

λi1
i!

λk−i2

(k − i)!
e−(λ1+λ2) =

e−(λ1+λ2)

k!

k∑
i=0

(
k

i

)
λi1λ

k−i
2 =

e−(λ1+λ2)

k!
(λ1 + λ2)k .
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5.6.2 ��ëY.�Å�þ¼ê

®���ëY.�Å�þ (X,Y )�éÜVÇ�Ý� f(x, y), ¦�ÅCþ Z = g(X,Y )�VÇ

�Ý, ��k¦)©Ù¼ê

FZ(z) = P (Z 6 z) = P (g(x, y) 6 z) =
x

g(x,y)6z

f(x, y)dxdy ,

2é©Ù¼ê FZ(z)¦����Ý¼ê

fZ(z) = F
′
Z(z) .

~ 5.11 �ÑlIO��©Ù�ü��ÅCþ X Ú Y �pÕá, ¦�ÅCþ Z1 =
√
X2 + Y 2

Ú Z2 = X2 + Y 2��Ý¼ê.

) �âÕá5k�ÅCþ X Ú Y �éÜ�Ý¼ê

f(x, y) = fX(x)fY (y) = e−(x2+y2)/2/2π (x, y ∈ R) .

� z1 6 0�, �â Z1 =
√
X2 + Y 2éw,k©Ù¼ê FZ1(z1) = 0; � z1 > 0�k

FZ1(z1) = P (Z1 6 z1) = P
(√

X2 + Y 2 6 z1

)
=

x

X2+Y 26z2
1

e−(x2+y2)/2/2πdxdy ,

|^4�IÈ©C� x = r cos θÚ y = r sin θk

FZ1(z1) =

∫ 2π

0

∫ z1

0

r

2π
e−r

2/2dθdr =

∫ z1

0
re−r

2/2dr = 1− e−z2
1/2 .

dd���ÅCþ Z1��Ý¼ê�

fZ1(z1) =

z1e
−z2

1/2 z1 > 0

0 z1 6 0 .

þã©Ù¡� aaa|||©©©ÙÙÙ (Rayleigh distribution), T©Ù~^uÏ&�+�. Ón�y�ÅCþ

Z2 ∼ e(1/2), =

fZ2(z2) =

z2e
−z2/2/2 z2 > 0

0 z2 6 0 .
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5.6.2.1 Ú�©Ù Z = X + Y

Ún 5.2 ����Å�þ (X,Y )�éÜ�Ý¼ê� f(x, y), Kk Z = X + Y ��Ý¼ê

fZ(z) =

∫ +∞

−∞
f(x, z − x)dx ½ fZ(z) =

∫ +∞

−∞
f(z − y, y)dy .

) Äk¦) Z = X + Y �©Ù¼ê

FZ(z) = P (Z 6 z) = P (X + Y 6 z) =
x

x+y6z

f(x, y)dxdy =

∫ +∞

−∞
dx

∫ z−x

−∞
f(x, y)dy ,

ùp�Ä�È©«�� {(x, y) : x+ y 6 z}, Xã 5.6(a)¤«. |^CþO� u = y + x¿È©�S

k

FZ(z) =

∫ z

−∞

(∫ +∞

−∞
f(x, u− x)dx

)
du ,

ü>Ó�é z¦�ê��

fZ(z) =

∫ +∞

−∞
f(x, z − x)dx .

Ón�y fZ(z) =
∫ +∞
−∞ f(z − y, y)dy.

ããã 5.6 ¼ê Z = X + Y Ú Z = X − Y �È©«�

aq�Ä�ÅCþ Z = X − Y , ÙÈ©«� {(x, y) : x − y 6 z} Xã 5.6(b) ¤«, ��

Z = X − Y ��Ý¼ê�

fZ(z) =

∫ +∞

−∞
f(x, x− z)dx ½ fZ(z) =

∫ +∞

−∞
f(z + y, y)dy .

e�ÅCþ X Ú Y �pÕá, Kk f(x, y) = fX(x)fY (y). (ÜÚn 5.2�Ñe¡Í¶�½n:

½n 5.7 (òòòÈÈÈúúúªªª) eëY.�ÅCþ X � Y �pÕá, �§���Ý¼ê©O� fX(x)

Ú fY (y), K�ÅCþ Z = X + Y ��Ý¼ê�

fZ(z) =

∫ +∞

−∞
fX(x)fY (z − x)dx =

∫ +∞

−∞
fX(z − y)fY (y)dy .
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íØ 5.3 e�ÅCþ X ∼ N (µx, σ
2
x)Ú Y ∼ N (µy, σ

2
y)�pÕá, K�ÅCþ

X + Y ∼ N (µx + µy, σ
2
x + σ2

y) .

�âþ¡�íØéN´�� X − Y ∼ N (µx − µy, σ2
x + σ2

y). T(Ø�±í2� n��ÅCþ,

��ÅCþ X1, X2, · · · , Xn�pÕá!� Xi ∼ N (µi, σ
2
i ), K�ÅCþ

Z = X1 +X2 + · · ·+Xn ∼ N (µ1 + µ2 + · · ·+ µn, σ
2
1 + σ2

2 + · · ·+ σ2
n) .

y² e�ÅCþ X ∼ N (µx, σ
2
x)Ú Y ∼ N (µy, σ

2
y), K�â��©Ù�5�k

X ′ = X − µx ∼ N (0, σ2
x) Ú Y ′ = Y − µy ∼ N (0, σ2

y) .

Ïd�Iy² Z = X ′ + Y ′ ∼ N (0, σ2
1 + σ2

2). �âòÈúªk

fZ(z) =

∫ +∞

−∞
fX(x)fY (z − x)dx =

1

2πσ1σ2

∫ +∞

−∞
exp

(
− x2

2σ2
1

− (z − x)2

2σ2
2

)
dx

=
1

2πσ1σ2

∫ +∞

−∞
exp

(
−σ

2
1 + σ2

2

2σ2
1σ

2
2

(
x− σ2

1z

σ2
1 + σ2

2

)2 − z2

2(σ2
1 + σ2

2)

)
dx

=
exp

(
− z2

2(σ2
1+σ2

2)

)
√

2π
√
σ2

1 + σ2
2

×
√
σ2

1 + σ2
2√

2πσ1σ2

∫ +∞

−∞
exp

(
−σ

2
1 + σ2

2

2σ2
1σ

2
2

(
x− σ2

1z

σ2
1 + σ2

2

)2)
dx

=
1

√
2π
√
σ2

1 + σ2
2

exp

(
− z2

2(σ2
1 + σ2

2)

)
,

�����ª¤á´Ï���©Ù�5�5.

~ 5.12 ��ÅCþ X ∼ U(0, 1)Ú Y ∼ U(0, 1)�pÕá, ¦ Z = X + Y �VÇ�Ý.

) �âòÈúªk

fZ(z) =

∫ +∞

−∞
fX(x)fY (z − x)dx.

�â«m (0, 1)þ�þ!©Ù, � x ∈ [0, 1]�k fX(x) = 1; � z − x ∈ [0, 1]�k fY (z − x) = 1.

dd���"�È©«�� {x ∈ [0, 1], z − x ∈ [0, 1]}, Xã 5.7(a)¤«. � z 6 0½ z > 2�k

fZ(z) = 0; � z ∈ (0, 1)�k

fZ(z) =

∫ z

0
1dz = z ;

� z ∈ [1, 2)�k

fZ(z) =

∫ 1

z−1
dx = 2− z .
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nþ¤ã, �ÅCþ Z = X + Y �VÇ�Ý

fZ(z) =


z z ∈ [0, 1]

2− z z ∈ [1, 2]

0 Ù§ .

ããã 5.7 ~ 5.12Ú 5.13¥È©«�«¿ã

~ 5.13 ��ÅCþ X ∼ e(λ)Ú Y ∼ e(λ)�pÕá, ¦ Z = X + Y �VÇ�Ý.

) dòÈúª��

fZ(z) =

∫ +∞

−∞
fX(x)fY (z − x)dx .

�â�ê©Ù�½Â, � x > 0 �k fX(x) = λ exp(−λx); � z − x > 0 �k fY (z − x) =

λ exp(−λ(z − x)), ÏdÈ©«� {x ∈ [0,+∞), z − x ∈ [0,+∞)}Xã 5.7(b)¤«. � z > 0�k

fZ(z) = λ2

∫ z

0
exp(−λx) exp(−λ(z − x))dx = λ2z exp(−λz) .

5.6.3 �ÅCþ�¦/Ø{©Ù

½n 5.8 ����ÅCþ (X,Y )�VÇ�Ý� f(x, y), K�ÅCþ Z = XY �VÇ�Ý�

fXY (z) =

∫ +∞

−∞

1

|x|
f(x,

z

x
)dx ;

�ÅCþ Z = Y/X �VÇ�Ý�

fY/X(z) =

∫ +∞

−∞
|x|f(x, xz)dx .
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y² ùp�Ñ�ÅCþ Z = Y/X �VÇ�Ý�[y², Ón�Ñ Z = XY �VÇ�Ý. Äk

�Ä©Ù¼ê

FY/X(z) = P (Y/X 6 z) =
x

y/x6z

f(x, y)dxdy

=
x

x<0,y>zx

f(x, y)dxdy +
x

x>0,y6zx

f(x, y)dxdy

=

∫ 0

−∞
dx

∫ +∞

zx
f(x, y)dy +

∫ +∞

0
dx

∫ xz

−∞
f(x, y)dy ,

Xã 5.8¤«, ùp�ÄÈ©«�� {(x, y) : x > 0, y < xz} ∪ {(x, y) : x < 0, y > xz}. CþO�
t = y/xk

FY/X(z) =

∫ 0

−∞
dx

∫ −∞
z

xf(x, tx)dt+

∫ +∞

0
dx

∫ z

−∞
xf(x, tx)dt

=

∫ 0

−∞

∫ z

−∞
(−x)f(x, tx)dtdx+

∫ +∞

0

∫ z

−∞
xf(x, tx)dtdx

=

∫ +∞

−∞

∫ z

−∞
|x|f(x, tx)dtdx =

∫ z

−∞
dt

∫ +∞

−∞
|x|f(x, tx)dx ,

é©Ù¼ê¦�=��¤y².

ããã 5.8 �ÅCþ Z = Y/X �È©«�

íØ 5.4 eIO��©Ù��ÅCþX Ú Y �pÕá, K�ÅCþ Z = Y/X Ñl�Ü©Ù.

y² �âÕá5Ú½n 5.8, é?¿¢ê zk

fZ(z) =

∫ +∞

−∞
|x|f(x, xz)dx =

∫ +∞

−∞
|x|fX(x)fY (xz)dx

=
1

2π

∫ +∞

−∞
|x|e−x2(1+z2)/2dx =

1

π

∫ +∞

0
xe−x

2(1+z2)/2dx
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=
1

π

[
−e
−x2(1+z2)/2

1 + z2

]+∞

0

=
1

π(1 + z2)
,

íØ�y.

5.6.4 ���Ú����©Ù

½n 5.9 ��ÅCþ X1, · · · , Xn �pÕá!�Ù©Ù¼ê©O� FX1(x1), · · · , FXn(xn), K

�ÅCþ Y = max(X1, X2, · · · , Xn)�©Ù¼ê�

FY (y) = FX1(y)FX2(y) · · ·FXn(y) ,

±9�ÅCþ Z = min(X1, X2, · · · , Xn)�©Ù¼ê�

FZ(z) = 1− (1− FX1(z))(1− FX2(z)) · · · (1− FXn(z)) .

y² �âÕá5, �ÅCþ Y = max(X1, X2, · · · , Xn)�©Ù¼ê�

FY (y) = P (Y 6 y) = P (max(X1, X2, · · · , Xn) 6 y) = P (X1 6 y,X2 6 y, · · · , Xn 6 y)

= P (X1 6 y)P (X2 6 y) · · ·P (Xn 6 y) = FX1(y)FX2(y) · · ·FXn(y) .

�ÅCþ Z = min(X1, X2, · · · , Xn)�©Ù¼ê�

FZ(z) = P (Z 6 z) = P (min(X1, X2, · · · , Xn) 6 z) = 1− P (min(X1, X2, · · · , Xn) > z)

= 1− P (X1 > z,X2 > z, · · ·Xn > z) = 1− P (X1 > z)P (X2 > z) · · ·P (Xn > z)

= 1− (1− FX1(z))(1− FX2(z)) · · · (1− FXn(z)) ,

½n�y.

�â½n 5.9k

íØ 5.5 � X1, X2, · · · , Xn ´ÕáÓ©Ù��ÅCþ, Ù©Ù¼êÚ�Ý¼ê©O� F (x)

Ú f(x), K�ÅCþ Y = max(X1, X2, · · · , Xn)�©Ù¼êÚ�Ý¼ê©O�

FY (y) = (F (y))n Ú fY (y) = n(F (y))n−1f(y) ,

±9�ÅCþ Z = min(X1, X2, · · · , Xn)�©Ù¼êÚ�Ý¼ê©O�

FZ(z) = 1− (1− F (z))n Ú fZ(z) = n(1− F (z))n−1f(z) .
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~ 5.14 b��ÅCþ X � Y �pÕá, �k X ∼ e(α) Ú Y ∼ e(β), ¦�ÅCþ Z1 =

max(X,Y )Ú Z2 = min(X,Y )�VÇ�Ý.

) �â�ê�ÅCþ�½Â���ÅCþ X Ú Y �VÇ�Ý�

fX(x) =

αe−αx x > 0

0 x 6 0
Ú fY (y) =

βe−βy y > 0

0 y 6 0 .

u´���ÅCþ Z1�©Ù¼ê�

FZ1(z1) = FX(z1)FY (z1) =

∫ z1

−∞
fX(t)dt

∫ z1

−∞
fY (t)dt .

� z1 6 0�d FZ1(z1) = 0; � z1 > 0�

FZ1(z1) =

∫ z1

0
fX(t)dt

∫ z1

0
fY (t)dt =

∫ z1

0
αe−αtdt

∫ z1

0
βe−βydt = (1− e−αz1)(1− e−βz1) .

ü>é z1¦���ÙVÇ�Ý�

fZ1(z1) =

αe−αz1 + βe−βz1 − (α+ β)e−(α+β)z1 z1 > 0

0 z1 6 0 .

Ón���ÅCþ Z2�©Ù¼êÚVÇ�Ý©O�

FZ2(z2) =

1− e−(α+β)z2 z2 > 0

0 z2 6 0
fZ2(z2) =

(α+ β)e−(α+β)z2 z2 > 0

0 z2 6 0 .

5.6.5 �ÅCþ�éÜ©Ù¼ê

®��Å�þ (X,Y )�éÜVÇ�Ý� f(x, y), �ÅCþ U Ú V ´X Ú Y �¼ê, XÛ¦)

(U, V )�éÜ©Ù. äN
ó, � U = u(X,Y )

V = v(X,Y ) ,

®��Å�þ (X,Y )�éÜVÇ�Ý� f(x, y), XÛ¦)���Å�þ (U, V )�éÜ©Ù. ùp�

�¼ê u(·, ·)Ú v(·, ·)äkëY� �, ¿÷vu = u(x, y)

v = v(x, y)
�3����¼ê

x = x(u, v)

y = y(u, v) .
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½n 5.10 ��ÅCþ U = u(X,Y )Ú V = v(X,Y )këY �, ��3�¼ê X = x(U, V )

Ú Y = y(U, V ). e (X,Y )�éÜVÇ�Ý� f(x, y), K (U, V )�éÜ�Ý�

fUV (u, v) = fXY (x(u, v), y(u, v))|J | ,

Ù¥ J �C��ä�'1�ªØ�", =

J =

∣∣∣∣∂(x, y)

∂(u, v)

∣∣∣∣ =

∣∣∣∣∂(u, v)

∂(x, y)

∣∣∣∣−1

=

∣∣∣∣∣ ∂u
∂x

∂u
∂y

∂v
∂x

∂v
∂y

∣∣∣∣∣
−1

.

þã(Ø�í2���� n��ÅCþ.

íØ 5.6 � X Ú Y ´�pÕá�IO��©Ù�ÅCþ, Kk�ÅCþ R = X2 + Y 2 �

θ = arctan(Y/X)�pÕá, �k R ∼ e(1/2)±9 θ ∼ U(0, 2π).

y² - R = u(x, y) = x2 + y2Ú Θ = v(x, y) = arctan(y/x). u´��ä�'1�ª

J =

∣∣∣∣∣ ∂u
∂x

∂u
∂y

∂v
∂x

∂v
∂y

∣∣∣∣∣
−1

=

∣∣∣∣∣ 2x 2y
−y

x2+y2
x

x2+y2

∣∣∣∣∣
−1

=
1

2
.

dd�� R� Θ�éÜ©Ù�

fR×Θ(r, θ) = fX×Y (
√
r cos θ,

√
r sin θ)|J | = 1

4π
exp(−r/2) =

1

2
exp(−r/2)× 1

2π
.

dd�±uy R ∼ e(1/2)Ú Θ ∼ U(0, 2π), � RÚ Θ�pÕá. íØ�y.

5.7 õ���©Ù

�!ò���Å�þ9Ù©Ùí2�õ��Å�þ, ���õ��ÅCþvk��5�«O,

�´�'�VgÚ(Ø�*Ð.

½Â 5.13 � (X1, X2, · · · , Xn)� n��Å�þ, é?¿¢ê x1, x2, · · · , xn, ¡¼ê

F (x1, x2, · · · , xn) = P (X1 6 x1, X2 6 x2, · · · , Xn 6 xn)

� n������ÅÅÅ���þþþ (X1, X2, · · · , Xn)���©©©ÙÙÙ¼¼¼êêê, ½���ÅÅÅCCCþþþ X1, X2, · · · , Xn ���éééÜÜÜ©©©ÙÙÙ¼¼¼êêê. e

�3�È¼ê f(x1, x2, · · · , xn), ¦�é?¿¢ê x1, x2, · · · , xnk

F (x1, x2, · · · , xn) =

∫ x1

−∞

∫ x2

−∞
· · ·
∫ xn

−∞
f(u1, u2, · · · , un)du1du2 · · · dun ,

K¡ (X1, X2, · · · , Xn)�ëëëYYY...���ÅÅÅ���þþþ, ±9 f(x1, x2, · · · , xn)� n���éééÜÜÜ���ÝÝÝ¼¼¼êêê.
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aqu���Ý¼ê, n�éÜ�Ý¼êäk±e5�:

• �K5: é?¿¢ê x1, x2, · · · , xnk f(x1, x2, · · · , xn) > 0.

• 5�5:
∫ +∞
−∞

∫ +∞
−∞ · · ·

∫ +∞
−∞ f(u1, u2, · · · , un)du1du2 · · · dun = 1.

• � G´ n��m��¡«�, Kk

P ((X1, X2, · · · , Xn) ∈ G) =

∫
· · ·
∫

G

f(u1, u2, · · · , un)du1du2 · · · dun .

• e f(x1, x2, · · · , xn)3: (x1, x2, · · · , xn)?ëY, Kk

∂F (x1, x2, · · · , xn)

∂x1∂x2 · · · ∂xn
= f(x1, x2, · · · , xn) .

�Å�þ (X1, X2, · · · , Xn)¥?¿ k ��þ¤�¤��Å�þ (k 6 n), §�©Ù¼êÚ�Ý

¼ê�¡� k ���>>>���©©©ÙÙÙ¼¼¼êêêÚ k ���>>>������ÝÝÝ¼¼¼êêê. ~X�Å�þ (X1, X2, · · · , Xn)c k��Å

�þ�>�©Ù¼êÚ>��Ý¼ê©Ù�

FX1,X2,··· ,Xk(x1, x2, · · · , xk) = P (X1 6 x1, X2 6 x2, · · · , Xk 6 xk) = lim
xk+1→+∞

···
xn→+∞

F (x1, x2, · · · , xn)

fX1,X2,··· ,Xk(x1, x2, · · · , xk) =

∫ +∞

−∞
· · ·
∫ +∞

−∞
f(u1, · · · , uk, uk+1, · · · , un)duk+1 · · · dun .

��±½Â n��ÅCþ�Õá5Úü��Å�þ�Õá5.

½Â 5.14 e�Å�þ (X1, X2, · · · , Xn)�éÜ©Ù¼ê F (x1, x2, · · · , xn)÷v

F (x1, x2, · · · , xn) = FX1(x1)FX2(x2) · · ·FXn(xn) ,

K¡ X1, X2, · · · , Xn ���pppÕÕÕááá. e�Å�þ X = (X1, X2, · · · , Xm)Ú Y = (Y1, Y2, · · · , Yn)�éÜ

©Ù¼ê F (x1, · · · , xm, y1, · · · , yn)÷v

F (x1, · · · , xm, y1, · · · , yn) = FX(x1, · · · , xm)FY (y1, · · · , yn) ,

K¡���ÅÅÅ���þþþ X ÚÚÚ Y ���pppÕÕÕááá.

þ¡�Õá5��±ÏLéÜ�Ý¼êÚ>��Ý¼ê5½Â. õ��Å�þ¥�­��~^

©Ù´õ���©Ù.
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½Â 5.15 �½���þ µ ∈ Rn Ú�½Ý
 Σ ∈ Rn×n, é?¿¢ê�þ x = (x1, . . . , xn)T,

e�Å�þ X = (X1, X2, · · · , Xn)��Ý¼ê�

f(x) = (2π)−n/2|Σ|−1/2 exp
(
−(x− µ)TΣ−1(x− µ)/2

)
,

K¡�Å�þ X Ñlëê� µÚ Σ�õ���©Ù (multivariate normal distribution), P

X = (X1, X2, · · · , Xn) ∼ N (µ,Σ).

3þ¡�½Â¥, |Σ|L«Ý
Σ�1�ª, Ï�Ù�½5�±(� |Σ|−1/2k¿Â. AO/, �

n = 2�, �

µ =

(
µx
µy

)
Ú Σ =

(
σ2
x ρσxσy

ρσxσy σ2
y

)
,

K½Â 5.9Ú½Â 5.15¥'u����©Ù��Ý¼ê¦+L�/ªØÓ, �üö����, �'

y²ò����öSK.

� µ = 0n (��"� n��þ), ±9 Σ = In (n× nü 
)�, ��©Ù N (0n, In)�¡� n

���IIIOOO������©©©ÙÙÙ, d�§��Ý¼ê�

f(x) =
1√

(2π)n
exp

(
−x

2
1 + x2

2 + · · ·+ x2
n

2

)
.

ØJuy, n�IO��©Ù�±w�´�pÕá� n�IO��©Ù�ÅCþ�éÜ©Ù,

�N´�y nIO��©Ù��Ý¼ê÷v∫ +∞

−∞
· · ·
∫ +∞

−∞
f(x)dx1 · · · dxn =

n∏
i=1

∫ +∞

−∞

1√
2π

exp

(
−x

2
i

2

)
dxi = 1 .

éu�½Ý
 ΣÏLA��©)k

Σ = UTΛU ,

ùp Λ = diag(λ1, λ2, · · · , λn)´dA���¤�é�
, U ´A��þ¤�¤���Ý
. ÄuA

��©)�±ò?¿ n���©Ù=z� n�IO��©Ù.

½n 5.11 � n��Å�þ X = (X1, X2, · · · , Xn) ∼ N (µ,Σ), ±9�½Ý
 Σ�A��©

)� Σ = UTΛU , K�Å�þ

Y = Λ−1/2U(X − µ) ∼ N (0n, In) .
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y² �â Y = Λ−1/2U(X − µ)�� X = UTΛ1/2Y + µ, ®� X �VÇ�Ý¼ê�

fX(x) = (2π)−n/2|Σ|−1/2 exp
(
−(x− µ)TΣ−1(x− µ)/2

)
.

�â n��ÅCþ¼ê (½n 5.10�õ��¹)�VÇ�Ýúªk

fY (y) = fX

(
UTΛ1/2y + µ

) ∣∣∣UTΛ1/2
∣∣∣ ,

Ù¥ y = (y1, y2, · · · , yn)T. �âA��©) Σ = UTΛU k∣∣∣UTΛ1/2
∣∣∣ = |Σ|1/2 ,

±9ò x = UTΛ1/2y + µ�\k

(x− µ)TΣ−1(x− µ) = yTy .

dd���Å�þ Y = Λ−1/2U(X − µ)��Ý¼ê�

fY (y) = (2π)−n/2 exp
(
−yTy/2

)
,

½n�y.

õ���©Ùke¡�5�, Ùy²ò����öSK.

½n 5.12 ��Å�þ X = (X1, X2, · · · , Xn) ∼ N (µ,Σ), Kk

Y = AX + b ∼ N (Aµ+ b,AΣAT)

Ù¥ |A| 6= 0,A ∈ Rn×nÚ b ∈ Rn×1.

éuõ���©Ù�ke¡�
­��5�:

½n 5.13 ��Å�þ X = (X1, X2, · · · , Xn)TÚ Y = (Y1, Y2, · · · , Ym)T, ±9

(
X

Y

)
∼ N

((
µx
µy

)
,

(
Σxx Σxy

Σyx Σyy

))
,

Ù¥ µx = (µx1 , µx2 , · · · , µxn)T, µy = (µy1 , µy2 , · · · , µym)T, Σxy = ΣT
yx ∈ Rm×n, Σxx ∈ Rm×m Ú

Σyy ∈ Rn×n, Kk

• �Å�þ X Ú Y �>�©Ù©O� X ∼ N (µx,Σxx)Ú Y ∼ N (µy,Σyy);

• �Å�þ X � Y �pÕá�¿�^�´ Σxy = (0)m×n (����"�m× nÝ
);
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• 3 X = x�^�e�Å�þ Y ∼ N (µy + ΣyxΣ
−1
xx (x− µx),Σyy −ΣyxΣ

−1
xxΣxy);

• 3 Y = y�^�e�Å�þ X ∼ N (µx + ΣxyΣ
−1
yy (y − µy),Σxx −ΣxyΣ

−1
yy Σyx).

·�ùp==�Ñ(Ø, Ø�ÑäN�y². k,��Öö�±�Î]�½gCÄÃ, y²�Ø

%´Ý
�©¬, �±/�����©Ù�y².
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5.1 ����ÅCþ (X,Y )�©Ù¼ê� F (x, y), ¦VÇ P (X > x, Y > y).

5.2 ��ÅCþ (X,Y )�©Ù¼ê

F (x, y) =

1− e−x − e−y + e−x−y x > 0, y > 0

0 Ù§ ,

¦ X Ú Y �>�©Ù¼êÚ>��Ý¼ê.

5.3 �ëY�K��ÅCþ X Ú Y �pÕá, X �>�©Ù¼ê� FX(x), Y �>��Ý¼

ê� fY (y), y²

P (X < Y ) =

∫ +∞

0
FX(x)fY (x)dx .

5.4 ��ÅCþ (X,Y )��Ý¼ê

f(x, y) =

ce−y 0 6 x < y < +∞

0 Ù§ ,

¦ X Ú Y �>��Ý¼ê.

5.5 ��pÕá��ÅCþ X ∼ e(λ1)Ú Y ∼ e(λ2), Ù¥ λ1 > 0, λ2 > 0. ¦ P (X < Y ).

5.6 �½ α > 0, ��ÅCþ (X,Y )�©Ù¼ê

F (x, y) =


(1− e−αx)y x > 0, 0 6 y 6 1

1− e−αx x > 0, y > 1

0 Ù§ ,

¦ X Ú Y �Õá5.

5.7 ����ÅCþ (X,Y )�VÇ�Ý

f(x, y) =

x2 + axy 0 6 x 6 1, 0 6 y 6 2

0 Ù§,

¦ P (X + Y > 1).
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5.8 ����ÅCþ (X,Y )�VÇ�Ý

f(x, y) =

cxy 0 6 x 6 y 6 1

0 Ù§,

¦ P (X 6 1/2).

5.9 eõ��Å�þ (X1, X2, · · · , Xr) ∼ M(n, p1, p2, · · · , pr), Kz��ÅCþ Xi (i ∈ [r])�

>�©Ù���©Ù B(n, pi). (|^éÜ©Ù¼ê�½Ây²)

5.10 ��ÅCþ X,Y, Z Ñl (0, 1)þ�þ!©Ù��pÕá, ¦VÇ P (X > Y Z).

5.11 ��Å�þ (X,Y )��Ý¼ê�

f(x, y) =

1 x ∈ (0, 1), |y| < x

0 Ù§ ,

¦^�VÇ�Ý fY |X(y|x)Ú fX|Y (x|y).

5.12 ��Å�þ (X,Y )��Ý¼ê�

f(x, y) =

e−y y > x > 0

0 Ù§

¦^�VÇ�Ý fX|Y (x|y).

5.13 ��Å�þ (X,Y )��Ý¼ê�

f(x, y) =

x+ y x, y ∈ (0, 1)

0 Ù§ ,

¦ Z1 = X + Y Ú Z2 = XY ��Ý¼ê.

5.14 ��Å�þ (X,Y )��Ý¼ê�

f(x, y) =

A(x+ y)e−x−y x > 0, y > 0

0 Ù§ ,

¦�ÅCþ X � Y �Õá5, ±9 Z = X + Y ��Ý¼ê.
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5.15 ��Å�þ (X,Y )��Ý¼ê�

f(x, y) =

Ae−x−y 0 < x < 1, y > 0

0 Ù§ ,

¦ 1)~ê A; 2) X � Y �>��Ý¼ê, 3) Z = max(X,Y )��Ý¼ê.

5.16 ��ÅCþ X ∼ U(0, 1)Ú Y ∼ e(1)�pÕá, ¦ Z = X + Y �VÇ�Ý.

5.17 e�ÅCþ X ∼ e(λ1)Ú Y ∼ e(λ2)�pÕá, ¦ Z = X + Y �©Ù¼êÚVÇ�Ý.

5.18 e�ÅCþ X ∼ e(1)Ú Y ∼ e(1)�pÕá, ¦ Z = Y/X �VÇ�Ý.

5.19 e�ÅCþ X ∼ G(p1)Ú Y ∼ G(p2)�pÕá, ¦ Z = X + Y �©Ù�.

5.20 e�pÕá��ÅCþ X Ú Y ©OÑlëê� λ1Ú λ2�Ñt©Ù, ¦3 X + Y = n�

^�e X �^�©Ù.

5.21 y²: ½Â 5.9Ú½Â 5.15¥'u����©Ù��Ý¼ê����.

5.22 y²½n 5.12.

5.23 y²½n 5.13.


