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6.1 õ��Å�þ¼ê�Ï"

c¡0�
���ÅCþ9Ù¼ê�Ï", e¡ïÄ���Å�þ¼ê�Ï", Ón�í2�

�Ý�õ��ÅCþ.

½n 6.1 ���lÑ.�Å�þ (X,Y )�©Ù�� pij = P (X = xi, Y = yj), K�Å�þ¼

ê g(X,Y )�Ï"�

E[g(X,Y )] =
∑
i,j

g(xi, yj)pij ;

���ëY.�Å�þ (X,Y )��Ý¼ê� f(x, y), K�Å�þ¼ê g(X,Y )�Ï"�

E[g(X,Y )] =

∫ +∞

−∞

∫ +∞

−∞
g(x, y)f(x, y)dxdy .

½n�y²�Ñ
�Ö��Æ
�Ñ�. � g(X,Y ) = X �, é��ëY.�ÅCþk

E[X] =

∫ +∞

−∞
xdx

∫ +∞

−∞
f(x, y)dy =

∫ +∞

−∞
xfX(x)dx ,

�Å�þ (X,Y )¥ X �Ï"Ò´Ù>�©Ù�Ï", Ón�� Y �Ï", élÑ�¹(Ø�¤á.

� g(X,Y ) = (X − E(X))2�k

E[g(X,Y )] =

∫ +∞

−∞
(x− E(X))2dx

∫ +∞

−∞
f(x, y)dy =

∫ +∞

−∞
(x− E(X))2fX(x)dx = Var(X) ,

X ���Ò´>�©Ù���, Ón�� Y ���. �âÏ"�½Âk

5� 6.1 e�ÅCþ X,Y ÷v X > Y , Kk E[X] > E[Y ].

5� 6.2 é?¿�ÅCþ X,Y k E[X + Y ] = E[X] + E[Y ].

y² ùp==�ÑëY�¹�y², Ón�±�Äa.�ÅCþ.

E(X + Y ) =

∫ +∞

−∞

∫ +∞

−∞
(x+ y)f(x, y)dxdy =

∫ +∞

−∞
xdx

∫ +∞

−∞
f(x, y)dy

+

∫ +∞

−∞
ydy

∫ +∞

−∞
f(x, y)dx =

∫ +∞

−∞
xfX(x)dx+

∫ +∞

−∞
yfY (y)dy = E(X) + E(Y ) ,

dd�¤y².
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5� 6.2�í2� n��ÅCþ, = E(X1 +X2 + · · ·+Xn) = E(X1) +E(X2) + · · ·+E(Xn).

5� 6.3 é�pÕá��ÅCþ X Ú Y , k

E[XY ] = E[X]E[Y ] ;

é?¿�ÅCþ X Ú Y , k Cauchy-SchwartzØ�ª

|E[XY ]| 6
√
E[X2]E[Y 2] .

y² ùp==�ÑëY�¹�y², Ón�±�Äa.�ÅCþ. �â�ÅCþ X � Y �Õ

á5k f(x, y) = fX(x)fY (y), dd��

E[XY ] =

∫ +∞

−∞

∫ +∞

−∞
xyf(x, y)dxdy =

∫ +∞

−∞

∫ +∞

−∞
xfX(x)yfY (y)dxdy

=

∫ +∞

−∞
xfX(x)dx

∫ +∞

−∞
yfY (y)dy = E(X)E(Y ) .

é?¿�ÅCþ X Ú Y , ±9é?¿ t ∈ Rk E[(X + tY )2] > 0, =?¿ t ∈ R,

t2E[Y 2] + E[X2] + 2tE[XY ] > 0 .

Ïdk∆ = 4[E(XY )]2 − 4E[X2]E[Y 2] 6 0, = |E(XY )| 6
√
E(X2)E(Y 2).

�â5� 6.3, e�ÅCþ X Ú Y �pÕá, Kk

E[h(X)g(Y )] = E[h(X)]E[g(Y )] ;

e�ÅCþ X1, X2, · · · , Xn�pÕá, Kk

E[X1X2 · · ·Xn] = E[X1]E[X2] · · ·E[Xn] .

5� 6.4 ��ÅCþ X � Y �pÕá, Kk

Var(X ± Y ) = Var(X) + Var(Y ) .

y² �â���½Âk

Var(X ± Y ) = E[(X − EX ± (Y − EY ))2]

= E(X − EX)2 + E(Y − EY )2 ± 2E[(X − EX)(Y − EY )]

= Var(X) + Var(Y )± 2E[(X − EX)(Y − EY )].
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�â5� 6.3, ·�k E[(X − EX)(Y − EY )]E(X − EX)E(Y − EY ) = 0, dd�¤y².

~ 6.1 ��ÅCþ X ∼ N (0, 1)Ú Y ∼ N (0, 1)�pÕá, ¦ E[max(X,Y )].

) �âÕá5½Â���ÅCþ X Ú Y �éÜVÇ�Ý�

f(x, y) = fX(x)fY (y) =
1

2π
e−

x2+y2

2 .

�Ä«� D1 = {(x, y) : x > y}Ú D2 = {(x, y) : x < y}, Xã 6.1¤«. u´��

E[max(X,Y )] =

∫ ∫
D1

xf(x, y)dxdy +

∫ ∫
D2

yf(x, y)dxdy

=

∫ +∞

−∞
dy

∫ +∞

y
xf(x, y)dx+

∫ +∞

−∞
dx

∫ +∞

x
yf(x, y)dy

= 2

∫ +∞

−∞
dy

∫ +∞

y
xf(x, y)dx =

1

π

∫ +∞

−∞
dy

∫ +∞

y
xe−

x2+y2

2 dx

=
1

π

∫ +∞

−∞
e−y

2
dy =

1√
π

�����ª¤á´Ï�
∫ +∞
−∞ e−y

2
dy =

√
π.

ããã 6.1 ~ 6.1�È©«� D1Ú D2.

~ 6.2 ,YJ�½3z(Ï�?À�½êþ�#mYJ, b��±SÑÈYJ��ê

X ∼ U(10, 20). eù�±SÑÈ��YJ¼| 10�, eØUÑÈKÏ�YJLÏ
z�º� 4�,

¦YJ�½��`?ÀüÑ.

) Ø�b�YJ�½z±?À n� (10 6 n 6 20), K§�±|d�

Y =

10n X > n

10X − 4(n−X) X < n .

du±|d Y ´'u X ��ÅCþ, �U�Ä3Ï"e��`üÑ

E[Y ] =

n−1∑
i=10

(10i− 4(n− i))P (X = i) +

20∑
i=n

10nP (X = i)
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=

n−1∑
i=10

14i− 4n

10
+

20∑
i=n

n = (−7n2 + 243n+ 630)/10 .

þªé n¦���ê¿-Ù�u", ¦)�� n = 17.36, ��� n = 17.

6.2 ���

�ÅCþ�Ï"½��=�9Cþg��ÚO&E, vk�xCþ�m�ÚO&E. �!Ú\

��#�ÚOA�: ���, ^u£ã�ÅCþ X Ú Y �p'X�êiA�.

½Â 6.1 ����Å�þ (X,Y )�Ï"E[(X − E(X))(Y − E(Y ))]�3, K¡Ù� X Ú Y

����������, P�

Cov(X,Y ) = E [(X − E(X))(Y − E(Y ))] = E(XY )− E(X)E(Y ) .

���´ü��ÅCþ�§��gÏ"� ��È�Ï", du ����K, Ïd����

��K. �â����½ÂN´uy

Cov(X,X) = Var(X) Ú Var(X ± Y ) = Var(X) + Var(Y )± 2Cov(X,Y ) .

e¡?�ÚïÄ����5�:

5� 6.5 é?¿�ÅCþ X,Y Ú~ê ck

Cov(X, c) = 0 Ú Cov(X,Y ) = Cov(Y,X) .

5� 6.6 é?¿�ÅCþ X,Y Ú~ê a, bk

Cov(aX, bY ) = abCov(X,Y ) Ú Cov(X + a, Y + b) = Cov(X,Y ) .

y² �â����½Âk

Cov(aX, bY ) = E[(aX − E(aX))(bY − E(bY ))] = abE[(X − E(X))(Y − E(Y ))] ,

±9

Cov(X + a, Y + b) = E[(X + a− E(X + a))(Y + b− E(Y + b))]

= E[(X − E(X))(Y − E(Y ))] .
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5� 6.7 é?¿�ÅCþ X1, X2, Y k

Cov(X1 +X2, Y ) = Cov(X1, Y ) + Cov(X2, Y ) .

y² �â����½Âk

Cov(X1 +X2, Y ) = E[(X1 +X2 − E(X1)− E(X2))(Y − E(Y ))]

= E[(X1 − E(X1))(Y − E(Y ))] + E[(X2 − E(X2))(Y − EY )]

= Cov(X1, Y ) + Cov(X2, Y ) .

�ò5� 6.7í2�õ��ÅCþ: é�ÅCþX1, X2, . . . , XnÚY1, Y2, . . . , Ymk

Cov

 n∑
i

Xi,
m∑
j

Yj

 =
n∑
i

m∑
j

Cov(Xi, Yj) ,

±9?�Úk

Var

(
n∑
i=1

Xi

)
= Cov

(
n∑
i=1

Xi,
n∑
i=1

Xi

)
=

n∑
i=1

Var(Xi) + 2
∑
i<j

Cov(Xi, Xj) .

5� 6.8 e�ÅCþ X � Y �pÕá, Kk Cov(X,Y ) = 0, ���Ø¤á.

y² e X � Y �pÕá, Kk E(XY ) = E(X)E(Y ), u´��

Cov(X,Y ) = E(XY )− E(X)E(Y ) = 0 .

����¿Ø¤á, =e�ÅCþX � Y ÷v Cov(X,Y ) = 0, ¿ØU��X � Y �pÕá. e¡

5w���~, ��ÅCþ X �©Ù��

P (X = −1) = P (X = 0) = P (X = 1) = 1/3 ,

éN´�� E(X) = 0. Ú\��#��ÅCþ Y

Y =

0 X 6= 0

1 X = 0 ,

�±uy E(XY ) = 0, ����

Cov(X,Y ) = E[XY ]− E(X)E(Y ) = 0 .
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��ÅCþ X � Y w,Ø´�pÕá�, Ï�

P (X = 0, Y = 0) = 0 
 P (X = 0)P (Y = 0) = 2/9 .

dd�¤y².

5� 6.9 é?¿�ÅCþ X � Y k

(Cov(X,Y ))2 6 Var(X)Var(Y ) ,

�ª¤á�¿�^�´ Y = aX + bA�??¤á, = X � Y A�??�3�5'X.

y² �â Cauchy-SchwartzØ�ªk

|Cov(X,Y )| = |E[(X − E(X))(Y − E(Y ))]|

6
√
E[(X − E(X))2]E[(Y − E(Y ))2] =

√
Var(X)Var(Y ) .

e¡y²�Ò¤á�¿�^�. e Y = aX + bA�??¤á, Kk

Var(Y ) = a2Var(X) Ú Cov(X,Y ) = Cov(X, aX + b) = aVar(X) ,

dd���y (Cov(X,Y ))2 = Var(X)Var(Y ). ,��¡, �±�Ä¼ê

f(t) = E[t(X − EX)− (Y − EY )]2

= t2E[X − E(X)]2 − 2tE[(X − E(X))(Y − E(Y ))] + E[Y − E(Y )]2 ,

�â�§�5�Ú^� (Cov(X,Y ))2 = Var(X)Var(Y )k

∆ = 4(E[(X − EX)(Y − EY )])2 − 4E(X − EX)2E(Y − EY )2 = 0 .

dd�3��� t0¦� f(t0) = 0¤á, =

f(t0) = E[(t0(X − EX)− (Y − EY ))2] = 0 ,

dd�� Y = t0(X − E(X)) + E(Y ) = aX + bA�??¤á.

½n 6.2 e�Å�þ (X,Y ) ∼ N (µx, µy, σ
2
x, σ

2
y , ρ), Kk Cov(X,Y ) = ρσxσy.

y² �â����½Âk

Cov(X,Y ) = E((X − E(X)(Y − E(Y ))) =

∫ +∞

−∞

∫ +∞

−∞
(x− µx)(y − µy)f(x, y)dxdy ,
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Ù¥

f(x, y) =
1

2π
√

1− ρ2σxσy
exp

(
− 1

2(1− ρ2)

[
(x− µx)2

σ2
x

+
(y − µy)2

σ2
y

− 2ρ(x− µx)(y − µy)
σxσy

])
.

�ÄCþC� u = (x− µx)/σx

v = (y − µy)/σy
u´k

x = uσx + µx

y = vσy + µy .

N´��Ùä�'1�ª� J = σxσy, u´k

Cov(X,Y ) =
σxσy

2π
√

1− ρ2

∫ +∞

−∞

∫ +∞

−∞
uv exp

(
−u

2 + v2 − 2ρuv

2(1− ρ2)

)
dudv

=
σxσy

2π
√

1− ρ2

∫ +∞

−∞
v exp(−v2/2)dv

∫ +∞

−∞
u exp

(
−(u− ρv)2

2(1− ρ2)

)
du

=
σxσy√

2π

∫ +∞

−∞
ρv2 exp(−v2/2)dv = ρσxσy .

Ù¥1n��ª¤á´Ï�|^��©ÙN (ρv, 1− ρ2)�Ï", 
����Ø�ª¤á´Ï�|^

IO��©Ù���.

(Ü½n 5.4Ú½n 6.2��

íØ 6.1 e�Å�þ (X,Y ) ∼ N (µx, µy, σ
2
x, σ

2
y , ρ), K X Ú Y �pÕá�¿�^�´���

Cov(X,Y ) = 0.

~ 6.3 ��ÅCþX1, X2, · · · , Xn�pÕá�Ñl��©Ù, ��� σ2. P X̄ =
∑n

i=1Xi/n,

?Ø X̄ Ú X̄ −Xi�Õá5.

) �â��©Ù�5��±�� X̄ Ú X̄ −Xi ÑÑl��©Ù, 
��©Ù�Õá5�ÏL

���5ïÄ. �â����5�k

Cov(X̄, X̄ −Xi) = Cov(X̄, X̄)− Cov(X̄,Xi) = Var(X̄)− Cov

 n∑
j=1

Xj

n
,Xi

 .

�â X1, X2, · · · , Xn��pÕá5k

Var(X̄) =
1

n2
Var

(
n∑
i=1

Xi

)
=
σ2

n
Ú Cov

 n∑
j=1

Xj

n
,Xi

 =
1

n
Cov (Xi, Xi) =

σ2

n
,

u´�� Cov(X̄, X̄ −Xi) = 0. �âíØ 6.1�� X̄ Ú X̄ −Xi´�pÕá�.
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~ 6.4 �ÅCþ (X,Y )éÜVÇ�Ý�

f(x, y) =

(x+ y)/8 0 6 x 6 2, 0 6 y 6 2

0 Ù§ ,

¦ Cov(X,Y )Ú Var(X + Y ).

) �â����½Âk Cov(X,Y ) = E[XY ]− E[X]E[Y ], IO�

E[X] = E[Y ] =

∫ 2

0

∫ 2

0
x(x+ y)/8dxdy = 7/6 Ú E[XY ] =

∫ 2

0

∫ 2

0
xy(x+ y)/8dxdy = 4/3 ,

dd�� Cov(X,Y ) = −1/36. ?�ÚO�

E[X2] = E[Y 2] =

∫ 2

0

∫ 2

0
x2(x+ y)/8dxdy = 5/3 ,

dd�� Var(X) = Var(Y ) = 5/3− (7/6)2 = 11/36. ����

Var(X + Y ) = Var(X) + Var(Y ) + 2Cov(X,Y ) = 11/18− 1/18 = 5/9 .

~ 6.5 (������¯̄̄KKK) k néÅÓë\�gà¬, ò¤kë¬<
?¿©¤ n|, z|�I�å,

^ X L«ÅÓü<�©��|�éê, ¦ X �Ï"Ú��.

) ^ XiL«1 iéÅÓ´Ä�©��|, =

Xi =

1 1 iéÅÓ�©��|

0 ÄK ,

Kk X = X1 +X2 + · · ·+Xn. �ÅCþ Xi�©Ù��

P (Xi = 1) = (n− 1)!/n! = 1/n Ú P (Xi = 0) = 1− 1/n .

u´��Ï"

E(X) = E(X1 +X2 + · · · , Xn) = E(X1) + E(X2) + · · ·+ E(X1) = 1 .

é?¿ i 6= j k

P (Xi = 1, Xj = 1) = (n− 2)!/n! = 1/n(n− 1) ,

dd��

Cov(Xi, Xj) = E[XiXj ]− E(Xi)E(Xj) = 1/n2(n− 1) ,
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���â����5�k

Var(X) =

n∑
i=1

Var(Xi) + 2
∑
i 6=j

Cov(Xi, Xj) = 1 .

6.3 �'Xê

ü��ÅCþ�m�'X�©�Õá��Õá, 3�Õá¥q�±©��5'XÚ��5'X.

��5'X��E,, 8cÿÃÐ��{5?n. ��5�'§Ý�±ÏL�5�'Xê5�x, e

¡�ÑäN�½Â:

½Â 6.2 � (X,Y )����Å�þ, XJ§���� Var(X)Ú Var(Y )�3�ÑØ�", K

¡Cov(X,Y )/
√

Var(X)Var(Y )�X� Y ����555���'''XXXêêê,{¡���'''XXXêêê (correlation coefficient),

P�

ρXY =
Cov(X,Y )√

Var(X)Var(Y )
.

e ρXY > 0, ¡ X � Y ������'''; e ρXY < 0, ¡ X � Y KKK���'''; e ρXY = 0, ¡ X � Y ØØØ���'''.

�'Xê´�â���Ú��¤½Â, ����ÓÒ, �±w�´é�����«5�z. �'

Xê�éõ5��±ÏL���¼�:

• �â���5� 6.9��

|ρXY | 6 1 ,

|ρXY | = 1�¿�^�� X � Y A�??k�5'X Y = aX + b.

• �â���5� 6.8��, eX � Y �pÕá, KX � Y Ø�' (ρXY = 0), ���Ø¤á;

• �ÅCþ X � Y Ø�', ==L« X � Y �mØ�3�5'X, �U�3Ù¦'X. ~X,

��ÅCþ X ∼ U(−1/2, 1/2)Ú Y = cos(X), Kk

Cov(X,Y ) = E(X cos(X))− E(X)E(cos(X)) = E[X cos(X)] =

∫ 1/2

−1/2
x cos(x)dx = 0 .

�â½n 6.2ÚíØ 6.1k

½n 6.3 e�Å�þ (X,Y ) ∼ N (µx, µy, σ
2
x, σ

2
y , ρ), K X � Y ��'Xê ρXY = ρ, ±9 X

� Y Õá�¿�^�´ X � Y Ø�'.

Õá�Ø�'��d5=�u��©Ù�ÅCþ, éÙ§a.¿Ø�½¤á, ���5� 6.8

y²¥��~.

�â�'Xê!���Ú���½ÂéN´��XeA�Ø�'��d^�.
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½n 6.4 ��ÅCþ X Ú Y ����3�ÑØ�", ±eA�^��p�d:

• X Ú Y Ø�', = ρXY = 0;

• ��� Cov(X,Y ) = 0;

• E(XY ) = E(X)E(Y );

• Var(X ± Y ) = Var(X) + Var(Y ).

~ 6.6 ��ÅCþ X ∼ N (µ, σ2) Ú Y ∼ N (µ, σ2) �pÕá. ¦ Z1 = αX + βY Ú Z2 =

αX − βY ��'Xê (α, β 6= 0).

) �â��©Ù�½Âk

Cov(Z1, Z2) = Cov(αX + βY, αX − βY ) = (α2 − β2)σ2

Var(Z1) = Cov(αX + βY, αX + βY ) = (α2 + β2)σ2

Var(Z2) = Cov(αX − βY, αX − βY ) = (α2 + β2)σ2 ,

dd�� ρXY = (α2 − β2)/(α2 + β2).

~ 6.7 �lÑ.�Å�þ (X1, X2, · · · , Xn)Ñlõ�©ÙM(m, p1, p2, · · · , pn),é?¿ i 6= j,

¦ XiÚ Xj ��'Xê.

�âõ�©Ù�½Âk X1 +X2 + · · ·+Xn = m, � Xi��� Xj AT��, Ïd�*
óù

ü�ÅCþ�mAT´K�'�.

) �âõ�©Ù�5�k XiÚ Xj �>�©Ù©O

Xi ∼ B(m, pi) Ú Xj ∼ B(m, pj) .

dd�� Var(Xi) = mpi(1 − pi)Ú Var(Xj) = mpj(1 − pj). ��¦) Cov(Xi, Xj)�3�½�J

Ý. éz� k ∈ [m], Ú\�ÅCþ

Y k
i =

1 e1 k g¢��(J� i

0 Ù§
Ú Y k

j =

1 e1 k g¢��(J� j

0 Ù§ .

dd��

Xi = Y 1
i + Y 2

i + · · ·+ Y m
i Ú Xj = Y 1

i + Y 2
i + · · ·+ Y m

i .

�â1 kgÁ�Ú1 lgÁ��pÕá (k 6= l), ±9 Y k
i Y

k
j = 0k

Cov(Y k
i , Y

l
j ) = 0 , ±9 Cov(Y k

i , Y
k
j ) = E[Y k

i Y
k
j ]− E(Y k

i )E(Y k
j ) = −pipj ,
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�â����5�k

Cov(Xi, Xj) =

m∑
k=1

Cov(Y k
i , Y

k
j ) +

∑
k 6=l

Cov(Y k
i , Y

l
j ) = −mpipj .

���� XiÚ Xj ��'Xê�

ρ =
Cov(Xi, Xj)

Var(Xi)Var(Xj)
=

−mpipj√
mpi(1− pi)

√
mpj(1− pj)

= −
√
pipj√

(1− pi)(1− pj)
.

6.4 ^�Ï"

c�Ù0�
^�©Ù, Äu^�©Ù�±�Ä^�Ï", ©lÑÚëY5�ÅCþü«�¹.

½Â 6.3 � (X,Y )�ëY.�ÅCþ, 3 Y = y^�e X �^��Ý¼ê� fX|Y (x|y), ¡

E(X|y) = E(X|Y = y) =

∫ +∞

−∞
xfX|Y (x|y)dx

�3 Y = y ^�e X � ^̂̂���ÏÏÏ""". � (X,Y )�lÑ.�ÅCþ, 3 Y = y ^�e X �^�©Ù

�� P (X = xi|Y = j), ¡

E(X|y) = E(X|Y = y) =
∑
i

xiP (X = xi|Y = j)

�3 Y = y^�e X � ^̂̂���ÏÏÏ""".

^�Ï" E[X|y]��Ñ� y�', ´ y�¼ê, 
 (Ã^�)Ï" E(X)´��äN�~ê. 3

þ¡�½Â¥, ·�Ñ%@Ï"�3. ^�Ï"´^�©Ù�Ï", äkÏ"���5�:

• é?¿~ê a, bk E(aX1 + bX2|Y ) = aE(X1|Y ) + bE(X2|Y );

• élÑ.�ÅCþ (X,Y )Ú¼ê g(X)k

E(g(X)|Y ) =
∑
i

g(xi)P (X = xi|Y = y) ;

éëY.�ÅCþ (X,Y )Ú¼ê g(X)k

E(g(X)|Y ) =

∫ +∞

−∞
g(x)f(x|Y = y)dx ;

• ��Å�þ (X,Y ) ∼ N (µx, µy, σ
2
x, σ

2
y , ρ), K3 Y = y �^�e�ÅCþ X Ñl��©Ù

N (µx − ρσx(y − µy)/σy, (1− ρ2)σ2
x), dd�� E(X|y) = µx − ρσx(y − µy)/σy.

e¡�Ñ
O�Ï"�,�«�{.
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½n 6.5 é���ÅCþ (X,Y )k

E(X) = EY (E(X|Y )) =


∑

yj
E(X|yj)P (Y = yj) lÑ.�ÅCþ ,∫∞

−∞E(X|y)fY (y)dy ëY.�ÅCþ .

y² éëY.�ÅCþ (X,Y ), Ø�b�ÙéÜ�Ý¼ê� f(x, y), �â^�VÇk

E[X] =

∫ +∞

−∞

∫ +∞

−∞
xf(x, y)dydx =

∫ +∞

−∞
fY (y)

∫ +∞

−∞
xfX|Y (x|y)dxdy =

∫ +∞

−∞
E(X|y)fY (y)dy .

élÑ.�ÅCþ (X,Y ), �â^�VÇÚ�VÇúªk

E[X] =
∑
i

xiPX(X = xi) =
∑
i

∑
j

xiP (X = xi, Y = yj)

=
∑
i

∑
j

xiP (X = xi|Y = yj)P (Y = yj)

=
∑
j

P (Y = yj)
∑
i

xiP (X = xi|Y = yj)

=
∑
j

P (Y = yj)E[X|Y = yj ] = EY [E[X|Y ]].

e¡0���VÇúª�éu���úª: ���ÏÏÏ"""úúúªªª (law of total expectation), 3Ï"�O

�å�­��^.

½n 6.6 � A1, A2, · · · , An´���m Ω���©�, = AiAj = ∅Ú Ω = ∪ni=1Ai. é?¿�

ÅCþ X k

E[X] = E[X|A1]P (A1) + E[X|A2]P (A2) + · · ·+ E[X|An]P (An) ,

AO/, �Å¯� A�Ùéá¯� Ā�¤���m Ω���y©, é?¿�ÅCþ X k

E[X] = E[X|A]P (A) + E[X|Ā]P (Ā) .

y² éu�ÅCþ X Ú A1, A2, · · · , An, ÄkÚ\#�lÑ�ÅCþ Y = 1, 2, · · · , n÷v

�Å¯� Y = i u)�¿�^�´ X ∈ Ai .

�â½n 6.5��

E(X) = EY (E(X|Y )) =
n∑
i=1

E(X|Y = i)P (Y = i) =
n∑
i=1

E(X|Ai)P (Ai) .
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~ 6.8 � (X,Y )�éÜVÇ�Ý�

f(x, y) =

exp(−y) 0 < x < y < +∞

0 Ù§ ,

¦^�Ï" E(X|y).

) ÄkO� Y �>��Ý¼ê, � y > 0�

fY (y) =

∫ +∞

−∞
f(x, y)dx =

∫ y

0
exp(−y)dx = y exp(−y) ,

dd��3 Y = y�^�e X �^�©Ù

fX|Y (x|y) = f(x, y)/fY (y) = 1/y (0 < x < y < +∞) .

����^�Ï"

E(X|y) =

∫ +∞

−∞
xfX|Y (x|y)dx =

∫ y

0
x/ydx = y/2 .

~ 6.9 �¶ó�(3kn���¶³p, 1���Ï���, ÷d��r 3���¦¦��S

�/:; 1����¦¦r 5���Â£��?; 1n���¦¦r 7����£��/. X�d¶

ó3?Û��Ñ��U/À½Ù¥���, Á¯¦��S�/:²þ�^õ��m?

) ^ X �T¶ó��S�/:¤I�m, ^ Y �¦¤À��, �â�Ï"úªk

E(X) = E(X|Y = 1)P (Y = 1) + E(X|Y = 2)P (Y = 2) + E(X|Y = 3)P (Y = 3) ,

Ù¥ P (Y = 1) = P (Y = 2) = P (Y = 3) = 1/3, E(X|Y = 1) = 3. ^ E(X|Y = 2)L«¶ól1�

��Ñ����S�/:¤I²þ�m. 
¦÷d��r 5��q=£�/, 
���£�/, ¯K

Ò��Ð¦�vk?1����c��, Ïd¦���S�/:²þ�I2^ E(X)��. Ón�

±�Ä E(X|Y = 2), �k

E(X|Y = 2) = 5 + E(X) Ú E(X|Y = 3) = 7 + E(X) .

u´��

E(X) = (3 + 5 + E(X) + 7 + E(X))/3 .

¦)Ñ E(X) = 15 (��), T¶ó��S�/:²þI� 15��.
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6.5 �Å�þ�êÆÏ"����


½Â 6.4 ��Å�þ X = (X1, X2, · · · , Xn)>, ¡

E(X) = (E(X1), E(X2), · · · , E(Xn))>

��Å�þ X �Ï", ±9¡

Cov(X) = Σ =


Cov(X1, X1) · · · Cov(X1, Xn)

Cov(X2, X1) · · · Cov(X2, Xn)
...

...

Cov(Xn, X1) · · · Cov(Xn, Xn)


��ÅCþ X ����Ý
.

e¡0����Ý
��
5�:

½n 6.7 �Å�þ X = (X1, X2, · · · , Xn)����Ý
´é¡��½�Ý
.

y² é?¿ i 6= j, �â����5�

Cov(Xi, Xj) = Cov(Xj , Xi) ,

�����Ý
´é¡�. éu��½5�y², ÄkÚ\#�¼ê

f(t1, t2, . . . , tn) = (t1, t2, . . . , tn)


Cov(X1, X1) · · · Cov(X1, Xn)

Cov(X2, X1) · · · Cov(X2, Xn)
...

...

Cov(Xn, X1) · · · Cov(Xn, Xn)

 (t1, t2, . . . , tn)> ,

dd��

f(t1, t2, . . . , tn) = E

( n∑
i=1

ti(Xi − E(Xi))

)2
 > 0 ,

dd�¤y².

½n 6.8 �õ���©Ù X = (X1, X2, . . . , Xn)> ∼ N(µ,Σ), Kk

µ = (E[X1], E[X2], . . . , E[Xn])> Ú Σ = [Cov(Xi, Xj)]n×n.
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6.6 A^Y~

k�·�U*	��ÅCþ X ��, I�é�ÅCþ Y ��?1ýÿ, =ÀJ��¼ê g(x),

¦� g(X)�Cýÿ� Y . ÀJ¼ê g(x)���OK´��z E[(Y − g(x))2]. 'u�`�¼ê

g(X), kXe(Ø:

½n 6.9 é?¿¼ê g(x)Ú�ÅCþ X Ú Y , k

E
(
[Y − g(X)]2

)
> E

(
[Y − E(Y |X)]2

)
.

y² �â½n 6.5�Iy²é?¿�½ X k

E
(
[Y − g(X)]2|X

)
> E

(
[Y − E(Y |X)]2|X

)
, (6.1)

éþªü>©Oé X ¦Ï"��¤y². e¡�ÄXÛþ¡�^�Ï"Ø�ª, Äkk

E
(
[Y − g(X)]2|X

)
= E

(
[Y − E(Y |X) + E(Y |X)− g(X)]2|X

)
= E

(
[Y − E(Y |X)]2|X

)
+ E

(
[E(Y |X)− g(X)]2|X

)
+ 2E ([Y − E[Y |X]][E[Y |X]− g(X)]|X) ,

��½ X �, [E[Y |X]− g(X)]2Ú E[Y |X]Ñ´~ê, Ïdk

E ([Y − E[Y |X]][E[Y |X]− g(X)]|X) = [E[Y |X]− g(X)]E ([Y − E[Y |X]]|X) = 0 ,

(Üþ¡üª�¤ (6.1)�y².

éõ�¹eéJ���ÅCþXÚ Y �éÜ©Ù,k
�¹e=¦��éÜ©ÙO�E(Y |X)

��~E,. e®��ÅCþ X Ú Y ��
ÚOþ, �,�±éÐ/�OÑ X Ú Y ��`�5ý

ÿ, ~X,

~ 6.10 ��ÅCþ X Ú Y �Ï"!��!�'Xê©O� µx, µy, σ
2
x, σ

2
y , ρ, Ù¥ σx >

0, σy > 0, ρ ∈ [−1,+1], ¦)�`��5ýÿ Y = aX + b¦� E((Y − aX − b)2)��z.

) Äk�¼ê

F (a, b) = E
(
(Y − aX − b)2

)
= E(Y 2)− 2aE(Y )− 2bE(XY ) + a2 + 2abE(X) + b2E(X2) .

¦¼ê F (a, b)����, �±�Ä- aÚ b� ��u", =∂F (a, b)/∂a = 2a+ 2bE(X)− 2E(Y ) = 0

∂F (a, b)/∂b = 2bE(X2) + 2aE(X)− 2E(XY ) = 0 .
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¦)þ¡��§|��a = E(Y ) + bE(X) = µy − ρσyµx/σx

b = E(XY )−E(X)E(Y )
E(X2)−(E(X))2 = Cov(X,Y )

Var(X) =
ρσxσy
σ2
x

= ρσy/σx .

dd�Ñ Y ��`�5ýÿ�

Y = ρσy(X − µx)/σx + µy ,

3�`�5ýÿeýÿ�þ©Ø�

E
(
(Y − ρσy(X − µx)/σx − µy)2

)
= E

(
(Y − µy)2

)
+ ρ2σ2

yE
(
(X − µx)2

)
/σ2

x − 2ρσyE ((X − µx)(Y − µy)) /σx

= σ2
y + ρ2σ2

y − 2ρ2σ2
y = σ2

y(1− ρ2) .

dd�±wÑ, � ρ2 → 1��`�5ýÿ�þ�Ø��C".
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6.1 �ÅCþ X � Y Õá, � Var(X) = 6Ú Var(Y ) = 3, ¦ Var(2X ± Y ).

6.2 ��ÅCþ X ∼ P (2)Ú Y ∼ N (−2, 4)�pÕá, ¦ E[(X − Y )2].

6.3 3�Ý� l��ãþ?�ü: X,Y , ¦Ï" E[min(X,Y )]Ú E[|X − Y |].

6.4 �ÅCþ X ∼ N (−1, 2)Ú Y ∼ N (1, 8), ��'Xê ρXY = −1/2. ¦ Var(X + Y ).

6.5 é?¿¢ê x, y ∈ (0, 1)�÷v x+ y 6 1, y² xy/(1− x)(1− y) ∈ (0, 1).

6.6 y²: ½Â 5.9Ú½Â 5.15¥'u����©Ù��Ý¼ê����.


