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�½��Ôöêâ8

Sn = {(x1, y1), (x2, y2), . . . , (xn, yn)},

Ù¥ xi ∈ X ⊆ Rd L«1 i�Ôö���A� (feature), yi ∈ Y = {0, 1}L«1 i�Ôö���I

P (�©a). b� D´�m X ×Y �����Ø���éÜ©Ù. ÅìÆS�²;b�´Ôöêâ

8 Sn¥z�êâ (xi, yi)´�â©Ù DÕáÓ©Ùæ�¤�.

�½��¼ê½©aì f : X → {0, 1}, ½Â¼ê f 3Ôöêâ8 Snþ�©a�ØÇ�

R̂(f, Sn) =
1

n

n∑
i=1

I(f(xi) 6= yi),

ùp I(·)L«�«¼ê, �Øä�ý�Ù�£�� 1, ÄK� 0. 3¢SA^¥·��'%¼ê f é

��êâ�©a5U, =¼ê f 3©Ù Dþ�©a�ØÇ, ¡�� ‘�z�ØÇ’

R(f,D) = E(x,y)∼D(I(f(x) 6= y)) = Pr
(x,y)∼D

[f(x) 6= y].

du©Ù DØ��, ØU��O� R(f,D), �·�®�Ôöêâ8 Sn ÚÔö�ØÇ R̂(f, Sn), X

ÛÄuÔö�ØÇ R̂(f, Sn)5k��O R(f,D)? ·��±ò¯K8B�

Pr
Sn∼Dn

[
|R̂(f,Dn)−R(f)| > t

]
´Äv
�?

=UÄ±é��VÇ�y

|R̂(f,Dn)−R(f)| < t.

l
3nØþ�y R̂(f,Dn)´ R(f)���k��O. þã5�3ÅìÆS¥�¡� ‘ �z5’, ´

ÅìÆS�.nØïÄ���5�, ïÄ�.UÄl���Ôöêâí�Ñé��êâ�?nUå.

Äk5w�«{ü�~f:

~ 7.1 b�Ôöêâ8 Sn = {(x1, y1), (x2, y2), . . . , (xn, yn)}�â©Ù D Õáæ�¤�, ©

aì f 3Ôö8 Sn ��ØÇ�" (�Üýÿ�(), ¦©aì f 3©ÙDþ��ØÇ0u 0Ú ε�

m�VÇ (ε > 0).

) ��ÅCþ

Xi = I[f(xi) 6= yi] (i ∈ [n]),
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�âêâ8�ÕáÓ©Ùb��� X1, X2, . . . , Xn ´ÕáÓ©Ù��ÅCþ. - p = E[Xi], Kk

Xi ∼ Ber(p). ©aì f 3Ôö8 Sn��ØÇ�", �3©Ù Dþ��ØÇ�u ε�VÇ�

Pr

[
n∑
i=1

Xi = 0, p > ε

]
6 Pr

[
n∑
i=1

Xi = 0|p > ε

]
= Pr [X1 = 0, X2 = 0, . . . , Xn = 0|p > ε] (�âÕá5b�)

=
n∏
i=1

Pr [Xi = 0|p > ε] 6 (1− ε)n 6 exp(−nε).

Ïd�©aì f 3Ôö8 Sn��ØÇ�"� p ∈ (0, ε)�VÇ��± 1− exp(−nε)¤á.

éþ~�¦)?�Ú?18B, ��ÅCþ

Xi = I(f(xi) 6= yi),

KÅìÆS¯K�ÏLVÇÚOÄ�£ã�: b�k n�ÕáÓ©Ù��ÅCþ X1, X2, . . . , Xn,

XÛl n�ÕáÓ©Ù��ÅCþ¥±é�VÇ/¼�Ï" E[X]����O, =

Pr

[∣∣∣∣∣ 1

m

m∑
i=1

Xi − E(Xi)

∣∣∣∣∣ > ε

]
�~�.

�YïÄòØ2�ÑÅìÆS�¢SA^, ==?ØVÇØ¥��ÅCþ, ��[�
)�ÅCþ

���¢SA^.

7.1 Ä:Ø�ª

Äk�Ñ�
Ä:�VÇ½Ï"Ø�ª. ÄkïÄÍ¶�MarkovØ�ª:

½n 7.1 é?¿�ÅCþ X > 0Ú ε > 0, k

P (X > ε) 6
E(X)

ε
.

y² |^�Ï"úª�Ä�Å¯� X > εk

E[X] = E[X|X > ε]P (X > ε) + E[X|X 6 ε]P (X 6 ε) > P (X > ε)ε ,

l
�¤y².

|^MarkovØ�ª����X�k^�Ø�ª:
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íØ 7.1 é?¿�ÅCþ X Ú ε > 0, ±9üN4O��K¼ê g(x), k

P (X > ε) 6
E[g(X)]

g(ε)
.

|^MarkovØ�ª�±í� ChebyshevØ�ª:

½n 7.2 (ChebyshevØØØ���ªªª) ��ÅCþ X �þ�� µ, Kk

P (|X − µ| > ε) 6
Var(X)

ε2
.

y² �âMarkovØ�ªk

P (|X − µ| > ε) = P ((X − µ)2 > ε2) 6
E(X − µ)2

ε2
=

Var(X)

ε2
.

~ 7.2 ��ÅCþ X Ú Y �Ï"©O� −1Ú 1,, ��©O� 2Ú 8, ±9 X Ú Y ��'X

ê� −1/2, |^ ChebyshevØ�ª�OVÇ P (|X + Y | > 6)�þ..

) �â�ÅCþ X Ú Y ��'Xê� −1��

Cov(X,Y ) = ρXY
√

Var(X)Var(Y ) = −2 .

d E[X + Y ] = 0, |^ ChebyshevØ�ªk

P (|X + Y | > 6) = P (|X + Y − E[X + Y ]| > 6)

6 Var(X + Y )/36 = (Var(X) + Var(Y ) + 2Cov(X,Y ))/36 = 1/6 .

' ChebyshevØ�ª�;/ CantelliØ�ª, q�¤�ü> ChebyshevØ�ª.

Ún 7.1 �ÅCþ X �þ� µ > 0, �� σ2, Ké?¿ ε > 0k

P (X − µ > ε) 6
σ2

σ2 + ε2
Ú P (X − µ 6 −ε) 6 σ2

σ2 + ε2
.

y² ��ÅCþ Y = X − µ, k E(Y ) = 0±9 Var(Y ) = σ2. é?¿ t > 0k

P (X − µ > ε) = P (Y > ε) = P (Y + t > ε+ t) 6 P ((Y + t)2 > (ε+ t)2)

6
E((Y + t)2)

(ε+ t)2
=
σ2 + t2

(ε+ t)2
.

é (σ2 + t2)/(ε+ t)2¦'u t����, ¦)�� t = σ2/ε, dd��

P (X − µ > ε) 6 min
t>0

σ2 + t2

(ε+ t)2
=

σ2

ε2 + σ2
.
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,��¡, é?¿ t > 0k

P (X − µ 6 −ε) = P (Y 6 −ε) = P (Y − t 6 −ε− t) 6 P ((Y + t)2 > (ε+ t)2)

6
E((Y + t)2)

(ε+ t)2
=
σ2 + t2

(ε+ t)2
,

Ón�¤y².

e¡0� ChebyshevØ�ª�íØ.

íØ 7.2 �ÕáÓ©Ù��ÅCþ X1, X2, . . . , Xn ÷v E(Xi) = µÚ Var(Xi) 6 σ2, é?¿

¢ê ε > 0k

Pr

(∣∣∣∣∣ 1n
n∑
i=1

Xi − µ

∣∣∣∣∣ > ε

)
6

σ2

nε2
.

y² �â ChebyshevØ�ªk

Pr

(∣∣∣∣∣ 1n
n∑
i=1

Xi − µ

∣∣∣∣∣ > ε

)
6

1

ε2
Var

(
1

n

n∑
i=1

Xi

)
.


ÕáÓ©Ù�b�k

Var

(
1

n

n∑
i=1

Xi

)
=

1

n2
Var

(
n∑
i=1

Xi

)
=

1

n
Var(Xi) 6

σ2

n
.

dd��

Pr

(∣∣∣∣∣ 1n
n∑
i=1

Xi − µ

∣∣∣∣∣ > ε

)
6

σ2

nε2
,

l
�¤y².

~ 7.3 �©aì f 3Ôö8 Sn = {(x1, y1), (x2, y2), . . . , (xn, yn)}��ØÇ� p̂ > 0, ¦©a

ì f 3©Ù Dþ��ØÇ3 (9p̂/10, 11p̂/10)�m�VÇ.

) � Xi = I[f(xi) 6= yi] (i ∈ [n]), Kù
�ÅCþ´ÕáÓ©Ù�. Ôö�ØÇ

p̂ =

n∑
i=1

Xi/n .

�©aì f 3©Ù Dþ��ØÇ� p, K Xi ∼ Ber(p)±9

p = E[Xi] = E

[
1

n

n∑
i=1

Xi

]
,
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�âÕá5b�Ú ChebyshevØ�ªk

Pr[|p− p̂| > ε] 6
1

ε2
Var

(
1

n

n∑
i=1

Xi

)
=

1

ε2n2

n∑
i=1

Var(Xi) =
p(1− p)
nε2

6
1

4nε2
.

� ε = p̂/10k

Pr [|p− p̂| > p̂/10] 6
25

np̂2
.

Ún 7.2 (YoungØØØ���ªªª) �½�~ê a, b, é?¿÷v 1/p+ 1/q = 1��¢ê p, qk

ab 6 ap/p+ bq/q .

y² �âà¼ê5�k

ab = exp(ln(ab)) = exp(ln a+ ln b)

= exp

(
1

p
ln ap +

1

q
ln bq

)
6

1

p
exp (ln ap) +

1

q
exp (ln bq) =

1

p
ap +

1

q
bq .

Ún�y.

�â YoungØ�ª�y²Í¶� HölderØ�ª.

Ún 7.3 (HölderØØØ���ªªª) � X Ú Y ´�ÅCþ, e�ê p, q÷v1/p+ 1/q = 1, Kk

E(|XY |) 6 [E(|X|p)]1/p [E(|Y |q)]1/q .

AO/, � p = q = 2� HölderØ�ªC¤� Cauchy-SchwartzØ�ª.

y² � c = [E(|X|p)]1/pÚ d = [E(|Y |q)]1/q, �â YoungØ�ªk

|XY |
cd

=
|X|
c

|Y |
d

6
1

p

|X|p

cp
+

1

q

|Y |q

dq
.

éþªü>Ó��Ï"k

E(|XY |)
cd

6
1

p

E(|X|p)
cp

+
1

q

E(|Y |q)
dq

=
1

p
+

1

q
= 1 ,

l
�¤y².

7.2 ChernoffØ�ª

Äk�Ñ�ÅCþ�Ý)¤¼ê (Moment Generating Function)�½Â.
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½Â 7.1 ½Â�ÅCþ X �Ý)¤¼ê�

MX(t) = E[etX ].

e¡�Ñ'uÝ)¤¼ê��
5�:

½n 7.3 ��ÅCþ X �Ý)¤¼ê�MX(t), é?¿ n > 1k

E[Xn] = M
(n)
X (0),

ùpM
(n)
X (t)L«Ý)¤¼ê3 t = 0� n��ê,
E[Xn]�¡��ÅCþX� n�Ý (moment).

y² d Taylerúªk

etX =
∞∑
i=1

(tX)i

i!
.

ü>Ó��Ï"k

E[etX ] =

∞∑
i=1

ti

i!
E[Xi].

éþªü>©Oé t¦ n��ê¿� t = 0kM
(n)
X (t) = E[Xn].

½n 7.4 é�ÅCþ X Ú Y , XJ�3~ê δ > 0, ¦�� t ∈ (−δ, δ)�kMX(t) = MY (t)

¤á, @o X � Y k�Ó�©Ù.

þã½nL²�ÅCþ�Ý)¤¼ê���(½�ÅCþ�©Ù, Ùy²�Ñ
�Ö���. e�

ÅCþ X � Y Õá, Kk

MX+Y (t) = E[e(X+Y )t] = E[etXetY ] = E[etX ] · E[etY ] = MX(t)MY (t).

u´��

íØ 7.3 é?¿Õá��ÅCþ X Ú Y kMX+Y (t) = MX(t)MY (t).

e¡ò|^Ý)¤¼ê5y²�X�Ø�ª. �½?¿�ÅCþX Ú?¿ t > 0Ú ε > 0, |^

MarkovØ�ªk

Pr[X > E[X] + ε] = Pr[etX > etE[X]+tε] 6 e−tε−tE[X]E[etX ].

AO/, k

Pr[X > ε] 6 min
t>0

{
e−tε−tE[X]E

[
etX
]}
.

aq/, é?¿ ε > 0Ú t < 0k

Pr[X 6 E[X]− ε] = Pr[etX > etE[X]−tε] 6 etε−tE[X]E[etX ].
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Ónk

Pr[X 6 ε] 6 min
t<0

{
etε−tE[X]E

[
etX
]}
.

þã�{¡� ‘Chernoff���{{{’, ´y²8¥Ø�ª�«����­���{. e¡ò�éA½�©

Ù½A½�^�, k¦)Ý)¤¼ê E[etX ], ,�¦)��� t���.

7.2.1 ���ÅCþ� ChernoffØ�ª

½n 7.5 ��ÅCþ X1, X2, · · · , Xn �pÕá�÷v Xi ∼ Ber(pi), - µ =
∑n

i=1E[Xi] =∑n
i=1 pi. é?¿ ε > 0k

Pr

[
n∑
i=1

Xi > (1 + ε)µ

]
6

(
eε

(1 + ε)(1+ε)

)µ
;

é?¿ ε ∈ (0, 1)k

Pr

[
n∑
i=1

Xi > (1 + ε)µ

]
6 e−µε

2/3.

þã1��Ø�ª�Ñ
�;�Ø�ªþ., 1��Ø�ª´1��Ø�ª�·��t.

y² - X̄ =
∑n

i=1Xi. é?¿ t > 0, �â Chernoff�{k

Pr[X̄ > (1 + ε)µ] = Pr[etX̄ > et(1+ε)µ] 6 e−t(1+ε)µE[etX̄ ].

|^�ÅCþ�Õá5±9 1 + x 6 exk

E[etX̄ ] = E[e
∑n
i=1 tXi ] =

n∏
i=1

E[etXi ]

=
n∏
i=1

[(1− pi) + pie
t] =

n∏
i=1

[1 + pi(e
t − 1)]

6 exp

(
n∑
i=1

pi(e
t − 1)

)
= exp(µ(et − 1)).

dd��

Pr[X̄ > (1 + ε)µ] 6 exp
(
−t(1 + ε)µ+ µ(et − 1)

)
.

éþª¦���)� tmin = ln(1 + ε), �\��

Pr[X̄ > (1 + ε)µ] 6

(
eε

(1 + ε)(1+ε)

)µ
.
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é1��Ø�ª, �Iy²� ε ∈ (0, 1)k

f(ε) = ln

(
eε

(1 + ε)(1+ε)

)
+
ε2

3
= ε− (1 + ε) ln(1 + ε) +

ε2

3
6 0.

´� f(0) = 0Ú f(1) < 0. � ε ∈ (0, 1),

f ′(ε) = − ln(1 + ε) + 2ε/3, f ′′(ε) = − 1

1 + ε
+

2

3
.

u´�� f ′(0) = 0, f ′(1) = −0.0265 < 0Ú f ′(1/2) = −0.0721 < 0, dëY¼ê5�k f
′
(ε) 6 0,

=¼ê f(ε)3 [0, 1]þüN4~. � ε > 0�k f(ε) 6 f(0) = 0, ¤± exp(f(ε)) 6 1.

e¡�½n�Ñ
 Pr[
∑n

i=1Xi 6 (1− ε)µ]��O, y²��öSK3��[�¤.

½n 7.6 ��ÅCþ X1, X2, · · · , Xn �pÕá�÷v Xi ∼ Ber(pi), - µ =
∑n

i=1E[Xi] =∑n
i=1 pi. é?¿ ε ∈ (0, 1)k

Pr

[
n∑
i=1

Xi 6 (1− ε)µ

]
6

(
e−ε

(1− ε)(1−ε)

)µ
6 exp(−µε2/2).

½Â 7.2 e�ÅCþ X ∈ {+1,−1}÷v

Pr(X = +1) = Pr(X = −1) = 1/2,

K¡ X � Rademacher�ÅCþ.

·�kXe½n:

½n 7.7 é n�Õá� Rademacher�ÅCþ X1, X2, · · · , Xn, k

Pr

(
1

n

n∑
i=1

Xi > ε

)
6 exp(−nε2/2) Ú Pr

(
1

n

n∑
i=1

Xi 6 −ε

)
6 exp(−nε2/2).

y² �â TaylorÐmªk

1

2
exp(t) +

1

2
exp(−t) =

∑
i>0

t2i

(2i)!
6
∑
i>0

(t2/2)i

i!
= exp(t2/2).

e�ÅCþ X ∈ {+1,−1}�÷v Pr(X = 1) = Pr(X = −1) = 1/2, Kk

E[etX ] =
1

2
et +

1

2
e−t 6 exp(t2/2).
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é?¿ t > 0, �â Chernoff�{k

Pr

(
1

n

n∑
i=1

Xi > ε

)
6 exp(−ntε)E

[
exp

(
n∑
i=1

tXi

)]

= exp(−ntε)
n∏
i=1

E [exp(tXi)] 6 exp(−ntε+ nt2/2).

ÏLéþªm>¦���)� t = ε, �\þª��

Pr

(
1

n

n∑
i=1

Xi > ε

)
6 exp(−nε2/2).

Óny²,��Ø�ª.

íØ 7.4 éÕáÓ©Ù��ÅCþ X1, X2, · · · , Xn÷v P (X1 = 0) = P (X1 = 1) = 1/2, k

Pr

(
1

n

n∑
i=1

Xi −
1

2
> ε

)
6 exp(−2nε2) Ú Pr

(
1

n

n∑
i=1

Xi −
1

2
6 −ε

)
6 exp(−2nε2).

7.2.2 k.�ÅCþ� ChernoffØ�ª

�!ïÄk.��ÅCþ Xi ∈ [a, b]� ChernoffØ�ª. Äk0�Í¶� ChernoffÚn.

Ún 7.4 ��ÅCþ X ∈ [0, 1]�Ï" µ = E[X]. é?¿ t > 0k

E[etX ] 6 exp(tµ+ t2/8).

y² dà¼ê�5���

etX = etX+(1−X)0 6 Xet + (1−X)e0,

ü>2Ó��Ï"k

E(etX) 6 1− µ+ µet = exp(ln(1− µ+ µet)).

- f(t) = ln(1− µ+ µet), ·�k f(0) = 0±9

f ′(t) =
µet

1− µ+ µet
⇒ f ′(0) = µ.

?�Úk

f ′′(t) =
µet

1− µ+ µet
− µ2e2t

(1− µ+ µet)2
6 1/4.
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�â�V¥�½nk

f(t) = f(0) + tf ′(0) + f ′′(ξ)t2/2 6 tµ+ t2/8.

Ún�y.

dþ¡� ChernoffÚn?�Úí�Ñ

íØ 7.5 ��ÅCþ X ∈ [a, b]�Ï" µ = E[x]. é?¿ t > 0k

E(etX) 6 exp(µt+ t2(b− a)2/8).

�âþãíØ, ·���k.�ÅCþ� ChernoffØ�ªµ

½n 7.8 b� X1, . . . , Xn´ nÕá��ÅCþ!�÷v Xi ∈ [a, b]. é?¿ ε > 0k

Pr

[
1

n

n∑
i=1

Xi −
1

n

n∑
i=1

E[Xi] > ε

]
6 exp(−2nε2/(b− a)2),

Pr

[
1

n

n∑
i=1

Xi −
1

n

n∑
i=1

E[Xi] 6 −ε

]
6 exp(−2nε2/(b− a)2).

y² ùp�Ñ1��Ø�ª�y², 1��Ø�ªy²��SK. é?¿ t > 0, �â Chernoff

�{k

Pr

[
1

n

n∑
i=1

Xi −
1

n

n∑
i=1

E[Xi] > ε

]

= Pr

[
n∑
i=1

t(Xi − E[Xi]) > ntε

]

6 exp(−ntε)E

[
exp

(
n∑
i=1

t(Xi − E[Xi])

)]

= exp(−ntε)
n∏
i=1

E [exp(t(Xi − E[Xi]))] .

�â ChernoffÚn, é?¿ Xi ∈ [a, b]k

E [exp(t(Xi − E[Xi]))] 6 exp((b− a)2t2/8).

dd��

Pr

[
1

n

n∑
i=1

Xi −
1

n

n∑
i=1

E[Xi] > ε

]
6 exp(−ntε+ nt2(b− a)2/8).



7.2 ChernoffØ�ª 165

éþªm>����¦) t = 4ε/(b− a)2, ,��\þª��:

Pr

[
1

n

n∑
i=1

Xi −
1

n

n∑
i=1

E[Xi] > ε

]
6 exp(−2nε2/(b− a)2).

l
�¤y².

7.2.3 GaussianÚ Sub-Gaussian�ÅCþØ�ª

Äk�ÄÕáÓ©Ù� Gaussian�ÅCþ:

½n 7.9 ��ÅCþ X1, . . . , Xn�pÕá!�Ñl Xi ∼ N (µ, σ), é?¿ ε > 0k

Pr

[
1

n

n∑
i=1

(Xi − µ) > ε

]
= Pr

[
1

n

n∑
i=1

(Xi − µ) 6 −ε

]
6

1

2
exp(−nε2/2σ2).

y² é�ÅCþ Xi ∼ N (µ, σ), �â��©Ù�5�k

1

n

n∑
i=1

(Xi − µ) ∼ N (0, σ2/n) ⇒ 1√
nσ

n∑
i=1

(Xi − µ) ∼ N (0, 1).

e X ′ ∼ N (0, 1), é?¿ ε > 0, �â±c�½nk

P (X ′ > ε) 6
1

2
e−ε

2/2.

Ïd��

Pr

[
1

n

n∑
i=1

(Xi − µ) > ε

]
= Pr

[
1√
nσ

n∑
i=1

(Xi − µ) > ε
√
n/σ

]
6

1

2
exp(−nε2/2σ2),

½n�y.

e¡½Â Sub-Gaussian�ÅCþ, òk.�ÅCþÚ Gaussian�ÅCþÚ�å5:

½Â 7.3 é?¿ t ∈ (−∞,+∞), e�ÅCþ X ÷v

E[e(X−E[X])t] 6 exp(bt2/2),

K¡�ÅCþ X ´Ñlëê� b�æpd (Sub-Gaussian)�ÅCþ.

æpd�ÅCþL«�ÅCþ��Ü©ÙØ¬'��pd©Ù�î­.

~ 7.4 é?¿k.��ÅCþ X ∈ [a, b], �â ChernoffÚnk

E[e(X−µ)t] 6 exp(t2(b− a)2/8),
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=k.��ÅCþ´ëê� (b− a)2/4�æpd�ÅCþ.

~ 7.5 XJ�ÅCþ X Ñlpd©Ù N (µ, σ2), Kk

E[e(X−µ)t] =

∫ +∞

−∞

1√
2πσ

exte−x
2/2σ2

dx = eσ
2t2/2

∫ +∞

−∞

1√
2π
e−(tσ−x/σ)2/2d(x/σ) = eσ

2t2/2.

Gaussian�ÅCþ´ëê� σ2�æpd�ÅCþ.

dc¡�~f��pd�ÅCþÚk.��ÅCþÑ´æpd�ÅCþ. �â Chernoff�{

k

½n 7.10 � X1, . . . , Xn´ n�Õá��ëê� b�æpd�ÅCþ, é?¿ ε > 0k

Pr

[
1

n

n∑
i=1

(Xi − µ) > ε

]
6 exp(−nε2/2b) Ú Pr

[
1

n

n∑
i=1

(Xi − µ) 6 −ε

]
6 exp(−nε2/2b).

y² é?¿ t > 0, �â Chernoff�{k

Pr

[
1

n

n∑
i=1

(Xi − µ) > ε

]
6 e−tnε

n∏
i=1

E[e(Xi−µ)t] 6 e−tnε+nbt
2/2,

ÏL¦)þª����� tmin = ε/b, �\�¤y².

éæpd.�ÅCþ, ��±�Ñ���Ï"��O:

½n 7.11 �X1, . . . , Xn´ n��pÕá�!ëê� b�æpd�ÅCþ, �÷v E[Xi] = 0,

·�k

E

[
max
i∈[n]

Xi

]
6
√

2b lnn.

y² é?¿ t > 0, �â JensenØ�ªk

exp

(
tE

[
max
i∈[n]

Xi

])
6 E

[
exp

(
tmax
i∈[n]

Xi

)]
= E

[
max
i∈[n]

exp (tXi)

]
6

n∑
i=1

E[exp(tXi)] 6 n exp(t2b/2).

éþªü>Ó��éê�n��

E

[
max
i∈[n]

Xi

]
6

lnn

t
+
bt

2
.

ÏL¦)þª����� tmin =
√

2 lnn/b, �\�¤y².
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c¡¤ù�VÇØ�ª,�±^,	�«L�/ª�Ñ,ùp±½n 7.10�~: b�X1, . . . , Xn

´Õá�!�ëê� b�æpd�ÅCþ, é?¿ ε > 0k

Pr

[
1

n

n∑
i=1

(Xi − µ) > ε

]
6 exp(−nε2/2b).

- δ = exp(−nε2/2b), ¦)Ñ
ε =

√
2b ln(1/δ)/n,

�\�n��: ��± 1− δ�VÇke¡�Ø�ª¤á

1

n

n∑
i=1

(Xi − µ) 6

√
2b

n
ln

1

δ
.

c¡ù�¤kØ�ªÑ�±æ^ 1− δ�/ª£ã.

7.3 BennetÚ BernsteinØ�ª

ÏL�Ä�ÅCþ���, �Uí�Ñ�;/8¥Ø�ª, e¡0�ü�Äu���Ø�ª.

½n 7.12 (BennetØØØ���ªªª) � X1, . . . , Xn ´ÕáÓ©Ù��ÅCþ�÷v Xi − E[Xi] 6 1,

Ùþ�� µÚ��� σ2, ·�k

Pr

[
1

n

n∑
i=1

(Xi − µ) > ε

]
6 exp

(
− nε2

2σ2 + 2ε/3

)
.

y² é?¿ t > 0, �â Chernoff�{k

Pr

[
1

n

n∑
i=1

(Xi − µ) > ε

]
6 e−ntεE

[
exp

(
n∑
i=1

t(Xi − µ)

)]
= e−ntε

(
E[et(X1−µ)]

)n
.

� Y = X1 − µ, |^úª ln z 6 z − 1��

lnE[et(X1−µ)] = lnE[etY ] 6 E[etY ]− 1 = t2E

[
etY − tY − 1

t2Y 2
Y 2

]
6 t2E

[
et − t− 1

t2
Y 2

]
= (et − t− 1)σ2

ùp|^ tY 6 t±9 (ez − z − 1)/z2´���üN4~�¼ê. ?�Úk

et − t− 1 6
t2

2

∞∑
k=0

(t/3)k =
t2

2(1− t/3)
.
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Ïd��

Pr

[
1

n

n∑
i=1

(Xn − µ) > ε

]
6 exp

(
−ntε+

nt2σ2

2(1− t/3)

)
.

ßÑ t = ε/(σ2 + ε/3), �\�¤y².

éu BennetØ�ª, -

Pr

[
1

n

n∑
i=1

(Xn − µ) > ε

]
6 exp(−nε2/(2σ2 + 2ε/3)) = δ,

�±�ÑØ�ª�,	�«Lã: ��± 1− δ�VÇk±eØ�ª¤á

1

n

n∑
i=1

Xn 6 µ+
2 ln 1/δ

3n
+

√
2σ2

n
ln

1

δ
.

��{ σ2�~�, ½ªu 0�, ���;�ÂñÇ X̄n − µ 6 O(1/n).

e¡�Ä,�«Äu���Ø�ª, � BennetØ�ªØÓ�?3u�å�ÅCþ�Ý:

½n 7.13 (BernsteinØØØ���ªªª) � X1, . . . , Xn ´ÕáÓ©Ù��ÅCþ, Ùþ�� µÚ��

� σ2, e�3~ê b > 0, ¦�é?¿��êm > 2k E[Xm
i ] 6 m!bm−2σ2/2, @o·�k

Pr

[
1

n

n∑
i=1

(Xn − µ) > ε

]
6 exp

(
− nε2

2σ2 + 2bε

)
.

y² é?¿ t > 0, �â Chernoff�{k

Pr

[
1

n

n∑
i=1

(Xn − µ) > ε

]
6 e−ntεE

[
exp

(
n∑
i=1

(Xi − µ)

)]
= e−ntε−nµt

(
E[etX1 ]

)n
|^úª ln z 6 z − 1k

lnE[etX1 ] 6 E[etX ]− 1 =
∞∑
m=1

E[Xm]
tm

m!
6 tµ+

t2σ2

2

∞∑
m=2

(bt)m−2 = tµ+
t2σ2

2(1− bt)
.

dd��

Pr

[
1

n

n∑
i=1

(Xn − µ) > ε

]
6= exp

(
−ntε+

t2nσ2

2(1− bt)

)
� t = ε/(σ2 + bε)�¤y².

~ 7.6 �Ñ BernsteinØ�ª� 1− δLã.
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7.4 A^: �ÅÝK (Random Projection)

�p��m Rd k n�: x1,x2, · · · ,xn (d�~�, X 100�½ 1·). ?nù���p��¯

KéJ, ¢S¥��«)û�Y´UÄé����åC�: f : Rd → Rk (k � d), ¦�±��VÇk

(1− ε)‖xi − xj‖22 6 ‖f(xi)− f(xj)‖22 6 (1 + ε)‖xi − xj‖22.

�ÅÝK2�A^up��ÅìÆS¯K, ~X�C�!k-C�!ü�!àa�¯K.

�ÅÝK�±{ü�L«�

f(x) = xP/c,

Ù¥ P ´�� d× k��ÅÝ
, Ùz����m�pÕá, c��~ê (�â�ÅÝ
 P (½). e

¡0�n«~���ÅÝ
:

• P = (pij)d×k ∈ Rd×k, pij ∼ N (0, 1), d� c =
√
k;

• P = (pij)d×k ∈ {−1, 1}d×k, pij � Rademacher�ÅCþ, = Pr(pij = 1) = Pr(pij = −1) =

1/2, d� c =
√
k;

• P = (pij)d×k ∈ {−1, 0, 1}d×k, ÷v Pr(pij = 1) = Pr(pij = −1) = 1/6Ú Pr(pij = 0) = 2/3,

d� c =
√
k/3. =Ì�^usparse ÝK, ~�O�þ>

e¡·�­:nØ©Û Gaussian�ÅCþ, Ù§�ÅCþ�ë��']�, é Gaussian�Å

Cþ, ùp0�Í¶� JohnsonõLindenstraussÚn, {¡ JLÚn.

Ún 7.5 � x1,x2, · · · ,xn�Rd�m� n�:,�ÅÝ
 P = (pij)d×k ∈ Rd×k, pij ∼ N (0, 1)

�z����pÕá, -

yi = f(xi) = xiP/
√
k, i ∈ [n]

ò d ��m¥ n �: x1,x2, · · · ,xn ÏL�ÅÝ
 P ÝK� k ��m. é?¿ ε ∈ (0, 1/2), �

k > 8 log 2n/(ε2 − ε3)���± 1/2�VÇk

(1− ε)‖xi − xj‖22 6 ‖yi − yj‖22 6 (1 + ε)‖xi − xj‖22 (i, j ∈ [n]).

y² e¡©nÚy² J-LÚn.

111���ÚÚÚ: é?¿�" x = (x1, x2, · · · , xd) ∈ Rd, Äky²

E

[∥∥∥xP/√k∥∥∥2

2

]
= ‖x‖22,
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=3Ï"��¹e, �ÅÝKC�c��:��:�ål�Ó.�â P = (pij)d×k (pij ∼ N (0, 1))k

E

[∥∥∥∥xP√k
∥∥∥∥2

2

]
= E

 k∑
j=1

(
d∑
i=1

xipij√
k

)2
 =

k∑
j=1

1

k
E

( d∑
i=1

xipij

)2


=

k∑
j=1

1

k

d∑
i=1

x2
i =

1

k

k∑
j=1

‖x‖22 = ‖x‖22.

111���ÚÚÚ: é?¿�" x = (x1, x2, · · · , xd) ∈ Rd, y²

Pr

[∥∥∥∥xP√k
∥∥∥∥2

2

> (1 + ε)‖x‖22

]
6 exp(−(ε2 − ε3)k/4).

òÝ
 P L«� P = (P1, P2, . . . , Pk), Ù¥ Pi (i ∈ [d])´�� d× 1���þ, - vj = xPj/‖x‖2,

=

(v1, v2, . . . , vk) =

(
x

‖x‖2
P1,

x

‖x‖2
P2, . . . ,

x

‖x‖2
Pk

)
.

�â Gaussian ©Ù�5�k vj ∼ N (0, 1), � v1, v2, . . . , vk ´ k �Õá��ÅCþ. é?¿

t ∈ (0, 1/2), �â Chernoff�{k

Pr

[∥∥∥∥xP√k
∥∥∥∥2

2

> (1 + ε)‖x‖22

]
= Pr

[∥∥∥∥ xP‖x‖2
∥∥∥∥2

2

> (1 + ε)k

]

= Pr

 k∑
j=1

v2
j > (1 + ε)k

 6 e−(1+ε)kt
(
E[et

∑k
j=1 v

2
j ]
)k

= e−(1+ε)kt
(
E[etv

2
1 ]
)k
.

éIO Gaussian©Ùk

E[etv
2
1 ] =

∫ +∞

−∞

etu
2

√
2π
e−

u2

2 du =

∫ +∞

−∞

e−
u2

2
(1−2t)

√
2π

du =
1√

1− 2t
,

�\��

Pr

[∥∥∥xP/√k∥∥∥2

2
> (1 + ε)‖x‖22

]
6

(
e−2(1+ε)t

1− 2t

)k/2
.

þªm>é t¦��)� tmin = ε
2(1+ε) , �\��

Pr

[∥∥∥xP/√k∥∥∥2

2
> (1 + ε)‖x‖22

]
6
(
(1 + ε)e−ε

)k/2
.
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� f(ε) = ln(1 + ε), �â ε ∈ (0, 1/2)k

f
′
(ε) =

1

1 + ε
, f
′′
(ε) = − 1

(1 + ε)2
, f
′′′

(ε) =
2

(1 + ε)3
6 2.

�â�V¥�½nk

f(ε) = f(0) + f
′
(0)ε+

f
′′
(0)ε2

2!
+
f
′′′

(ξ)ε3

3!
6 ε− ε2

2
+
ε2

3
6 ε− ε2 − ε3

2
.

u´��

Pr

[∥∥∥∥xP√k
∥∥∥∥2

2

> (1 + ε)‖x‖22

]
6 e−k(ε2−ε3)/4.

Ón�y

Pr

[∥∥∥∥xP√k
∥∥∥∥2

2

> (1− ε)‖x‖22

]
6 e−k(ε2−ε3)/4.

111nnnÚÚÚ: é?¿�½ i 6= j, �â1�Ú�(Ø��

Pr[‖yi − yj‖22 > (1 + ε)‖xi − xj‖22] 6 e−k(ε2−ε3)/4,

Pr[‖yi − yj‖22 6 (1− ε)‖xi − xj‖22] 6 e−k(ε2−ε3)/4.

du i, j ∈ [n], Ïd�k n(n− 1)é (i, j), �â UnionØ�ªk

Pr
[
∃i 6= j : ‖yi−yj‖22 > (1+ ε)‖xi−xj‖22 ½ ‖yi−yj‖22 6 (1− ε)‖xi−xj‖22

]
6 2n2e−k(ε2−ε3)/4,

� 2n2e−k(ε2−ε3)/4 6 1/2, ¦) k > 8 log 2n/(ε2 − ε3). Ún�y.
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SK

7.1 ��ÅCþ X �Ï" E[X] = µ > 0, ��� σ2, y²é?¿ ε > 0k

P (X − µ 6 −ε) 6 σ2

σ2 + ε2
.

7.2 ��ÅCþXÚY÷vE(X) = −2, E(Y ) = 2, Var(X) = 1, V ar(Y ) = 4, ρXY = −1/2. |

^ChebyshevØ�ª�OPr(|X + Y | > 6)�þ..

7.3 ÕáÓ©Ù�ÅCþ X1, X2, · · · , Xn ÷v E[Xi] = µÚ Var(Xi) 6 v. y²é?¿ ε > 0

k [∣∣∣∣∣ 1n
n∑
i=1

Xi − µ

∣∣∣∣∣ > ε

]
6

v

nε2
.

7.4 �ã�o´chernoff�{"

7.5 �ÅCþ X1, X2, · · · , Xn �pÕá�÷v Xi ∼ Ber(pi) (pi > 0). |^chernoff�{�Ñ

e�VÇ�þ.

P

[
1

n

n∑
i=1

(Xi − E[Xi]) > ε

]
Ú P

[
1

n

n∑
i=1

(Xi − E[Xi]) 6 −ε

]
.

7.6 eÕáÓ©Ù�ÅCþ X1, X2, · · · , Xn ÷v Xi ∈ {a, b} (b > a)� P (Xi = a) = P (Xi =

b) = 1/2. ¦e�VÇ�þ.

P

[
1

n

n∑
i=1

(
Xi −

a+ b

2

)
> ε

]
Ú Pr

[
1

n

n∑
i=1

(
Xi −

a+ b

2

)
6 −ε

]
.

7.7 �ÅCþ X1, X2, · · · , Xn �pÕá�÷v Xi ∼ Ber(pi) (pi > 0). y²é?¿ 0 < ε < 1

kØ�ª

P

[
n∑
i=1

Xi > (1 + ε)
n∑
i=1

pi

]
6 e−µε

2/3 .

7.8 �ÅCþ X ∈ [a, b]�Ï" µ = E[x], y²é?¿ t > 0k

E
[
etx
]
6 exp

(
µt+ t2(b− a)2/8

)
7.9 |^chernoff�{y²: �X1, X2, · · · , Xk ´k �Õá��ÅCþ, �Xi ∼ N(0, 1), Kk

Pr

(
k∑
i=1

X2
i > (1 + ε)k

)
6 exp

(
−k
(
ε2 − ε3

)
/4
)

7.10 y² BennetØ�ª.
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7.11 y² BersteinØ�ª.

7.12 ®� BersteinØ�ª

P

[
1

n

n∑
i=1

(xi − µ) > ε

]
6 exp

(
−nε2

2σ2 + 2bε

)
,

�ÑÙ�d 1− δ£ã"

7.13 ®�ÕáÓ©Ù�ÅCþ X1, X2, · · · , Xn ÷v Xi ∼ N
(
µ, σ2

)
, �Ñ E

[
maxi∈[n]{Xi}

]
�

þ., ¿�Ñî�y²"

7.14 b�Ôöêâ8 Sn = {(x1, y1), (x2, y2), . . . , (xn, yn)}�â©Ù DÕáæ�¤�, ©aì

f 3Ôö8 Sn ��ØÇ�" (�Üýÿ�(), ¦©aì f 3©ÙDþ��ØÇ0u 0Ú ε

�m�VÇ (ε > 0).

7.15 b�Ôöêâ8 Sn = {(x1, y1), (x2, y2), . . . , (xn, yn)}�â©Ù DÕáæ�¤�, ©aì

f 3Ôö8 Sn ��ØÇ� p̂ , ¦©aì f 3©ÙDþ��ØÇ0u p̂ − εÚ p̂ + ε�m�

VÇ (ε > 0).


