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Lipschitz Continuity

Definition 1 (Continuity). A function f : R® — R™ is continuous at x € dom
f if for all € > 0 there exists a 0 > 0 with y € dom f, such that

ly =xl2 <d=[fly) - fx)[l2 <e

Definition 2 (Lipschitz Continuity). A function f : R" — R™ is G-Lipschitz-
continuous if for all x,y € dom f,

[f(x)—fWI <Glx—-yl.
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Lipschitzness and Subgradient

* Relationship between Lipschitzness and bounded subgradient

Theorem 1. Let f : X — R be a convex function. Suppose that
X C int(dom f). Consider the following two claims:

(i) Lipschitzness: |f(x) — f(y)| < G||x — y|| for any x,y € X.

(i1) Bounded subgradient: ||g|| < G forany g € 0f(x),x € X.
Then

(a) (ii) = ().

(b) if X is open, then (i) < (ii).
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Smoothness

Definition 3 (Smoothness). A function f is L-smooth if, for any x,y € dom f,

IVi(x) = Vfy)ll < Lilx -yl

Smoothness is also called gradient Lipschitz.

The class of L-smooth functions over domain X is denoted by ', (X').
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Smoothness

Definition 4. Let X C R% We denote by C7°(X) the class of functions with
the following properties:

- any f € C’z’b()( ) is a times continuously differentiable on X.

- f’s b-th derivative is Lipschitz continuous on X with constant L:

VP f(x) = V°f(y)| < Llx—yl, ¥x,y € X.

Ref: Lectures on Convex Optimization, Yurii Nesterov. Page 23-24.

- Lipschitz continuous functions belong to C}"° (X).

- Smoothness is in fact the Lipshitzness of gradients.
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Smoothness

Example 1. Linear function f(x) = w'x + cis 0-smooth.

Example 2. Quadratic function f(x) = sx'Ax + w'x + cis ||A]

w.r.t. || - ||, norm.

op,p

-smooth

Proof. The proof is direct by the definition of smoothness and the operator norm:

IVI(x) = Vi)l = [Ax = Ay|l, < [[Allop.pllx = yllp-

norm) of a matrix A € R"*" is defined by

Ax
[ Allop 5 = max { s

Il

Definition 6 (Matrix Operator Norm). The operator norm (or called induced

xER“ﬂx;ﬁO}.

Advanced Optimization (Fall 2022)

Lecture 3. Function Properties



Smoothness

Example 3. Log-sum-exp function f(x) = log (e** + €*2 + --- + ") is 1-smooth

w.r.t. /5>-norm and ¢..-norm.

Example 4. Function f(x) = 1 HXH}% is (p — 1)-smooth w.r.t. /,-norm.

Example 5. Function f(x) = /1 + [|x]|3 is 1-smooth w.r.t. £5-norm.

Example 6. Function f(x) = 3 |x — T+ (x)||” is 1-smooth, where Iy (x) de-

notes the Euclidean projection of x onto a convex domain X.
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Smoothness

Example 6. Function f(x) = /1 + ||x||3 is 1-smooth w.r.t. £5-norm.

B X
Vi3 +1

1 XX | 1
—> V2f(x) = (I— ‘ )j I =<1 []
VIx[Z+1 x5 + 1 VI3 +1

Proof V()

Example 7. Function f(x) = 3 |x — v (x)||° is 1-smooth, where Iy (x) de-

notes the Euclidean projection of x onto a convex domain X'.
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Smoothness

The next lemma is an equivalent condition of smoothness.

Lemma 1 (Descent Lemma). Let f be an L-smooth function over a given convex set
X. Then for any x,y € X

Fy) < 76+ V76 (y ) + 5 lly — ]

Proof: Fy) = f(x) = [y (VF(x M tly —x)),y —x)dt
> fy)— f(x) —(Vf(x),y —x) = /0 (Vix+ty —x)) = Vf(x),y —x)dt

< / IVF(x+Hy —x)) — V1) ly — x| dt

1
L 2
<Ly -x* [ wt< 3 ly—x] a
0
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Smoothness

Theorem 2 (First-order Characterizations of L-smoothness). Let f : X — R be
a convex function, differentiable over X'. Then the following claims are equivalent:

(i) f is L-smooth.

(i) f(y) < f(x)+(Vf(x),y —x)+ 5llx -y forallx,y € X.
(iii) f(y) = f(x) +(Vf(x),y —x) + 3£ IVf(x) = VI¥)|? forall x,y € X.
(f0) (VF(x) — VI(y),x —y) > LIVF(x) = Vi) forall x,y € X.

() fOx+ (1= Ny) = AMf(x) + (1 = Nfy) = ML = N)|x —yl|? for any
x,y € Xand X € [0, 1].
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Smoothness

Theorem 3 (Second-order Characterization of L-smoothness). Let f be a twice
continuously differentiable function over R, Then for a given L > 0, L-smoothness
w.r.t. the £,,-norm (p € |1, 0ol) is equivalent to

IV f|,,, < L

op,p —

for any x € R,
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Strong Convexity

Definition 5 (Strong Convexity). A function f is o-strongly convex if, for any
x,y € dom f and \ € [0, 1],

FOX+ (1= N)y) < M) + (1= N)f(y) = SAML=N]x -yl

e Clearly, for generally convex functions, o = 0.

Examples:

- f(x) = HxH;‘; is 2-strongly-convex with respect to norm || - ||,

- Negative entropy f(x) = Zle x; In x; over probability distribution (i.e.,
z; € 10,1] and Ele r; = 1) is 1-strongly-convex.
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Strong Convexity

Theorem 3 (First-order Characterizations of Strong Convexity). Let f be a proper
closed and convex function. Then for a given o > 0, the followings equal:

(1) f is o-strongly convex.

(i1) Forany x € dom(0f),y € dom(f) and g € 0f(x),
fy) = f(x)+(gy —x)+ (;Hy —x||*. most common
(iii) For any x,y € dom(0f), and gx € 0f(x),gy € 0f(y),
(gx — 8y, X —y) > ofx — v,

(iv) Function f(-) — 5| - ||? is convex.
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Strong Convexity
Proof: (i)—(ii)

FOY + (1= %) £ Af(y) + (1= N F(x) = SA0 = N)]x =y

o LAY D2 IO ) o - 21— W -y

A
Py ) & fim T =) =S 0

fl(x;y — x): the directional derivative of f at point x along directiony — x

Vgcdf(x), (g8y—x <fl(xy—x)

Plugging g = V f(x) finishes the proof. L]
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Strong Convexity

Theorem 4. Let X be a Euclidean space. Then f i1s o-strongly convex if and only if
the function f(-) — %|| - || is convex.

f is “as least as convex” as a quadratic function.

Example 8. f(x) = +x' Ax+w ' x+ciso-strongly convexifand onlyif A = o1.
Proof:

f is o-strongly convex if and only if h(x) = ix ' (A — 0l) x+w ' x+cis convex

> Vih(x)=A-0l =0 N
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Strong Convexity

Theorem 5 (Second-order Characterization of Strong Convexity). Let X be a
Euclidean space. Then f is o-strongly convex if and only if for any x,w € X,

w! V2 f(x)w > o||w]” .

Furthermore, when using lo-norm, it is equivalent to V2f(x) = ol.

Theorem 6. Let | be a proper closed and o-strongly convex function. Then

- f has a unique minimizer, denoted by x*.

- f(x) — f(x*) > S||x — x*||? for all x € dom(f).
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Relationship

If function f is both o-strongly convex and L-smooth, then
- ol X VAf(x) < LI

- fis v-well-conditioned where ~ is called the condition number of v =
o/L < 1.

- Conjugate Correspondence:

(a) If fisa %-smooth and convex, then f* is o-strongly convex w.r.t. the
dual norm || - ||..

(b) If f is proper closed o-strongly convex, then f* is £-smooth.

Conjugate function: f*(y) = mea/{)c{(ij) — f(x)}
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