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Abstract

We study the problem of Online Convex Optimization (OCO) with memory, which allows
loss functions to depend on past decisions and thus captures temporal effects of learning
problems. In this paper, we introduce dynamic policy regret as the performance measure
to design algorithms robust to non-stationary environments, which competes algorithms’
decisions with a sequence of changing comparators. We propose a novel algorithm for
OCO with memory that provably enjoys an optimal dynamic policy regret in terms of time
horizon, non-stationarity measure, and memory length. The key technical challenge is how
to control the switching cost, the cumulative movements of player’s decisions, which is
neatly addressed by a novel switching-cost-aware online ensemble approach equipped with
a new meta-base decomposition of dynamic policy regret and a careful design of meta-
learner and base-learner that explicitly regularizes the switching cost. The results are
further applied to tackle non-stationarity in online non-stochastic control (Agarwal et al.,
2019), i.e., controlling a linear dynamical system with adversarial disturbance and convex
cost functions. We derive a novel gradient-based controller with dynamic policy regret
guarantees, which is the first controller provably competitive to a sequence of changing
policies for online non-stochastic control.

Keywords: online learning, online convex optimization with memory, online non-stochastic
control, non-stationary environments, dynamic policy regret, online ensemble

1 Introduction

Online Convex Optimization (OCO) (Shalev-Shwartz, 2012; Hazan, 2016) is a versatile
model of learning in adversarial environments, which can be regarded as a sequential game
between a player and an adversary (environments). At each round, the player makes a
prediction from a convex set w; € W C R%, the adversary simultaneously selects a convex
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loss f; : W R, and the player incurs a loss f;(w;). The goal of the player is to minimize
the cumulative loss. The framework is found useful in a variety of disciplines including
learning theory, game theory, and optimization, etc (Cesa-Bianchi and Lugosi, 2006).

The standard OCO framework considers only memoryless adversary, in the sense that
the resulting loss is only determined by the player’s current prediction without involving
past ones. In real-world applications, particularly those related to online decision making,
it is often the case that past predictions/decisions would also contribute to the current
loss, which makes the standard OCO framework not viable. To remedy this issue, Online
Convex Optimization with Memory (OCO with Memory) was proposed as a simplified and
elegant model to capture the temporal effects of learning problems (Merhav et al., 2002;
Anava et al., 2015). Specifically, at each round, the player makes a prediction wy € W,
the adversary chooses a loss function f; : W™+ s R, and the player will then suffer
a loss fi(Wi—m,...,w;). Notably, now the loss function depends on both current and
past predictions. The parameter m is the memory length, and evidently the OCO with
memory model reduces to the standard memoryless OCO when memory length m = 0. The
performance measure for OCO with memory is policy regret (Dekel et al., 2012), defined as

T
Regret; = Z ft(Wi—m:t) Z (1)

t=1

where throughout the paper we adopt the notation a;; to denote the vector sequence
a;,...,a;. We start the index from 1 for convenience. Recent studies apply online learners
with provable low policy regret to a variety of related problems (Chen et al., 2018; Agarwal
et al., 2019; Daniely and Mansour, 2019; Chen et al., 2020). However, the policy regret (1)
only measures the performance versus a fized comparator and is thus not suitable for learn-
ing in non-stationary and open environments (Sugiyama and Kawanabe, 2012; Zhou, 2022).
For instance, in the recommendation system, the users’ interest may change when looking
through the product pages; in the traffic flow scheduling, the traffic network pattern changes
throughout the day. Therefore, it is necessary to design online decision-making algorithms
with robustness to non-stationary environments. To this purpose, we introduce the dynamic
policy regret to guide algorithm design, measuring the competitive performance against an

arbitrary sequence of time-varying comparators vi,..., vy € W, defined as
T
D-Regretp(vi.r) th Wiomit) = > fi(Viema). (2)
t=1

The upper bound of D-Regret,(vy.7) should be a function of the comparator sequence
vi.7, while the algorithm is agnostic to the choice of comparators. The proposed measure
is very general—it subsumes static policy regret (1) as a special case when comparators
become the best predictor in hindsight, i.e., vi.p = v* € argmin,cy Zthl fr(v, .. v).
Therefore, dynamic policy regret is a more stringent measure than standard policy regret
and algorithms that optimize it are more robust to non-stationary environments.

The fundamental challenge of dynamic policy regret optimization is how to simultane-
ously compete with all comparator sequences with vastly different levels of non-stationarity.
Our approach builds upon recent advance of non-stationary online learning (Zhang et al.,
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2018a; Zhao et al., 2020, 2021b) to hedge the uncertainty via the meta-base online ensem-
ble structure, along with several new ingredients specifically designed for the OCO with
memory setting. In particular, it is essential to control the switching cost for OCO with
memory, the cumulative movement of player’s predictions. The amount is relatively easy
to control in static policy regret (Anava et al., 2015), yet becomes much harder in dynamic
policy regret and could even scale linearly due to the meta-base online ensembles structure.
Intuitively, online algorithms minimizing dynamic regret necessitate maintaining a certain
probability of aggressive movement to catch up with potential changes within non-stationary
environments, which results in tensions between dynamic regret and switching cost. We
elegantly address the difficulty by proposing a switching-cost-aware online ensemble ap-
proach. Our approach features a novel meta-base decomposition of dynamic policy regret
and a switching-cost-regularized surrogate loss, which avoids directly handling switching
cost altogether but regularizes the switching cost to meta-learner and base-learner instead.
Our proposed online-ensemble algorithm provably enjoys an optimal O(y/T(1 + Pr)) dy-
namic policy regret, where Pp = ZtT:2||vt,1 — v¢||2 denotes the unknown path length of
comparators. As a byproduct, our result can serve as a solution for minimizing dynamic
regret of online convex optimization with switching cost, a variant of classic OCO setting by
penalizing switching cost of returned decisions (Blum and Kalai, 1999; Gofer, 2014; Chen
et al., 2018). Specifically, consider the OCO problem with online functions hi, ..., hr with
hy : W +— R. Denote by wi,...,wr the returned decisions by our algorithm. Then, we
have ST he(wi) — ST he(ve) + A1 llwi — w1 ]la < O(V/AT(1 + Pr)), where Py is
the path length as defined above. We also establish the lower bound to show the minimax
optimality in terms of switching-cost coefficient A, time horizon 7', and path length Pr.
Compared to our conference paper (Zhao et al., 2022b), the current result improves the
dependence in the memory parameter A to be optimal, which is achieved via a novel usage
of the laze update mechanism.

The results of OCO with memory yield an important application in online decision-
making problems. Specifically, we investigate the problem of online non-stochastic con-
trol (Agarwal et al., 2019), i.e., controlling a linear dynamical system with adversarial
(non-stochastic) disturbance and adversarial convex cost functions. Online non-stochastic
control has attracted much recent research attention due to its relaxed assumptions on dis-
turbances and flexibility of cost functions. Existing studies mainly focus on optimizing static
policy regret, whereas the optimal controller of each round would naturally change over it-
erations since the disturbances and cost functions both change adversarially. Therefore, it
is necessary to investigate dynamic policy regret, which competes controller’s performance
with time-varying benchmark controllers. By adopting the “disturbance-action” policy pa-
rameterization (Agarwal et al., 2019), online non-stochastic control is reduced to OCO with
memory, and thus its dynamic policy regret can be optimized by a similar meta-base online
ensemble structure as developed before. Our designed controller attains an O(y/T(1 + Pr))
dynamic policy regret, where Pr measures the fluctuation of compared controllers. To the
best of our knowledge, this is the first controller competitive to a sequence of changing
“disturbance-action” policies. Given that our techniques for OCO with memory provide a
provable way to handle the memory effects of past decisions, we anticipate that they would
have broader applications in online decision-making problems.

The main contributions of this paper are summarized as follows.
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e We introduce dynamic policy regret as the performance measure to guide the algo-
rithm design of OCO with memory and online non-stochastic control to enhance the
robustness of online algorithms to non-stationary environments.

e We propose a novel algorithm for OCO with memory, which enjoys an optimal dy-
namic policy regret of order O(/T(1 + Pr)). To achieve this, several key algorithmic
ingredients are designed to handle unknown environments and control switching cost.

e The results are further applied to the problem of online non-stochastic control, yielding
an online controller with O(1/T'(1 + Pr)) dynamic policy regret, which is the first
online controller competitive with a sequence of time-varying policies.

In the following, we first review related works in Section 2 and then introduce some
preliminaries in Section 3. Next, we present the main results for OCO with memory and
online non-stochastic control in Section 4 and Section 5. Section 6 reports the experiments.
We finally conclude the paper in Section 7. All the proofs are included in appendices.

2 Related Work

In this section, we briefly discuss related works on OCO with memory, online non-stochastic
control, and dynamic regret minimization for online learning.

OCO with Memory. OCO with memory is initiated by Merhav et al. (2002), who prove
an O(T?%/3) policy regret by a blocking technique. Later, Anava et al. (2015) propose a
simple gradient-based algorithm that provably achieves (’)(\/T) and O(logT') policy regret
for convex and strongly convex functions, respectively. Recent study discloses that the
policy regret of OCO with memory over exp-concave functions is at least Q(7''/3) (Sim-
chowit, 2020, Theorem 2.3). One of the key concepts of OCO with memory is switching
cost, the cumulative movement of decisions, which is also concerned in smoothed online
learning (Chen et al., 2018; Goel et al., 2019; Goel and Wierman, 2019), online learning
with switching budget (Altschuler and Talwar, 2018; Chen et al., 2020; Sherman and Koren,
2021; Wang et al., 2021). Online learning with memory is also studied in the prediction
with expert advice setting (Geulen et al., 2010; Gyorgy and Neu, 2014; Cesa-Bianchi et al.,
2013; Altschuler and Talwar, 2018) and bandit settings (Dekel et al., 2012, 2014; Altschuler
and Talwar, 2018; Arora et al., 2019).

Online Non-stochastic Control. Recently, there is a surge of interest to apply modern
statistical and algorithmic techniques to the control problem. Online non-stochastic control
is proposed by Agarwal et al. (2019), where the regret is chosen as the performance measure
and the disturbance is allowed to be adversarially chosen. When online cost functions are
convex and Lipschitz, Agarwal et al. (2019) obtain an O(+/T) policy regret for known linear
dynamical system by introducing the DAC parameterization and reducing the problem to
OCO with memory. Hazan et al. (2020) show an O(12/3) policy regret for unknown system
via system identification. In addition, Foster and Simchowitz (2020) propose the online
learning with advantages technique and obtain logarithmic regret for known system with
quadratic cost and adversarial disturbance, whose results are strengthened by Simchowit
(2020) to accommodate arbitrary changing costs. All mentioned results are developed for
fully observed system, and Simchowitz et al. (2020) present a clear picture for non-stochastic
control with partially observed systems. We are still witnessing a variety of recent advances,
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for example, non-stochastic control with bandit feedback (Gradu et al., 2020a; Cassel and
Koren, 2020), adaptive regret minimization (Gradu et al., 2020b; Zhang et al., 2022b,c),
etc. We will present more discussions on the relationship between these works for adaptive
regret minimization and our work (for dynamic regret minimization) at the end of this
section. There are other related works studying non-stationary online control from the lens
of competitive ratio (Shi et al., 2020; Goel and Hassibi, 2022b) and robust control (Goel
and Hassibi, 2020, 2022a). In addition, there have been considerable efforts dedicated to
the broader field of online (stochastic) control over the past several decades. While only a
handful can be mentioned here (Guo and Ljung, 1995; Fiechter, 1997; Abbasi-Yadkori and
Szepesvari, 2011; Cohen et al., 2018; Dean et al., 2020; Cassel et al., 2022a,b), interested
readers can refer to the references therein to explore more recent developments in this area.

Dynamic Regret. Benchmarking the regret in term of changing comparators dates back
to early development of prediction with expert advice (Herbster and Warmuth, 1998, 2001),
in which they studied a special form of dynamic regret that supports the comparators change
for at most S times (often referred to as S-tracking/shifting/switching regret) (Herbster and
Warmuth, 1998, 2001; Bousquet and Warmuth, 2002; Cesa-Bianchi et al., 2012; Gyorgy and
Szepesvari, 2016; Wei et al., 2016; Zheng et al., 2019; Luo et al., 2022). For online convex
optimization, Zinkevich (2003) pioneers the study of dynamic regret and shows that OGD
can attain an O(vT(1 + Pr)) dynamic regret. Zhang et al. (2018b) show that the mini-
max lower bound is Q(1/7(1 4+ Pr)) and close the gap by proposing an algorithm with an
O(\/T(1+ Pr)) regret. Recent works achieve problem-dependent guarantees by exploiting
smoothness and incorporating the optimistic online learning techniques (Zhao et al., 2020,
2021b), and other works obtain an improved rate by exploiting exp-concavity or strong con-
vexity (Baby and Wang, 2021, 2022). More results for dynamic regret minimization have
been developed in bandit convex optimization (Zhao et al., 2021a), Markov decision pro-
cesses (Zhao et al., 2022a), online label shift problems (Bai et al., 2022; Baby et al., 2023),
time-varying games (Zhang et al., 2022a; Yan et al., 2023), etc. We note that the dynamic
regret measure studied in this paper is also called the universal dynamic regret, in the sense
that the regret guarantee holds universally against any comparator sequence in the domain.
Another special variant called the worst-case dynamic regret is frequently studied in the
literature (Besbes et al., 2015; Jadbabaie et al., 2015; Mokhtari et al., 2016; Zhang et al.,
2017; Baby and Wang, 2019; Zhang et al., 2020; Zhao and Zhang, 2021), which specifies
comparators as the optimizers of online functions. The worst-case dynamic regret is less
general than the universal one. Indeed, both worst-case dynamic regret and static regret
are special cases of the universal dynamic regret with different choices of comparators, and
we refer the reader to (Zhao et al., 2021b) for more elaborations.

More Discussions. Online non-stochastic control in non-stationary environments is also
recently studied via the measure of adaptive regret (Hazan and Seshadhri, 2009; Daniely
et al., 2015)—the regret compared to the best policy on any interval in the time hori-
zon. Gradu et al. (2020b) propose the first controller with an O(v/T) expected adaptive
regret on any interval in the total horizon. The result is strengthened in a recent work
(concurrent to our paper) (Zhang et al., 2022b), which presents a strongly adaptive con-
troller with an O(y/|Z]) deterministic adaptive regret on any interval Z C [T]. The two
papers and our work all study non-stationary online control, however, the concerned mea-
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sures and used techniques are completely different. (1) Measures: dynamic regret examines
the global behavior to ensure a competitive performance with time-varying compared po-
lices, whereas adaptive regret focuses on the local behavior with respect to a fixed strategy.
Even though a black-box reduction from dynamic regret to adaptive regret has been known
in the simpler setting of prediction with expert advice (i.e., online linear optimization over
the simplex) (Luo and Schapire, 2015, Theorem 4), the relationship between strongly adap-
tive regret and universal dynamic regret for online convex optimization over the general
setup (Zhang, 2020, Section 5) remains highly wunclear, which is even more vague when
further taking the switching cost into account. (2) Techniques: optimizing either dynamic
regret or adaptive regret requires the meta-base online ensemble structure to deal with
uncertainty of the non-stationary environments. However, the specific techniques, espe-
cially the way to control switching cost, exhibit significant difference. Gradu et al. (2020b)
leverage the Follow-the-Leading-History framework (Hazan and Seshadhri, 2009) with a
shrinking technique (Geulen et al., 2010) to keep previous experts unchanged with a certain
probability to reduce the switching cost, so their result holds in expectation only. The
improved result of O(M) deterministic strongly adaptive regret bound (Zhang et al.,
2022b) is achieved by a very different framework drawn inspirations from parameter-free
online learning (Cutkosky, 2020). By contrast, the key ingredients of our approach are
the novel meta-base decomposition and the switching-cost-regularized loss, which avoid
explicitly handling the switching cost of final decisions but directly control the switching
cost of meta-algorithm and individual base-algorithm. These mechanisms finally lead to a
deterministic dynamic policy regret guarantee for our methods.

3 Preliminaries

This section introduces preliminaries for online convex optimization (OCO) with memory.

Problem Setup. OCO with memory is a variant of standard OCO framework to capture
the long-term effects of past decisions, whose protocol is shown below.

I: fort=m+1,...,7 do

2:  the player chooses a decision w; € W;

3:  the adversary reveals the loss f; : W™t — R that applies to last m + 1 decisions;

4:  the player suffers a loss of fy(Wi—pm,..., W¢);

5: end for

In above, m is the memory length, and f; : W+t 5 R is convex in memory, which means its
unary function f;(w) = fi(w,...,w) is convex in w. Clearly, OCO with memory recovers
the standard memoryless OCO when m = 0. The standard measure is policy regret (Dekel
et al., 2012) as defined in (1). We introduce a strengthened measure called dynamic policy
regret to compete with changing comparators as defined in (2). The dynamic policy regret
upper bound usually involves the path length Pr = Z?:2||vt_1 — v¢||2, which measures the
variation of comparators and thus captures the environmental non-stationarity. Throughout
the paper, O(:)-notation is used to express regret upper bound as a function of 7" and Pr,
and O(-)-notation omits logarithmic factors in T'. To make it clear, we mention that the
O(+)-notation does not hide loglog Pr or loglog T terms, even though they are indeed small.
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Assumptions. Next, we introduce several standard assumptions (Anava et al., 2015).
For simplicity we focus on the fs-norm and the extension to general primal-dual norms is
straightforward.

Assumption 1 (coordinate-wise Lipschitzness). The online function f; : W™ s R is
L-coordinate-wise Lipschitz, i.e., | f¢(X0,...,Xm) — fe(yo,- -, ¥ym)| < LY7o l1%xi — yill2.

Assumption 2 (bounded gradient). The gradient norm of the unary loss is at most G,
ie, forallwe W and t € [T], |[Vfi(w)|l2 < G.

Assumption 3 (bounded domain). The domain W is convex, closed, and satisfies |w —
w/|l2 < D for all w,w’ € W. For convenience, we also assume 0 € W.

Static Regret of OCO with Memory. This part briefly reviews the result of static
policy regret. Anava et al. (2015) propose a simple approach based on the gradient descent
based on the observation that when online functions are coordinate-wise Lipschitz, the
policy regret can be upper bounded by the switching cost and the vanilla regret over the
unary loss, formally,

T T T T T
D Fi( W) — ‘I,Iélg\ljz Fiv) S A lIwe = wiealla+ ) fe(we) — ‘%%Z fi(v),
t=1 t=1 t=2 t=1 t=1

where A\ = m?L. The first term is the switching cost measuring the cumulative move-
ment of decisions wy.r and the remaining term is the standard regret of memoryless OCO.
Consequently, it is natural to perform Online Gradient Descent (OGD) (Zinkevich, 2003)
over the unary loss fi, i.e., wiy1 = Iyy[wy — nV fi(wy)], where nn > 0 is the step size and
ITyy[-] denotes the projection onto the nearest point in W. It is well-known that with an
appropriate step size OGD enjoys an O(v/T) regret in memoryless OCO. Further, Anava
et al. (2015) show that the produced decisions move sufficiently slowly. Indeed, switching
cost satisfies Z,:T:QHWt — w1l < O(nT), which will not affect the final regret order by
choosing 7 = O(1/+/T). Combining both facts yields an O(v/T) static policy regret (Anava
et al., 2015, Theorem 3.1).

4 OCO with Memory

This section presents dynamic policy regret of OCO with memory. We begin with the gentle
case when the path length is known, and then handle the general case when it is unknown
and present the overall result.

4.1 A Gentle Start: known path length

Similar to the static regret analysis mentioned in the last section, we first upper-bound the
dynamic policy regret (2) in the following way:

T T T T
D-Regretr(vir) < fi(w) = > fi(ve) +AD _[we—wiala + A [lvi = vl (3)
t=1 t=1

t=2 t=2



ZHAO, YAN, WANG, AND ZHOU

There are three terms in the upper bound: dynamic regret of unary functions, switching
cost of final decisions, and switching cost of comparators. Therefore, it is natural to deploy
OGD over unary functions, and we can prove the following dynamic policy regret guarantee.
The proof can be found in Appendix B.1.

Theorem 1. Under Assumptions 1-3, running OGD over unary losses fl, cee fT ensures

1—|—PT

T T
D-Regretp(vy.r) = Z fr(Wi—m:) — Z fr(Viema) < O(nT + + PT) (4)
t—1 t—1

for any comparator sequence vi,...,vpr € W, where Pr = ZtT:2||vt — vi_1||2 is the path
length measuring fluctuation of the comparator sequence.

Suppose the value of path length Pr were known a priori, Theorem 1 indicates an op-
timal O(1/T(1 + Pr)) dynamic policy regret by setting step size as n = O(\/(1 + Pr)/T),
matching the Q(+/7(1 + Pr)) lower bound of memoryless OCO (Zhang et al., 2018a). How-
ever, this step size tuning is not realistic because we cannot attain the prior information
of path length Pr = Z?ZQHVt,l — v¢||2. Indeed, since the dynamic policy regret measure
holds for any comparator sequence vy, ..., vy that can be arbitrarily selected in the feasible
domain W, the path length Pr essentially captures the environmental non-stationarity and
is unknown to the player. In Section 4.2, we will further elucidate the challenge of de-
signing online algorithms that enjoy optimal dynamic policy regret and meanwhile do not
require prior knowledge of environmental non-stationarity, especially due to the switching
cost arising in OCO with memory. In Section 4.3, we will present our solution by intro-
ducing several novel algorithmic ingredients. Finally, in Section 4.4 we further improve the
algorithm to achieve an optimal memory dependence along with the corresponding lower
bound argument to show the minimax optimality of our results.

4.2 Challenge: unknown path length and switching cost of OCO with memory

As mentioned in the last paragraph, the fundamental difficulty of attaining optimal dynamic
policy regret lies in the infeasible step size tuning that depends on the unknown comparator
sequence Vi, ..., vy. We emphasize that such an unpleasant dependence cannot be removed
by the well-known doubling trick (Cesa-Bianchi et al., 1997), because we cannot monitor the
empirical value of path length, P, = Z';:2||vS — Vs_1l|2, as comparators vi,..., vy can be
arbitrarily chosen in the feasible domain W and are entirely unknown to the learner. Similar
challenge also emerges in recent studies of memoryless non-stationary online learning (Zhang
et al., 2018a; Zhao et al., 2020), inspired by which we employ the meta-base online ensemble
framework to design a two-layer approach to optimize the dynamic policy regret. Below, we
will first briefly review the framework and then elucidate the challenge of its application in
OCO with memory, mainly due to the tension between dynamic regret and switching cost,
which necessitates additional new ideas.

Meta-base Online Ensemble Framework. The framework admits a two-layer struc-
ture and is essentially an online ensemble method (Zhou, 2012; Zhao, 2021). We first
need to design an appropriate pool of candidate step sizes H = {n1,...,nn} to ensure the
existence of a step size 7;+ that approximates optimal step size 1, well. Then, multiple
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base-learners By, ..., By are maintained, and each performs base-algorithm (for example,
OGD) with a step size 7; € H and generates the decision sequence wi;, Wa;,..., Wr,;.
Finally, a meta-learner, supposed to be able to track the best base-learner, is used to com-
bine all intermediate results of base learners to produce final output wy, wo, ..., wp, where
Wy = ZZ]\L 1PtiW¢ ;. The final output of meta-base algorithm can well approximate the de-
cision sequence of the best base-learner (the one with near-optimal step size 7;+) and thus
ensure a good dynamic regret bound.

Indeed, by employing OGD over unary functions fl, ey fT and designing a proper step
size pool H, it is not hard to prove a dynamic regret bound over unary functions, that is,
ST felwe) =SS fi(vi) < O(/T(1 + Pr)). Then, by (9) we have

T

D-Regrety(vi:r) < O(V/T(1+ Pr)) + O(Pr) + 3 _|lwi = wi_1]la.

t=2

So we are in the position to control switching cost. Below, we demonstrate that a vanilla
deployment of the meta-base method may move too fast to achieve a sublinear switching cost
and will ruin the overall policy regret bound, which necessitates additional novel algorithmic
ingredients to better balance the dynamic regret and switching cost.

Switching Cost. The switching cost is the pivot of the analysis for OCO with mem-
ory. Anava et al. (2015) demonstrate that many popular OCO algorithms for static regret
minimization naturally produce slow-moving decisions, however, it becomes more difficult
in dynamic regret. Intuitively, for dynamic online algorithms, it is necessary to keep some
probability of aggressive movement in order to catch up with the potential changes of non-
stationary environments, which results in tensions between dynamic regret and switching
cost. Formally, denote by w; = 25\;1 pt,iW¢; the final decision returned by the two-layer
approach, then the switching cost can be bounded by

T T T N
ZHWt — w12 < DZHpt —pi—1l + Zzpt,int,i — W12 (5)
t=2 t=2

t=2 i=1

A formal proof is presented in Appendix B.2. In the upper bound, the first term ZZ:QH Pt —
pi_1]|1 is the switching cost of meta-learner, which is at most O(v/T). However, the second
term Z?:Q Zfil Dil| Wi —Wi—1,i]|2, the weighted sum of switching cost of all base-learners,
becomes the major barrier, which could be very large and even grow linearly over iterations.
Specifically, for each base-learner B; (OGD with step size 7;), its switching cost is at most
O(n;T); additionally, to ensure a coverage of the optimal step size, the pool of candidate
step sizes is usually set as H = {n; = O(2* - T~'/2),i € [N]} such that n, = O(T~/?) and
ny = O(1). Therefore, the base-learner with larger step sizes would incur unacceptable
switching cost, for instance, the switching cost of base-learner By could grow linearly, of
order O(T). As a result, the term Z,:TZQ Zfil Pt,il|Wei — We_1,]|2 could be enlarged by
base-learners whose step sizes are too large and therefore is difficult to control.
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4.3 Algorithmically Enforcing Low Switching Cost: a new meta-base
decomposition

To resolve the challenge of switching cost in dynamic policy regret minimization, we propose
a novel switching-cost-aware online ensemble approach. Specifically, we start with proposing
the following new meta-base regret decomposition to avoid directly controlling switching
cost of final predictions or controlling switching cost of every base-learner:

T T T
S fiwe) =D fivi) A lwe — wia (6)
t=1 t=1 t=2
T T T N
< (Vilwe),wi = vi) + ADD pe = pecalli + A 0D prillwei — Wil
t=1 t=2 t=2 i=1
T T T T
= Z ((pt, £s) — Lei) + AD ZHpt —pe-1lli + Z (9:(Wei) = ge(ve)) + A ZHWt,i —wi1l2-
t=1 t=2 t=1 t=2
meta—;,egret base-regret

The first inequality follows from the convexity of unary functions and switching cost de-
composition (5), and for convenience we introduce the notation of linearized loss g;(w) =
(V fi(wy), w). The second equation is crucial, in which the key ingredient is the introduced
switching-cost-reqularized surrogate loss £; € RN for the meta-algorithm, defined as

Ui & gr(wis) + Allwe — wi—1]|2. (7)

Intuitively, the base-learner’s switching cost is now taken into account when evaluating
its performance—the meta-learner will impose more penalty on base-learners with larger
switching cost. Technically, the key improvement upon previous analysis in (5) lies in the
switching cost term of the base-learner: we now only need to bound switching cost of a
single base-learner "7, ||wt; — w;_1.||2, which is to be contrasted to the switching cost of
all the base-learners 31y SN prillwii — wi_1.4lo-

Furthermore, noting that the new meta-base decomposition (6) holds simultaneously
for any index i € [N], we can therefore choose the compared index as i* (the one with
near-optimal step size) and the switching cost of this base-learner B;- is at most O(n=T) =
O(y/T(1+ Pr)). In other words, we successfully escape from those base-learners with
unacceptably large step sizes, whose switching cost is too large to tolerate.

Consequently, we can tackle switching cost in the meta-base methods with the help of
the switching-cost-regularized technique. The rest is more or less standard. Specifically, the
meta-base regret decomposition indicates the following requirements on the base-algorithm
and meta-algorithm:

e base-algorithm needs to achieve low dynamic regret over unary functions and tolerate
its own switching cost S, [[Wei — wi_1.l2;

e meta-algorithm needs to optimize the switching-cost-regularized loss to impose more
penalty on base-learners with larger switching cost, and tolerate its own switching
T
cost > i ollpt — Pr-1ll1-

10
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Below, we outline the specific configurations of our switching-cost-aware online ensemble
approach (including settings of step size pool, base-algorithm, and meta-algorithm) to fulfill
above requirements.

Step Size Pool. We initiate N = [}logy(1 4+ T)| +1 = O(log T') base-learners, with step
D2

size pool set as
=S |mi=2"1 | ———s—, i€ [N]}.

Base-algorithm. The base-algorithm is chosen as OGD running over the linearized loss
{9t }1=1.7. The switching cost of each base-learner can be safely controlled, as indicated by
Theorem 1. More specifically, there are N base-learners denoted by Bi,...,By and the
base-learner B; (with step size n; € H) performs

Wis1i = Mw[wei — Vg (wei)] = wlwei — 0,V fo(wy)).

The second equation is from g,(w) = <Vﬁ(wt), w) and the update exhibits the computa-
tional advantage due to linearization: although multiple base-learners are performed, they
share the same gradient and thus the algorithm only calculates one gradient per iteration,
rather than N gradients as was anticipated.

Meta-algorithm. The meta-algorithm is set as the well-known Hedge algorithm (Freund
and Schapire, 1997) running over the switching-cost-reqularized loss. The weight p;+1 € An
is updated by pry1i o priexp(—ely;), where £; € RY is the switching-cost-regularized
surrogate loss defined in (7) and € > 0 is the learning rate. Then, the meta-regret
Zthl ((pt,£t> — Em) + A\D Z;‘F:QHpt — pi—1|]1, essentially the static regret with switching
cost, can be well controlled with ¢ = O(4/1/T). For technical reasons, we adopt a non-
uniform initialization by setting p1 € Ay with py; o 1/(i%+14). The dependence of learning
rate on 1" can be removed by either a time-varying tuning or doubling trick.

We finally remark that base-algorithm (OGD) and meta-algorithm (Hedge) can be un-
derstood in a unified view from the aspect of Online Mirror Descent (OMD) (Nemirovsky
and Yudin, 1983; Shalev-Shwartz, 2012; Srebro et al., 2011). OMD is a powerful online
method accommodating general geometries and both OGD and Hedge are its special in-
stances. We can generalize the dynamic policy regret of Theorem 1 from OGD to OMD, and
this can be used to extend all the results in this paper from f3-norm to general primal-dual
norms. More descriptions are supplied in Appendix B.3.

Overall Algorithm. Combining all above ingredients, we propose the Switching-Cost-
Regularized Ensemble Algorithm for OCO with Memory (Scream) algorithm, which is
based on online mirror descent and admits a two-layer meta-base online ensemble structure.
Algorithm 1 presents overall procedures: each base-learner performs OGD with its step size
as shown in Line 10; the meta-learner combines local decisions and updates the weight
according to the switching-cost-regularized loss as described in Lines 4-9. The following
theorem demonstrates that our algorithm can attain a favorable dynamic policy regret,
striking a good balance between regret and switching cost.

11
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Algorithm 1 Scream

Input: step size pool H = {n1,...,nn}, learning rate of meta-algorithm e

1: Initialization: Wi, € W, Wy; € W, Vi € [N]; pm € Ay with pp,; o 1/(i2+14), Vi € [N]
2: fort =m-+1toT do

3:  Receive wy; from base-learner B; for i € [N]

Submit the decision w; = Zf\i | PiWe

Suffer a loss of fy(Wi—m,..., Wy)

Observe the online function f; : W™*! = R that applies to last m + 1 decisions
Construct the linearized loss by g,(w) = (V fi(w;), w)

Construct the switching-cost-regularized loss £, € R with lei = gt(Wei) + A||we; —
Wt—l,i”? for i € [N]

9:  Update the weight piy1 € An according to pry1,; o pr;exp(—ele;)

10:  Base-learner B; updates the local decision by wyy1; = Iy [wy —mVﬁ(wt)], Vi € [N]
11: end for

Theorem 2. Under Assumptions 1-3, by setting the learning rate optimally of meta-
algorithm as € = \/2/((2\ + G)(A + G)D2T) and the step size pool H as (8), our proposed
Scream algorithm ensures that for any comparator sequence vi,...,vp € W, we have

D-Regrety(vi.r) < O(V/AT(1+ Pr) + A1VT(1 + loglog Pr) + APr),

where A = m2L and Pr = Y1, ||vi_1 — vi|la. So dynamic policy regret is O(\/T(1 + Pr)).

The proof of Theorem 2 is presented in Appendix B.4.

Remark 1. Since the dynamic policy regret holds for any comparator sequence, by simply
setting comparators as the fixed best decision in hindsight (now Pr = 0), our dynamic
policy regret implies the O(v/T) static policy regret (Anava et al., 2015). Second, when
omitting the consideration of the A-dependence, the dynamic regret bound simplifies to
O(\/T(1+ Pr)), which is minimaz optimal in terms of T and Pr, as an Q(y/T(1+ Pr))
lower bound has been established for the dynamic regret of memoryless OCO (Zhang et al.,
2018a), which is a special case of OCO with memory when setting m = 0.

Remark 2. We further examine the memory dependence of the attained bounds. The
dynamic policy regret in Theorem 2 exhibits a quadratic dependence on the memory length
m (i.e., linear dependence on A = m2L). Recall that the dynamic policy regret is upper
bounded by the dynamic regret of unary functions and switching cost of decisions (i.e.,
Zz;l fr(wy) — ZtT:1 fr(ve)+A Zf:2||wt —w;_1/|2) as well as the switching cost/ path length
of comparators (i.e., AY[_,|[vi — vi_1|la = APr), namely,

T T T T
D-Regrety(vir) < Y fo(wi) = > fi(v) + XD _[lwe = wicalla + A [[ve = viall2. (9)
t=1 t=2 t=2

t=1

dynamic regret of 0CO with switching cost path length (:)\PT)

Notably, the last path length term is the variation of comparators and thus irrelevant to
the algorithm, which already exhibits a quadratic memory dependence. As a result, in the

12
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following we will focus the memory dependence of the first two terms, which is essentially
the dynamic regret of OCO with switching cost. Indeed, our conference version (Zhao et al.,
2022b) gives an O(\/AT (1 + Pr)+ VT (1+loglog Pr)) < O(A/T(1 + Pr)) regret bound,
whereas Theorem 2 of this paper improves the result to O(\/AT(1 + Pr) + A¥/4V/T(1 +
loglog Pr)) < O(A\/*\/T(1 + Pr)) through a refined analysis (there is no modification on
the algorithm), achieving an A4 improvement.

As a benefit, when choosing a fixed comparator, Theorem 2 implies an O ()\3/ 4\/T) static
regret, improving upon the (’)(z\ﬁ) static regret implication based on the dynamic policy
regret in the conference version (Zhao et al., 2022b), where A = O(m?) is the squared
memory length. Nevertheless, the best static policy regret for OCO with switching cost
is O(VAT) = O(m+/T), which enjoys a linear dependence on the memory length (Anava
et al., 2015) (see discussions in Appendix B.8 for details), and our result still exhibits a gap
here. Therefore, we are wondering what the optimal memory dependence of dynamic regret
for OCO with switching cost is. We answer this question in the next subsection.

4.4 Improved Algorithm with an Optimal Memory Dependence

In this part, we resolve the question raised at the end of the last subsection. Specifically,
we first illustrate the failure of Scream algorithm in achieving optimal memory dependence;
and then we propose an improved algorithm building upon Scream (Algorithm 1) that
enjoys an O(y/AT(1 + Pr)) dynamic regret for OCO with switching cost, hence matching
the O(V/AT) static regret (Anava et al., 2015) when choosing a fixed comparator such that
Pr = 0. We finally supply the lower bound to demonstrate the minimax optimality of our
attained upper bound in terms of the memory dependence.

Failure of Scream Algorithm. Inspecting the proof of Theorem 2, we can observe that

the sub-optimality of memory dependence mainly comes from the meta-regret Zthl (pt, L) —
thl lii+AD ZtT:2 |lpt —pi—1]|1 (see the decomposition in (6) for more details). Specifically,

consider the switching cost of meta-algorithm, which can be upper bounded as follows:

T T
AN llpe = proilln A elllilloo < AeGrmeraT < O(ANTVT), (10)
t=2 t=2

where the first inequality holds by the standard analysis on the meta-algorithm (see (31) for
more details). The second inequality is by definition of Gmeta = SupPscpr] icn|feil, that is,
the maximum scale of the loss of meta-algorithm. The last inequality is due to the setting
of e = O(1/v/T) and our analysis shows that Gieta < O(V)).

From (10), we can see that the switching cost of meta-algorithm exhibits an undesirable
memory dependence of order O(A\3/4) = O(m?/?), whereas our desired one is linear in m.
Therefore, it is natural to ask for an improved meta-algorithm that can enjoy a better
memory dependence. However, we present the following theorem to negatively show that
when the loss of meta-algorithm lies in the range of [—C, C|] for some C' > 0, any algorithm
must incur a regret of Q(v/ACT). The proof is deferred to Appendix B.5.

1. Note that the loglog Pr term can be dominated by v/ Pr and is thus absorbed within the O(-)-notation.

13



ZHAO, YAN, WANG, AND ZHOU

Algorithm 2 Lazy Scream

Input: Scream A (Algorithm 1), epoch number B, epoch length A
1: Initialization: wy from Scream A

2: for k=1to K do

3: Initialize Vi =0

4 fort=(k—1)A+1to kA do

5 Submit the decision w; = wy,

6: Suffer a loss of fi(Wi—m:t) _

7 Vie=Vir+ Vft(Wt) =Vi+ Vft(\?vk)

8 end for

9:  Send Vi to Scream A for update and receive w1
10: end for

Theorem 3. Consider a T-round prediction with expert advice problem with A-switching
cost. Given A > 0 and C > 0, there exists a sequence of loss functions £1, ..., Ly satisfying
£, € [-C,C1N for all t € [T] such that any feasible expert algorithm (whose output is
P1,...,pr € AN) incurs the following regret

T T T
> (b, pe) — min D b+ A Ipe— pioil = QVACT).
! t=1

t=1 t=2

In our case, we have |[¢;;| < GD + /) (see the argument in (33) for details). Therefore,
by applying Theorem 3, we know that the meta-algorithm will incur at least Q(\3/4y/T)
regret, which prohibits Scream from achieving the desired O(v/A) memory dependence.

An Improved Algorithm. To address this memory dependence issue, we propose an
improved algorithm called Lazy Scream, presented in Algorithm 2, which is a simple
variant of the vanilla Scream algorithm (see Algorithm 1). Specifically, Lazy Scream builds
upon Scream with episodic updates, and proceeds in K epochs (Line 2). The k-th epoch
is denoted by Zj such that |Z;| = A, for all k& € [K]. Specifically, the algorithm updates
at the epoch-level, for each epoch Zj, the learner submits the same decision (Line 5) and
computes the cumulative loss gradient (Line 7), and at the end of each epoch, the learner
sends the cumulative gradient to the original Scream algorithm (Algorithm 1) for update
(Line 9). The next theorem shows that Lazy Scream attains an improved dynamic policy
regret in terms of memory length, whose proof can be found in Appendix B.6.

Theorem 4. Under the same assumptions as Theorem 2, by setting the learning rate of
meta-algorithm optimally and the step size pool H as (8), our proposed Lazy Scream (Algo-
rithm 2) with epoch length A = /X ensures that

D-Regretp(vir) < (’)(\/)\T(l + Pr)+ /\PT),

T
for any comparator sequence V1, ...,vy € W, where A = m?L and Pr = Yol Vie1 — V2.

Theorem 4 implies an O(y/AT(1 + Pr)) dynamic regret for OCO with switching cost.
Below we further prove that our result is minimax optimal in switching-cost coefficient A,
time horizon T, and path length Pr.
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Theorem 5. Given a real value T € [0, DT] and a parameter X > 0, there exist (1) a

sequence of convex loss functions hy,...,hp with hy : W — R for t € [T], which satisfy
Assumption 2 and some feasible domain W C R® with Assumption 3; and (2) a sequence
of comparators v1,...,vy € R whose path length Pr(vy,...,vy) = ZtT:2HVt —viill2 < T,
such that any online algorithm returning w1, ..., wp € W satisfies

T T T

D hi(wi) =D he(ve) + A [we = w2 = Q(VATT). (11)

t=1 t=1 t=2

Theorem 5 demonstrates the minimax optimality of the obtained O(1/AT(1 + Pr)) dy-
namic regret bound for OCO with switching cost, which is optimal in terms of switching-cost
coefficient A, time horizon T', and path length Pr. The corresponding proof can be found
in Appendix B.7.

5 Online Non-stochastic Control

In this section, we apply the results of OCO with memory to an important online decision-
making problem, online non-stochastic control (Agarwal et al., 2019), which draws much
attention from researchers in online learning and control theory communities (Agarwal
et al., 2019; Simchowitz et al., 2020; Hazan et al., 2020; Simchowit, 2020; Gradu et al.,
2020a; Cassel and Koren, 2020; Gradu et al., 2020b; Zhang et al., 2022b).

5.1 Problem Statement

Problem Setting. We study the online control of the linear dynamical system (LDS)
governed by
Tt4+1 = AIL’t + But + Wt, (12)

where at iteration ¢, the controller provides the control u; upon the observed dynamical
state 2; and suffers a cost ¢ (2, u;) with convex function ¢; : R% x R% s R. Following the
notational convention of previous works, throughout the section we will use unbold fonts to
denote vectors (including control signal, state, disturbance, etc.). We focus on online non-
stochastic control (Agarwal et al., 2019), that is, the disturbance can be generated arbitrarily
and no statistical assumption is imposed on its distribution; additionally, cost functions can
be chosen adversarially. The adversarial nature of the disturbance and online cost functions
hinders an a priori computation of the optimal policy as in settings of classical control
theory (Kalman, 1960) and therefore requires techniques from modern online learning to
tackle adversarial environments.

Policy Regret. The standard measure for online non-stochastic control is the policy re-
gret (Agarwal et al., 2019), defined as the difference between cumulative loss of the designed
controller A and that of the compared controller 7 € II, namely,

T

T
Regret, = — mi £oup)- 13
egrety ;Ct(wum) glelgtzl%(wt,ut) (13)

The comparator could be chosen with complete foreknowledge of the disturbance and loss
functions. Recently, a variety of control algorithms have been proposed to optimize this
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measure under different settings (Agarwal et al., 2019; Hazan et al., 2020; Simchowitz et al.,
2020; Cassel and Koren, 2020; Gradu et al., 2020a; Foster and Simchowitz, 2020). However,
we argue that competing with a fixed controller may be not appropriate, especially because
the unknown disturbances and cost functions can change arbitrarily in the non-stochastic
control setting so that the optimal controller of each round would also change accordingly.
Therefore, it is necessary to enable the online controller to compete with time-varying
controllers to adapt to those changes. To this end, we generalize the standard measure (13)
to the dynamic policy regret to benchmark the algorithm with a sequence of time-varying
controllers 7y, ..., € 1, formally,

Mﬁ
Mﬂ

D-Regretp(m.7) ce(my, uy) ce(zyft uft). (14)

t=1 t=1

The measure clearly subsumes the standard policy regret (13) when choosing the compared
controllers as a fixed one, i.e., T, € argmin, g Zthl ce(zf,uf). In this work, the bench-
mark set II is chosen as the class of disturbance-action controllers (see Definition 1), which
encompasses many controllers of interest.

5.2 Reduction to OCO with Memory

Following the pioneering work (Agarwal et al., 2019), we will work on the Disturbance-
Action Controller (DAC) policy class, which parametrizes the executed action as a linear
function of the past disturbances. By doing so, we can reduce online non-stochastic control
to OCO with memory so that the results of Section 4 can be leveraged to design robust
controllers with provable dynamic policy regret guarantee.

Definition 1 (Disturbance-Action Controller, DAC). A disturbance-action controller, de-
noted by 7(K, M), with memory length H is specified by a fixed matrix K and param-
eters M = (MM, ... MH]). At each iteration ¢, the controller 7(K, M) chooses the ac-
tion as a linear map of the past disturbances with an offset linear controller, formally,
uy = —Kaxp + Zszl metfz

For convenience, we define w; = 0 for ¢ < 0. The DAC policy is implementable because
the disturbance can be recovered by wy = x441 — Axy — Buy as system dynamics A and B are
supposed to be known. Our method can also extend to the scenario of online non-stochastic
control with unknown systems, which is presented at the end of this section. The following
proposition by Agarwal et al. (2019) presents an important property of DAC policy.

Proposition 6 (Lemma 4.3 of Agarwal et al. (2019)). Suppose the initial state is xg = 0
and one chooses the DAC' controller w(K, M) at iteration t, the reaching state and the
corresponding DAC' control are

Hit-1
K1
K(Mo.y—1) E Uy (Mog—1)wi—1—,

upt (Moy) = — Ka* (Mo-1) ZMMUH, i

16



NON-STATIONARY ONLINE LEARNING WITH MEMORY AND NON-STOCHASTIC CONTROL

where KK =A— BK and

h
U (M) = AicLish + ) A4 BM sy
7=0

Evidently, both state x; and control u; are linear functions of DAC parameters M.,
so the cost c;(x (Mo.s_1),uls (Mo.)) is a function of historical parameters My.;. Thereby,
the remaining challenge is to handle this memory issue due to the state transition of online
control, which can be addressed by OCO with memory studied in Section 4. Note that
there is one big caveat in applying the technique—the current memory length is not fixed
but growing with time, which is not feasible in OCO with memory. To this end, Agarwal
et al. (2019) further propose a truncation operation that truncates the state with a fixed
memory length H and defines the following truncated loss.

Definition 2 (Truncated Loss). For the cost function ¢; : R% x R% s R and DAC policies
{m(K, My)}i=1,.. 1, given memory length H, the induced truncated loss f; : M2 S R s
defined as

Fe(Mi1_m4) = eyl (My_1 1), 0 (My—1_r4t)),

where the truncated state and truncated DAC control are

2H H
K.H /
yr = U (M g)ws, and vy = —Kyl (My_ma) + > Mt[ﬂlwtﬂ—i-
=0 i=1

It can be proved that the error introduced by the truncation operation (the gap between
ft and ¢;) can be precisely controlled. Therefore, by feeding the truncated loss f; to the
OCO with memory framework with a memory length of H + 2, we finish the reduction from
online non-stochastic control to OCO with memory.

5.3 Dynamic Policy Regret of Online Non-stochastic Control

The above reduction enables us to leverage results of OCO with memory (Section 4) to
design online controllers competitive with time-varying compared policies. We propose the
Scream.Control algorithm, consisting of the following two components:

(1) DAC parameterization for reduction: using DAC control u; = 7(K, M;) for param-
eterization and define the unary loss of the truncated loss, i.e., f; : M — R with
fi(M) = fu(M,..., M) (see Definition 2).

(2) meta-base online ensemble structure for OCO with memory: performing Scream al-
gorithm of Section 4 over unary loss f;, and using meta-algorithm to combine inter-
mediate parameters M 1,..., M; y from all base-learners to produce the final M;.

Algorithm 3 describes our proposed algorithm for optimizing dynamic policy regret of
online non-stochastic control. We further provide its theoretical guarantee. We begin with
several standard assumptions used in the literature (Agarwal et al., 2019; Hazan et al., 2020;
Gradu et al., 2020a) and next present the main result.
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Algorithm 3 Scream.Control
Input: step size pool H = {n,...,nn}; learning rate of meta-learner £; memory length
H; linear controller K; feasible domain M
1: Initialization: wuq,...,uy, any feasible output control signals for the first H rounds;
Initialization: base decisions of the H-th round Mg, Mgp,...MgNn € M; non-
uniform weight py11 € Ax with pgiq,; o< 1/(i% + 1), Vi € [N]
fort=H+1toT do
Receive M, ; from base-learner B; for i € [N]
Obtain the policy parameter M; = sz\il DriMy
Output uy = —Kz; + Zfil Mt[z]wt_i
Suffer a loss of c;(x¢, us) and observe the cost function ¢; : R% x R% — R
Construct the truncated loss f; : MHF2 5 R by Definition 2 and the linearized loss
by gi(M) = (V fy(My), M)
9:  Compute the switching-cost-regularized loss €; € R with O = N|| My — M1 ]lp +
g+(My;) for i € [N]
10:  Update the weight to piy1 € An via i1 X prjexp(—ely;)
11:  Base-learner B; updates the local parameter by M 1, = IIapq[M;; — n¢Vﬁ(Mt)]
12:  Observe the new state x;11 and calculate the disturbance w; = z;41 — Axy — Buy
13: end for

N

Assumption 4. The system matrices are bounded, i.e., ||Allop < k4 and ||Bllop < KB.
Besides, the disturbance ||w;|| < W holds for any ¢ € [T]].

Assumption 5. The cost function ¢;(z, u) is convex. Further, when ||z||, [|[u] < D, it holds
that |ci(z,u)| < BD? and ||Vaiei(z, u) ||, [|[Vuce(x, u)|| < GeD.

Assumption 6. DAC controller 7(K, M) satisfies:
(1) K is (k,7y)-strongly stable, whose precise definition is in Definition 4 of Appendix A.2;
(2) M € M where M = {M = (MW, ... MUY | |ME),, <kprd(1 —7)}.

Theorem 7. Under Assumptions 4—6, we set learning rate optimally and the step size pool

H as

, (15)

where N = [$logy(14+T)] + 1 = O(logT) is the number of base-learners, and X = (H +
2)2Lf. The parameters Ly, Gy, Dy are defined in Lemma 29 and only depend on natural
parameters of the linear dynamical system and truncated memory length H. By choosing
H =0(logT), our Scream.Control algorithm enjoys

T
thzvt,ut Z c(apt ugt) 7(5( T(l—i—PT)),
=1

t=1

where w1, ...,mp € Il can be any comparator sequence in the compared DAC policy class
II = {n(K,M) | M e M} with m; = 7n(K,M]) fort € [T]. The path length Pr =
Z;‘FZQHMt”Ll — M|l measures the cumulative variation of comparators.
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Algorithm 4 System Identification via Random Inputs (Hazan et al., 2020)

Input: rounds of exploration Tj.
1: fort=1,...,7y do

2:  Execute the control uy = —Kx; + @y with Uy ~;;q {31}%
3:  Record the observed state ;1
4: end for

5: Declare N; = ﬁ Zﬂiakfl Tit i1y , for all j € [k]

6: Define Cjy = [No, ..., Nk_1] ,6’1 = [N1,..., Ni] and return estimation }L B as

~ —~ ~ o~ ~ o~ —1 —~ —~ —~
B =N, AKécch(cocJ) . A= Ax+ BK.

Till now, we assume the knowledge of the underlying system A and B. By further
adopting the system identification via random inputs developed by Hazan et al. (2020),
our result can be extended to online non-stochastic control with unknown systems. Indeed,
when the system is unknown, i.e., A and B are not known in advance, we follow the explore-
then-commit method of Hazan et al. (2020) to identify the underlying dynamics and then
deploy the control algorithm based on the estimated system dynamics. The algorithmic
descriptions are summarized in Algorithm 4. In the exploration phase, the identification
algorithm (Hazan et al., 2020, Algorithm 2) uses some random inputs to approximately
recover the system dynamics. Specifically, given an estimation budget Ty < 7T, in the first
Ty, rounds, we input the control signal u; = —Kx; 41y with the random inputs @; ~ {£1}%
and then observe the corresponding state x;11. Then, by the estimation method presented
in Line 6 of Algorithm 4, we can show that the estimation regret overhead is O(T%/3) when
choosing Ty = ©(T%/?).

To give the formal regret analysis and ensure finite-sample convergence rate, we focus
on the system with strong controllability following the work of Hazan et al. (2020).

Definition 3 (Strong Controllability). For a linear dynamical system and a strongly stable
linear controller K, for k > 1, define a matrix Cj, € R%*kdu a5

Cp=|B,AkB,...,Ak1B| (16)

where Ax = A — BK. A linear dynamical system is controllable with controllability index
k if Cj has full row-rank. In addition, such a system is also (k, k.)-strongly controllable if

1(CCT) M < e

Assumption 7 (Strong Controllability). The dynamical system xy11 = Axy + Bu + wy is
(k, kc)-strongly controllable.

Theorem 8. Under the same assumptions of Theorem 7 except that system matrices A and
B are now unknown, and suppose the systems are strongly controllable (see Assumption 7)
and the time horizon T is sufficiently large, Scream.Control with system identification (Al-
gorithm /) ensures that with high probability,

T
N erlan ) = ela uft) < O(/T(A+ Pr) +T%?),
t=1 t=1
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where w1, ...,mp € Il can be any comparator sequence in the compared DAC policy class
I ={n(K,M)| M e M} with 7, = n(K,M]) for t € [T]. The path length Pr =
Zthz”Mt*—l — M ||r measures the cumulative variation of comparators.

Finally, we note that our obtained dynamic policy regret bound in Theorem 7 can recover
the 6(\/T ) static policy regret for non-stochastic control with known systems (Agarwal
et al., 2019), and the result in Theorem 8 implies an O(T%/?) high-probability static policy
regret for non-stochastic control with unknown systems (Hazan et al., 2020).

Corollary 9. For known systems, under the same assumptions of Theorem 7, it holds that
Scream. Control enjoys a static policy regret at most

T

T
th(:):t,ut mcht aFuf) < O(VT).
t=1

11
=1 e

For unknown systems, under the same assumptions of Theorem 8, Scream.Control with
system identification ensures that with high probability,

T

Ct $t,Ut — min Ct(%& 7ut) O(T2/3)
t—1 melli 3

Mﬂ

In above, the comparator set II can be chosen as either the set of DAC policies or the set
of strongly linear controllers.

6 Experiment

Although our paper mainly focuses on the theoretical investigation, in this section, we
further present empirical studies to support our theoretical findings. We report the results
of OCO with memory in Section 6.1 and online non-stochastic control in Section 6.2.

6.1 OCO with Memory

Since OCO with memory is essentially tackled by optimizing the upper bound of the policy
regret, which consists of the vanilla regret over the unary functions and the switching cost,
as explained in (9) for dynamic policy regret. Thus, in the empirical studies, we directly
investigate the performance of different algorithms in optimizing this upper bound, i.e., the
unary regret with switching cost. More specifically, we consider the following OCO with
switching cost problem: at each round, the player predicts w; € VW and the environments
choose the loss function f; : W — R. The player will then suffer a loss of fi(w;) as well as
a switching cost of ||w; — wy_1]|2, and thus the overall loss is f;(w;) + A||lw; — wy_1]|2 with
some A > 0 as the trade-off parameter.

Settings. We simulate the online learning scenario by the following setting: the player
sequentially receives the feature of data item and then predicts its label. The data item of
each round is denoted by (x¢,y¢) € X x ), where X is a d-dimensional ball with diameter
I" and Y € R is the space of real values. The time horizon is set as T" = 50000 and the
dimension is set as d = 10. To simulate the distribution changes, we generate the output
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according to y; = x, W} + &;, where w; € R? is the underlying model and &; € [0,0.1] is a
random noise. The underlying model w; will change every 1000 rounds, randomly sampled
from a d-dimensional ball with diameter D/2, so there are in total S = 50 changes. We

the squared loss as loss functions, defined as fi(w) = 2(w'x; — y)? and thus the gradient

is Vfi(w) = (w'x; —y;) - x;. The feasible set W is also set as d-dimensional ball with
diameter D/2, and thus from all above settings, we know that [|x;2 < T, [[w|s < D/2,
and ||V fi(w)||2 < DI'2. We set I' = 1 and D = 2, so the gradient norm is upper bounded

by G = DI'? = 2.

Contenders and Measure. We benchmark our proposed Scream algorithm with the
following two algorithms: (1) OGD (Zinkevich, 2003), is the online gradient descent algo-
rithm. The work of Anava et al. (2015) proves that this simple static regret minimization
algorithm also enjoys a low switching cost when choosing the step size as n = O(1/V/T).
(2) Ader (Zhang et al., 2018a), is the online algorithm designed in non-stationary online
convex optimization. Ader is also in a meta-base structure to optimize the dynamic regret,
but the algorithm does not consider the switching cost. Thus its switching cost might be
huge (as analyzed in Section 4.2).

We examine the performance of all compared algorithms via the following three mea-
sures: (1) the overall cost Zthl fir(wy) + )\ZtTZQHWt — wi—1|l2, (2) the cumulative loss
ST fi(wy), and (3) the switching cost A Y.L, ||w; — w;_1||o. Here, we set the regularizer
coefficient A = aG, where G is the gradient norm upper bound, with the purpose of match-
ing the magnitude of cumulative loss and the switching cost. We consider three cases with
different regularizer coefficients that impose different levels of penalty on the switching cost:

(i) small regularizer (v = 0.1): in this case the switching cost is small so that optimizing
the dynamic regret would dominate the performance;
(ii) medium regularizer (o = 1): in this case the algorithm needs to have a good balance
of dynamic regret and switching cost in order to behave well;
(iii) large regularizer (o = 2): in this case dynamic regret is small so that optimizing the
switching cost would dominate the performance.
We repeat the experiments five times and report the mean and standard deviation of dif-
ferent algorithms with respect to three performance measures (overall loss, cumulative loss,
and switching cost).

Results. Figure 1 plots performance comparisons of three algorithms (OGD, Ader, Scream)
under different regularizer coefficients. There are in total nine sub-figures, where each row
presents the performance under a particular regularizer coefficient (v = 0.1, 1,2), and each
column reports the performance in terms of a specific measure (overall loss, cumulative loss,
and switching cost). For instance, Figure 1(d) plots the overall loss under the setting of
A = aG with a = 0.1. We first focus on the measure of overall loss. From the results of
overall loss (Figures 1(a), 1(d), 1(g)), we can see that under the case of small regularizer
(aw = 0.1), Ader achieves the best, and Scream is comparable, while the performance of OGD
is not good; with the medium regularizer (o« = 1), Scream evidently ranks the first, whereas
Ader and OGD are not well-behaved; under the case of large regularizer (o = 2), OGD
performs surprisingly well, and Scream is comparable, whereas the performance of Ader is
not desired. The results accord to our theory well, especially after a further examination of
corresponding cumulative loss (Figures 1(b), 1(e), 1(h)) and switching cost (Figures 1(c),
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Figure 1: Performance comparisons of OGD, Ader, Scream, under different regularizer co-
efficients (A = aG, G is the gradient norm upper bound). The performance is
evaluated by three measures: overall loss, cumulative loss, and switching cost.

1(f), 1(i)). Indeed, we can observe that Ader focuses on optimizing the dynamic regret (i.e.,
cumulative loss) but fails to control the switching cost; and OGD indeed yields a sequence
of slow-moving decisions, but it fails to optimize the dynamic regret. Consequently, when
the regularizer is small, one can optimize the overall loss by simply forgetting about the
switching cost, and this is why Ader could behave well in this setting. Moreover, the switch-
ing cost plays a more important role in the overall loss with a large regularizer. Therefore,
the algorithm can optimize the overall loss by simply producing a sequence of slow-moving
decisions regardless of regret minimization. This is why OGD could achieve a surprisingly
good performance in this setting. However, under the non-degenerate settings (for example,
with medium regularizer), the two compared methods behave badly and Scream achieves
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the best. It is because our proposed Scream algorithm strikes a good balance between
minimizing the dynamic regret and controlling the switching cost, owing to the novel on-
line ensemble structure via the introduced switching-cost-regularized loss. Therefore, the
above empirical studies demonstrate the effectiveness of our proposed algorithm and its
algorithmic components.

6.2 Online Non-stochastic Control

This part further examines the performance of our proposed algorithm in online non-
stochastic control.

Settings. We conduct the experiments in synthetic linear dynamical system (LDS) en-
vironments and a real inverted pendulum environment. For the synthetic environment,
we consider a time-varying LDS governed by z;+1 = Aizy + Biug + wy, where wy is the
Gaussian noise, A; and B; are the time-varying system matrices to be specified later. It
is generally challenging to control time-varying systems, and we here consider a special
case that can be handled by the online non-stochastic control framework. Specifically,
we design the system matrices as Ay = A+ Ay 4 and By = B + Ay, where A and B
are fixed, and A 4, A p are time-varying zero-mean Gaussian random matrices. Notably,
when applying online non-stochastic control methods, we only need to access A and B, and
the changes of system matrices can be treated as a part of disturbance. Indeed, we have
xpy1 = Az + Bug + (w + A aze + Ay pus) = Axy + Buy + Wy, where wy is the effective dis-
turbance of this time-varying system. Moreover, we choose the quadratic loss as the online
cost function, defined as ¢;(xy, u) = x;era:t —|—u2—Rtut, where Q; = a;I and R; = b,I change
over time. By setting different a; and b;, we simulate the following two environments. (1)
gradual change: in which a; = sin(¢/(107)) and b; = sin(t/(207)); (2) abrupt change: the
whole time horizon is divides into five stages, and the cost functions only change between
different stages. In addition, we examine the performance in the real inverted pendulum
environment, which is a commonly used benchmark consisting of a nonlinear and unstable
system. The goal of this task is to balance the inverted pendulum by applying torque that
will stabilize it in a vertically upright position. The state is a 2-dimensional vector denoted
by x; = [0;,6;]T, where the first entry 6; is the deviation angle normalized between [, 7]
and the second entry ét is the rotational velocity. The action is a 1-dimensional u; = ét
representing the torque applied on the system. The inverted pendulum environment is a
non-linear dynamical system with transitions

o [em] _ [ bkl

t+1 9t+1 9,5 + asin(Gt + 7T) + bc9t ’
and the online cost function is set as ¢;(zs, us) = a;67 4+ b67 + ¢,07, where a; = sin(t/(107)),
by = sin(t/(207)), and ¢; = sin(t/(207)) are slowly evolving parameters.

Contenders and Measure. We benchmark our proposed Scream.Control algorithm with
the following two algorithms: (1) OGD.Control, which uses the OGD algorithm for the
online non-stochastic control (Agarwal et al., 2019); (2) Ader.Control, Ader is an OCO al-
gorithm (Zhang et al., 2018a) that admits a two-layer structure and enjoys dynamic regret
guarantee. Although it cannot deal with the OCO with memory problem (see discussions
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Figure 2: Performance comparisons of different algorithms. The performance is measured
by the cumulative loss, the smaller the better. From left to right: (a) synthetic
time-varying LDS with gradual changes; (b) synthetic time-varying LDS with
abrupt changes; (c) real pendulum environments.

in Section 4.2), we apply it for online-non-stochastic control, serving to validate the ef-
fectiveness of our proposed switching-cost-regularized surrogate loss. We denote the three
control algorithms simply as “OGD”, “Ader”, and “Scream” when there is no confusion.
We record the cumulative loss as the performance measure, namely, Zthl ct(x,u). We
repeat the experiments five times and report the mean and standard deviation.

Results. Figure 2 plots the performance comparison of three algorithms (OGD, Ader,
Scream) in terms of the cumulative cost. The result shows that our proposed algorithm
outperforms the other two contenders, which validates that the meta-base structure (com-
pared with OGD) and the switching-cost-regularizer (compared with Ader) are necessary
for online non-stochastic control problems in non-stationary environments.

7 Conclusion

This paper investigates the dynamic policy regret of online convex optimization with mem-
ory and online non-stochastic control. For OCO with memory, we propose the Scream
algorithm and prove an optimal O(,/T(1 4+ Pr)) dynamic policy regret, where Pr is the
path length of comparators that reflects the environmental non-stationarity. Our approach
admits the meta-base online ensemble structure to handle uncertain environments and intro-
duces a novel meta-base decomposition via switching-cost regularized loss to algorithmically
address the tension between dynamic regret and switching cost. The approach is further
used to design robust controllers for online non-stochastic control, where the underlying dis-
turbance and cost functions could be chosen adversarially. We adopt the DAC parameteri-
zation and design the Scream.Control algorithm that provably achieves an O(y/T(1 + Pr))
dynamic policy regret, where Pr is the path length of compared controllers. Minimizing
dynamic policy regret facilitates our controller with more robustness, since it can compete
with any sequence of time-varying controllers instead of a fixed one.

In the future, we will explore the possibility of extension to bandit feedback, where the
only feedback to the controller is the loss value (Cassel and Koren, 2020; Gradu et al., 2020a).
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Moreover, it would be also intriguing to investigate whether dynamic policy regret can be
improved when the cost functions are strongly convex or exponentially concave (Foster and
Simchowitz, 2020; Baby and Wang, 2021, 2022).
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Appendix A. Preliminaries

In this section, we present the preliminaries, including the dynamic regret results of mem-
oryless online convex optimization, additional notions, and some technical lemmas.

A.1 Dynamic Regret of Memoryless OCO

In this part we present the dynamic regret analysis of the online gradient descent (OGD)
algorithm for memoryless online convex optimization (Zinkevich, 2003; Zhang et al., 2018a;
Zhao et al., 2020).

We first specify the problem settings and notations of memoryless online convex opti-
mization. Specifically, the player iteratively selects a decision w € W from a convex set
W C R? and then suffers a loss of f;(w;), in which the loss function f; : W+ R is assumed
to be convex and chosen adversarially by the environments. The performance measure we
are concerned with is the dynamic regret, defined as

T T
D-Regrety(vi, ..., vr) = > filwi) = > fi(ve),
t=1 t=1
where vi,...,vp € W is the comparator sequence arbitrarily chosen in the domain by the

environments. The critical advantage of the above measure is that it supports to compete
with a sequence of time-varying comparators, instead of a fixed one as specified in the
standard (static) regret.

In the development of dynamic regret of memoryless OCO, one of the most crucial
building blocks is the well-known Online Gradient Descent (OGD) algorithm (Zinkevich,
2003), which starts from any w; € W and performs the following update,

wip1 = y[w =V fi(wy)]. (17)

Here, n > 01is the step size and IIyy|-] denotes the Euclidean projection onto the nearest point
in the feasible domain W. The standard textbooks of online convex optimization (Shalev-
Shwartz, 2012; Hazan, 2016) show that OGD can achieves an optimal O(v/T) static regret
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for convex functions, providing with appropriate step size settings. Furthermore, such a
simple algorithm actually also enjoys the following dynamic regret guarantee (Zinkevich,
2003, Theorem 2), and we supply the proof for self-containedness.

Theorem 10. Let W € R? be a bounded convex and compact set in Euclidean space, and
we denote by D an upper bound of the diameter of the domain, i.e., |[w — w'|ls < D
holds for any w,w’ € W. Suppose the gradient norm of f; over W is bounded by G, i.e.,
IV fi(w)|l2 < G holds for any w € W and t € [T]. Then, OGD (17) enjoys the following
dynamic regret,

D-Regrety(vi, ..., vr) < ”G2T+ (D% + 2DPr),
21

which holds for any comparator sequence vi,...,vp € W, and Pr = Z;‘Fﬁﬂvt_l — Vil|2 s
the path length that measures the cumulative movements of the comparator sequence.

Proof Since the online functions are convex, we have

T T
D-Regretp(vy,...,vy) = th(wt th vi) < Z V fi(wWe), Wy — V).
t=1 t=1 t=1

Thus, it suffices to bound the sum of (V fi(w:), w; — v¢) over iterations. Note that from
the update rule in (52),

[Wii1 — viel|3 = [Ty [we — 0V fe(wi)] — ve5
< |lwe =V fe(we) — vil3
= ?|Vfi(wo)ll3 — 20(V fi(we), Wi — vi) + [|wy — vi||3

The inequality holds due to Pythagorean theorem (Hazan, 2016, Theorem 2.1). After
rearranging, we obtain

1
(VIi(wi), Wi —vi) < *HVft w3+ o (Iwe = vell3 = Iwerr = vell3) -

Summing the above inequality from ¢t = 1 to T yields,

T

T
7 1
D-Regretp(vi, ..., vr) < 5 S IV Fwo)lls + % > (Iwe = vall3 = Iwers = vell3) -
t=1 t=1

We further provide an upper bound for the second term on the right-hand side. Indeed,

E

(Iwe — viell3 = w1 — vell3)

ﬁ
Il
i

||Mﬂ

HWt —vill3 — ZHWt —vi-1l3

S

< lwi =val3 + > (Iwe = vall3 = [[we = vea3)
t=2
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T T

= w1 =vil3+ > (vic1 = Vi, 2w — v = vi) S D*+2D Y [[vi1 — villa.
t=2 t=2

Combining all above inequalities, we have

T T
n 1
D-Regretp(vy, ..., vy) < 2 ;HVft(wt)H% + o <D2 +2D ;Hvt_l — th2>
<Teer i Lp2 1 2ppy).
-2 2n
Hence, we complete the proof. |

A.2 Additional Notions

We introduce the formal definition of strongly stable linear controllers (Cohen et al., 2018;
Agarwal et al., 2019). Indeed, the stable condition can guarantee the convergence, but
nothing can be ensured about the rate of convergence. While working on the class of
strongly stable controllers, we can establish the non-asymptotic convergence rate.

Definition 4. A linear controller K is (k,~)-strongly stable if there exist matrices L, H
satisfying A — BK = HLH ", such that the following two conditions are satisfied:

(i) The spectral norm of L satisfies ||L|| <1 —~.

(ii) The controller and transforming matrices are bounded, i.e., ||K||, || H||, ||H | < &.

A.3 Technical Lemmas
The following lemmas are important in analyzing algorithms based on the mirror descent.

Lemma 11 (Lemma 3.2 of Chen and Teboulle (1993)). Let X' be a convex set in a Banach
space B and f : X — R be a closed proper convex function on X. Given a convex reqularizer
Y : X — R and its induced Bregman divergence Dy(-,-), any update of the form

xj, = arg min{ f(x) + Dy (x,X3—1)}
xeEX

satisfies the following inequality for any u € X,
f(xk) — f(u) < Dy(u,xp1) — Dy (u,xx) — Dy (Xp, Xpp—1)-

Lemma 12. If the reqularizer 1 : X — R is A-strongly convex with respect to a norm || - ||,
then the induced Bregman divergence is lower-bounded as Dy(x,y) > 3|x — y||?.

Proof By the definition of strong convexity, we know that for any x,y € X, ¥ (x) > ¢¥(y)+
Vi (y)T(x —y) + 3|lx — y||>. Reformulating the inequality and combining the definition of
Bregman divergence, we know that Dy (x,y) £ ¥(x) —(y) + Vo(y) T (x—y) > 3|x—y]?,
which ends the proof. |

The following concentration inequality is used in analyzing dynamic policy regret for
non-stochastic control with unknown systems.
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Lemma 13 (Azuma-Hoeffding’s Inequality for Vectors (Hayes, 2005, Theorem 1.8)). Sup-
pose that Sy, = 2111 X, is a martingale where X1, ..., X,, take values in R™ and are such
that E[X;] = 0 and || X¢||]2 < D for allt, fort > 0. Then for every e > 0,

52
Pr[|[Smll2 > €] < 2¢%e”2mn?,

Appendix B. Omitted Details for Section 4 (OCO with Memory)

In this section, we present omitted details for Section 4 OCO with memory, including proofs
of Theorem 1 (in Appendix B.1) and Theorem 2 (in Appendix B.4). Moreover, we provide
the proof of the switching cost decomposition (5) in Appendix B.2 and supply more details
for the online mirror descent in Appendix B.3. The proofs of Theorem 2, Theorem 3,
Theorem 4, Theorem 5 are listed in the following sections. We finally discuss the memory
dependence in Appendix B.8.

B.1 Proof of Theorem 1
Proof The coordinate-Lipschitz continuity of f; (Assumption 1) implies that

m m
| fe(Wi—ms ., We) — fi(wy)| < L- ZHWt — Wiill2 <mL ZHWt—H—l — Wi—il|2.

=1 =1
Therefore, we have
T T T
> H Wiy W) = Y fewe) SmPLY |lwi — wii 2, (18)
t=m t=m t=m

and the dynamic policy regret can be thus upper bounded by

T T
D-Regretp(vy,...,vp) = th(wt_m, Ce W) — th(vt_m, ceey Vi)
t=1 t=1

(18)

T T T T
< th(wt)*th(Vt) + )\ZHWt*Wtfl’b + )\ZHVt*thlHZ )
t=1 t=1 t=1 t=1

dynamic regret over unary loss switching cost of decisions switching cost of comparators

(19)

where we define A £ m?2L for notational convenience. Note that the first term is the
dynamic regret over the unary loss, which is optimized by OGD over the unary loss. Since
the sequence of unary loss {ﬁ}thl is convex and memoryless, from the standard dynamic
regret analysis (Zinkevich, 2003; Zhang et al., 2018a), as shown in Theorem 10, we get

T T
D fitw) = Y2 i) < §GT 5 (07 + 20y, (20)

where Pp = ZtT:2 ||vi—vi—1]|2 is the path length measuring the fluctuation of the comparator
sequence vi, Vs, ..., vp. Next, the last term of (19) is the switching cost of the comparators,
which is exactly the path length APr.
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So we only need to further examine the switching cost of the decisions, i.e. Et ) w1 —
w¢||2, as well as the dynamic regret over the unary loss, i.e. Zt 1 Frlwy) — Zt 1 fi(ve). B
the non-expansive property of the projection operator, we can derive an upper bound for
the switching cost:

T

T T
D lwe = wialls =Y IMw(wi 1 =V fi(wi)] = wioilla <0 Y[V fi(wioa)]l2 < nGT.
t= t=1 t=1
(21)
Combining above two inequalities (21) and (20) yields

T T
S Fi Wi W) = Y iV Vi) < g(G2 +2)\G)T + 277(D2 +2DPr) + APy,
t=1 t=1
with A\ = m?L. We thus compete the proof. |

B.2 Proof of Switching Cost Decomposition

The following lemma restates the switching cost decomposition presented in (5).

Lemma 14. The switching cost of meta-base outputs can be upper bounded as

ZHWt \ 1||2<DZ||pt Pt 1||1+ZZPM||WM W12

t=2 t=2 i=1

Proof By the meta-base structure, the final decision of each round is w; = EZ]\; 1 DtiWi i
Therefore, we can expand the switching cost of the final prediction sequence as

N N
HWt - Wt—l||2 = Zpt,iwt,i - Zpt—l,iwt—l,i
i=1 i=1

2

N N N N
< Zpt,iwt,z‘ - Zpt,iwt—l,i + Zpt,iwt—l,i — Zpt—l,iwt—l,i
i=1 i=1 2 =1 i=1 2
N N
< i — W12 +DZ|pt,i — Dt—1,i]
i=1 i=1
N
= Zpt,iHWt,i = wi—1ill2 + Dllpt — pr-1ll1, (22)
i=1

where the second step holds due to the triangle inequality and the third step is true due
to the boundedness of the feasible domain (Assumption 3). Hence, we complete the proof.
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B.3 Additional Results for Online Mirror Descent

In this section, we present additional results and descriptions for Online Mirror Descent
(OMD), which enables a unified view for algorithm design of both meta-algorithm and
base-algorithm.

Consider the standard online convex optimization setting, and the sequence of online
convex functions are {h;}¢—1 7 with hy : W — R. Online mirror descent starts from any
w1 € W, and at iteration t, the algorithm performs the following update:

w1 = argminn(Vhy(wi), w) + Dy (w, wy), (23)
weWw
where 77 > 0 is the step size. The regularizer v : W — R is a differentiable convex function
defined on W and is assumed (without loss of generality) to be 1-strongly convex w.r.t.
some norm || - || over W. The induced Bregman divergence Dy, is defined by Dy (x,y) =
Y(x) = ¥(y) = (Vi(y), x —y).
The following generic result gives an upper bound of dynamic regret with switching cost
of OMD, which can be regarded as a generalization of Theorem 1 from gradient descent
(for Euclidean norm) to mirror descent (for general primal-dual norm).

Theorem 15. Online Mirror Descent (23) satisfies that

T

T T
1
D ha(wi) =D ha(ve) + A fwe = wia || < - (R? +~vPr) +n(A\G + G)T,  (24)
t=1 t=1 t=2

provided that Dy(x,2) — Dy(y,z) < vllx =y holds for any x,y,z € W. In above, R* =
supy yew Py (X,y), and G = supyew 1e)|VRe(W)||. Note that the above result holds for
any comparator sequence vi,...,vp € W.

Remark 3. The dynamic regret of Theorem 15 holds against any comparator sequence in
the domain. In particular, we can set them as the best fixed decision in hindsight and thus
obtain static regret with switching cost, S7_; hs(wi) — St he(W*) + A, [ wi — w1 <
R?/n+n(AG 4+ G*)T, that holds for any w* € W. A technical caveat is that when deriving
the static regret, the Bregman divergence is not required to satisfy the Lipschitz condition.

Theorem 15 exhibits a general analysis for the dynamic regret and switching cost of
OMD. By flexibly choosing the regularizer 1) and comparator sequence vi, ..., vy, we have
the following two implications, which correspond to base-regret (dynamic regret with switch-
ing cost of OGD) and meta-regret (static regret with switching cost of Hedge) respectively.

Before presenting the proof of Theorem 15, we first analyze the switching cost of the
online mirror descent, as demonstrated in the following stability lemma.

Lemma 16. For Online Mirror Descent (23), the instantaneous switching cost is at most
[wi = Wil < 0l Vh(we) [« (25)
Proof From the update procedure of OMD (23) and Lemma 11, we know that

(Wir1 — Wi, nVhg(wy)) < Dw(Wt, W) — Dw(Wt, Wiil) — Dw(WtJrh W),
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which implies
Dy (Wi, Wig1) + Dy(Wey1, We) < (Wi — Wip1, nVhe(Wy)).

Since the regularizer v is chosen as a 1-strongly convex function with respect to the norm
| - |l, by Lemma 12 we have

Dy (Wi, Wis1) + Dy (Wep1, We) > [[wi — wip |2
Combining above two inequalities and further applying the Hoélder’s inequality, we obtain
lwi = wial” < (Wi — Wi, nVh(wy)) < [lwi = Wi ||[nVhe(we) ||
Therefore, we conclude that ||w; — wit1|| < n||Vhi(wy)||« and finish the proof. [ |
Based on the above stability lemma, we can now prove Theorem 15 regarding dynamic

regret with switching cost for OMD.
Proof [of Theorem 15] Notice that the dynamic regret can be decomposed as follows:

t=1
T T
= Z(Vht(wt)a Wi — W) + Z<Vht(wt), Wil — Vi)
t=1 t=1
term (a) term (b)
From Lemma 16 and Holder’s inequality, we have
T
term ( ZHV’% W) [« we — Wi || < ﬁZHVht (wi)l2. (26)
=1 t=1

Next, we investigate the term (b):

T
1
term (b) < ;Z (Dy (ve, We) — Dy (ve, Wes1) — Dy (W1, We))
t=1
1 T
< ;Z (Dy(ve, Wi) — Dy (ve1, W) + Dy (vi, wi)
t=2

M-

1
< [ve = v + 5R27 (27)

t

[|
N

where the first inequality holds due to Lemma 11, and the second inequality makes uses
of the non-negativity of the Bregman divergence. The last inequality holds due to the
assumption of Lipschitz property that Dy (x,2z) —Dy(y, z) < v||x—y]|| holds for any x,y,z €
W. Furthermore, the switching cost can be bounded by Lemma 16,

T T
D olwe—wial <0 [ Vhei(wi )l (28)
t=2 t=2

31



ZHAO, YAN, WANG, AND ZHOU

Combining (26), (27), and (28), we can attain that

T T T
MY lwe = wiall + > he(we) =D hi(ve)
t=2 t=1 t=1

T
~(R®+9Pr) + 10> (AIVhe(wi)[l« + I Vhe-1(we1)|12)

t=1

IN
[t

3

1
< ;(R2 +7Pr) +n(AG + G*)T,

which finishes the proof. |

As we mentioned earlier, Theorem 1 can be regarded as a corollary of Theorem 15, by
specifying the Euclidean norm and ¢(w) = 3|w||3. We give a formal statement in the
following corollary.

Corollary 17. Setting the ly regularizer (w) = 3||w||3 and step size n > 0 for OMD,
suppose |V fi(w)|l2 < G and ||w — w'||2 < D hold for all w € W and t € [T, then we have

T T T
- ~ 1
A E |we — w12 + E Je(wye) — E fi(ve) < (G*+ XG)nT + %(D2 +2DPr), (29)
t—2 =1 =1

which holds for any comparator sequence vi,...,vy € W, and Pr = Zgﬂ:QHthl — vi||2 is
the path length that measures the cumulative movements of the comparator sequence.

Further, we present a corollary regarding the static regret with switching cost for the
meta-algorithm, which is essentially a specialization of OMD algorithm by setting the
negative-entropy regularizer.

Corollary 18. Setting the negative-entropy regularizer 1 (p) = ZZ‘JLPi log p; and learning
rate € > 0 for OMD, suppose ||€t||coc < G holds for any t € [T] and the algorithm starts from
the initial weight py € A, then we have

4 T r 1n(1/p1 Z) 2
MY lIpe=peoalli+ ) (Pl = > i < — e(A\G + G*)T. (30)
t=2 t=1 t=1

Proof From the proof of Theorem 15, we can easily obtain that

T T T
D €,
A = pealli + ) (P le) =Y i < 1/,(51)1) +e(A\G + GH)T.
t=2 t=1 t=1

When choosing the negative-entropy regularizer, the induced Bregman divergence becomes
Kullback-Leibler divergence, i.e., Dy(q,p) = KL(q,p) = Ef\il ¢iIn(q;/pi). Therefore,
Dy (e, p1) = In(1/p1,), which implies the desired result. [ ]
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B.4 Proof of Theorem 2

Proof Asindicated in (19), the dynamic policy regret can be upper bounded by three terms,
including dynamic regret over the unary regret, switching cost of decisions, and switching
cost of comparators. The third term is essentially the path length of the comparators, and
we focus on the first two terms.

T
Z th (vt) +)\ZHWt w12

T N

(V fi(wi), Wi — vi) +)\DZ||Pt Pealli+AD Y prillwis — will2
t=2 t=2 1=1

N T
ZP, ( Vft W), Wei) + A[we; — Wt—l,iH2> Z < Vft W), Wei) + AWy — Wt—l,iHQ)

—
ot
=

ER

o~
Il
—

I
M'ﬂ

t=1 i=1 t=1
T B N T
+AD Z”Pt —piilli+ ) ((Vft(wt),wm} - <Vft(Wt),Vt>) +AD [wii —
=2 =1 =2
T T T T
=Y (P, ) = ;) + XD Ipe = proalli + Y (9:(wea) = ge(ve)) + XY _l[wei — wiville,
=1 =2 =1 =2
meta-regret base-regret

where the last step uses the convexity of ﬁ and the definition of linearized loss g;(w) =
(V fir(wy), w). We will formally prove that our proposed algorithm optimizes the right-hand
side of above inequality.

Bounding Meta-regret. Denote by e; the i-th standard basis of R¥-space and by X =
AD for simplicity. Denote by Gueta = max;e[p||€t]/oc the maximum scale of the loss of
meta-algorithm. Since the meta-algorithm actually performs Hedge over the switching-
cost-regularized loss £; € RY, Corollary 18 implies that for any i € [N],

T T T

Dy(ei,p
z<pt’£t> o th’i + )\,ZHpt - pt*1||1 < E(>‘,C¥meta + GIQneta)T + w(;l)
t=1 t=1 t=2

In(1 i
= ¢(AD + Gueta)GmetaT + n(£p1) (31)

2In(s + 1
< 5(>\D + Gmeta)GmetaT + (E)’

where the last step holds because we adopt a non-uniform weight initialization with the
initial weight p; € Ay set as py; = i(i-li-l) . % for any 7 € [N]. By choosing the learning
rate as € = £* = \/ — )\D2+Gmeta)T7 we can obtain the following upper bound for the

meta-regret,

T T T
Z<pt,£t> - th,i + >\, ZHPt - pt71||1 S \/QGmeta()\D + Gmeta)T (1 + ln(l + 1)) . (32)
t=1 t=1 t=2
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Note that the dependence of learning rate tuning on 71" can be removed by either a time-
varying tuning or doubling trick. We now present an upper bound for Geta, indeed,

Cri = (V fe(wWe), Wi i) + AWei — Wimll2 < (VF(We), W) + M|V fe(we) |2

1
<GD G < GD <GD|1+2 — | = .
< GD + MG <GD + M\nG < G <+ )\1/>\G+G2> O(V\) (33)

Bounding Base-regret. As specified by our algorithm, there are multiple base-learners,
each performing OGD over the linearized loss with a particular step size n; € H for base-
learner B;:

Wit = Hwwe — 0iVge(we )] = Ihy[wy; — 0V fe(wi)].

As a result, Theorem 15 implies that the base-regret satisfies

T T T
1
D 9i(wWei) = D gi(ve) +AD Wi = winill2 < (GP+ AG)nT + T(DQ +2DPr), (34)
t=1 t=1 t=2 i
which holds for any comparator sequence vy, ..., vy € W as well as any base-learner i € [N].

Bounding Overall Dynamic Regret. Due to the boundedness of the path length, we
know that the optimal step size 7, provably lies in the range of [, ny]. Furthermore, by
the construction of the pool of candidate step sizes, we can confirm that there exists an
index i* € [N] ensuring 7+ < 0, < 1;+41 = 21;+. Therefore, we have

1 2P
i < b log, (1 + DT> |+1 (35)

Notice that the meta-base decomposition at the beginning of the proof holds for any index
of base-learners i € [N]. Thus, in particular, we can choose the index i* and achieve the
following result by using the upper bounds of meta-regret (32) and base-regret (34).

T T T
S Rw) =D f(vi) £ XD lwe — w2
t=1 t=1 t=2
T T T T
< Z ((pt, £s) — Lei=) + AD ZHpt —pr-1lli + Z (9¢(Weix) = ge(vie)) + A Z”Wt,i* = Wi+ |2
t=1 t=2 t=1 t=2
meta-regret base-regret
1
< V2Gmeta(AD + Greta)T (1 4+ 1n(i* 4 1)) + (G? + AG)n=T + W(DQ +2DPr)
1
< V2Gmeta(AD + Geta)T (1 + In(i* + 1)) 4+ (G? + A\G)n. T + U—(D2 +2DPr)

< V2AGD +VA(AD + GD + VAT (1 + In(i* + 1)) + /(G + AG) (D2 + 2DPIT  (36)
< 0 (AVT(1 + loglog PT)) o) (N/Am T PT)) ,
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where in (36), we use a < b to represent a = O(b). Therefore, we have

T T T
D-Regret(vy.7) Z fr(wy) th(vt) + )\ZHWt — w12 + )\ZHvt —vi_1l2
t=1 t=2 t=2

gO()\Z\/T(1+IoglogPT)+ XT(1+ Pr) + APr) < O(v/T(1 + Pr)).

The last step omits the dependence on A\. Moreover, the inequality holds due to the following
observation:

D-Regrety(vir) < O(/T(1+ Pr)) + O(Pr)
< O(/T(1+Pr) + P}) (Va+vb < /2(a+b))
= O(K/T + (T + Pr)Pr)
<O(VT(1+ Pr)),

where the last step holds as Pr = ZtT:2Hvt —vi—1]|2 < DT due to the boundedness of the
domain. We hence complete the proof of Theorem 2. |

B.5 Proof of Theorem 3

Proof First, we show that for any A > 0 and C > 0, the original online learning problem
can be reduced to optimize the following one through a shifting operation,

T T
PRI AR Zﬁ + AP, = pialh, (37)
t=1 t=2

where £}, £ {;; + C,p; £ p; for all t € [T],i € [N], and evidently £}, € [0,2C]. The
above equivalence can be simply proven by plugging the definition of £; ; and p; into (37).
Formally,

T T
> (8. ph) - Zf + 2> bt = pialh

t=1 t=2
T T T
= (@ +[C,...,C ) =Y (lrir +C)+ A e — pralhy
t=1 t=1 t=2
T
= (€. py) thz +/\2Hpt P11
=1
Next, we prove that there exists a sequence of loss functions £,..., €% satisfying £, €

[0,2C]" for all t € [T such that any feasible expert algorithm (whose output is p}, ..., p} €
Ay) incurs the following regret

T T
> (4, pl) — th i+ APl — Pl = Q(VACT).
t=1

t=2

35



ZHAO, YAN, WANG, AND ZHOU

The remaining proof borrows the intuition from Theorem 13 of Altschuler and Talwar
(2018). First we give a hard constraint on the switching cost, e.g., S2i, ||p} — p}_,|l1 = S.
Then we divide the time horizon T into B = 452/(a?log N) blocks, each of uniform length
T /B, where a is some constant to be specified later. For each block b € [B], assign to each
expert i € [N] a loss sampled from 2C-Ber(1/2), i.e., 2C with probability 1/2 and otherwise
0, for each iteration in that block. Clearly this adversary is oblivious.

Note that the cumulative loss of the i-th expert, namely, thl 0;(1), is equal in distri-
bution to 7'/ B times a 2C - Bin(B, 1/2) random variable. In the following, we first consider
the expected cumulative loss of the best expert. Suppose there are N variables drawn i.i.d.
from Bin(B,1/2), then the minimum one has the following upper bound.

Lemma 19. There exists a universal constant ¢ > 0 such that for all BN € N4,
B
E [min ZZ} < — —cy/BlogN
i€[N] 2

where {Zi};c;n) are i.i.d. from Bin(B,1/2).

The adversary chooses a to be the constant that makes Lemma 19 holds. Thus the loss
of the best expert satisfies that

T
>4
t=1

E

<2 % <§ —aVBlogN)

(38)

Now let us compute the expected loss of any algorithm A whose switching cost is at most
S. It is simple to see that the following strategy is optimal: in the first round of each block,
randomly assign the weights since there is no information about the losses of the experts;
then convert the weight on the bad experts (with loss 2C') to the good experts (with loss
0) if the current switching cost is still less than S. Let the random variable W denote the
total weights that the algorithm assigns to the bad experts in the blocks’ first iteration.
Clearly E[W] = B/2. Then the random variable min{W, S/2} is equal to the weights that
algorithm A can convert from bad experts to good expert (S/2 dues to that converting
weight of S/2 will suffers S switching cost). Thus, we have

E[cumulative loss of A] = 2C - E[A’s weights on bad experts]

~ac e fuin {5} 4 L (1 (w5 1)]

ca0. T sl 5] 2207 (2 a9)

2 B\ 2
T 28T T a*TlogN

Combining (38) and (39), we conclude that any algorithm for A-switching cost and S-
switching cost budget suffers an expected regret at least a?CTlog N/S = Q(CT/S). As
a result, the regret of (37) is at least Q(CT/S+A\S) = Q(VACT), which finishes the proof. B
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B.6 Proof of Theorem 4

Proof We begin the proof by decomposing the dynamic regret of OCO with switching
cost, and will then prove the theorem by exploiting the property of Scream algorithm.

Regret Decomposition. We divide the time horizon T into K epochs of equal length
A, where the k-th epoch is denoted by I, = {tx1,...,tka} (A, K to be specified later).
Without loss of generality, we assume T' = K - A. Since in Algorithm 2, the meta-learner
and base-learners do not update within each epoch, we denote by w1, ..., Wx the decisions
of K epochs. Thus the dynamic regret of OCO with switching cost can be decomposed as

M’ﬂ

T T T T
= AV FAY Wi wealla D (Ve we = vi) + A [we — w2
t=1 t=2 t=1 t=2

~
Il
—

K K
=> <Vt7VDVk = Vi) + A Wk — Wil
k=1tel, k=2
K
:Z<tha k‘_Vk>+AZHWk-—Wk 1||2—|—ZZ Vt, k’_vt
k=1 \tely k=1teZy,
term (A) term (B)

where V,; £ Vﬁ(wt) and the k-th comparator vy, £ Vi, 18 chosen as the first one in the

k-th epoch. Define g = > tez, Vi the loss of the k-epoch. Intuitively, term (A) is the
dynamic regret of OCO with switching cost in K rounds with the loss sequence g;.x and
comparator sequence vi.x. Since the new comparator sequence is artificially constructed,
we need to measure its difference from the original sequence vi.p, i.e., term (B). Term (B)
can be simply bounded using the sub-additivity property of vector norms, formally,

term ( GZ D Ik =il < GZ 1Tk Y lIvi = viall2 < GAPy.

k=1teZy teZy

Black-box Use of Scream. Term (A) is actually the dynamic regret of OCO with
switching cost in K rounds. Plugging in the regret bound of Scream (36), it holds that

K

K
term (A) = > (gk, Wi — Vi) + A D[ Wi — Wi_1]2
k=1 k=2

< \/2 G'D + VA)(AD + G'D + VA)K (1 +In(i} + 1)) + \/(G’2 +AG') (D? 4 2DPg)K

2(AGD + VA)(AD + AGD) (1+1n(i% 4+ 1)) + \/(A2G2 + )\AG) (D? + 2DPK)Z

A A

= \/ D(AGD + V/X) <A + G> (1+In(if + 1)) + V/(AG? + AG) (D2 + 2D P )T

< O(WAT(1+ Pr)),
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where the path length in K epochs Py £ EkK:2|]{’/k — Vi—1|l2 < Pr, the gradient upper
bound G' = maxye(xllgrll2 < AG and a $ b means a = O(b). The last step is due to the
property of the best base learner, that is,

(33) r1 2Pk 1 2Pr
o< | = o < |z =1
K= [QIOgZ( D )| +1< [2log2( "D IEat
and by choosing A = v/A. Combining the above inequality with the upper bound of
term (B) < GVAPr = O(\/AT(1 + Pr)) finishes the proof. [ |

B.7 Proof of Theorem 5

Proof Overall the proof consists of two parts. First, we propose a lower bound for static
regret of OCO with switching cost. Second, building upon the static regret lower bound, we
give a lower bound for dynamic regret of OCO with switching cost to complete the proof.

Static Regret Lower Bound. To give a static regret lower bound, we first consider a
T-round prediction with expert advice problem with A-switching cost. Theorem 3 shows
that given A > 0 and C > 0, there exists a sequence of loss functions £, ..., €y satisfying
£, € [—-C, 0N for all t € [T] such that any feasible expert algorithm (whose output is
Pi,...,pr € Ay) incurs the following regret

M‘ﬂ

(€, pt) — Hlln thz—F)\ZHpt Pi—1ll1 > QVACT). (40)

t=1 t=2

Consequently, given a parameter A > 0, we choose the feasible domain as W = C1 Ay, where
C1 = min{1, D/+/2}. It is easy to observe that W satisfies Assumption 3, because for any
p1,P2 € An, ||C1p1 — C1pall2 < C1-v/2 < D holds. Choose Cy = G/\/]V and loss functions
as hy(w) = (€;, w), where £1.7 is the loss sequence that makes (40) holds given Cy and A.
Since for any w € W, |[Vhy(w)|l2 = [[€]2 < Cov/N < G, the loss functions hy, ..., hr
satisfy Assumption 2. Thus any online algorithm returning w} £ C1wy, ..., wh £ Ciwr €
W satisfies

T T T
S o)~ iy D) £ A3l il
T T
=0 <Z<‘etth> — Jnin Z 4y, v) + )\Z [we — Wt—1H2>
t=2

T T
> () (Z(et,wﬁ - mm thz a Z W — Wt1||1>
t=2
(420) C1UVACLT) = Q(VAT), (41)

where the first step is by plugging in the definition of hy, ..., hy and Wi, ..., w/., the second
step is because the optimizer in a simplex is on one of its vertices and the relationship
between ¢1-norm and fo-norm, formally, ||x — y||1 < Vd- ||x — y||2, for any x,y € R?, where
d denotes the dimension.
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Dynamic Regret Lower Bound. We consider two cases according to the value of 7.
When 7 < D, we can always find a comparator sequence vy, ..., vy € W such that

M=

T T
hi(we) =Y he(vi) + A lwi = wia 2
=1 =2

t=1

>

M=

T T
(41)
ht(Wt)—‘I/Iéiyl\lj;ht(v)-i-)\ZHWt—wt_lHQ > Q(VAT) = Q(VArT),

t=1 t=2

where the last step holds since 7 < D can be seen as a constant and thus will not affect the
order. Next, we consider the case 7 € (D, DT]. Without loss of generality, we assume [7]
divides T and let K = T'/[7]. To proceed, we construct the following piecewise-stationary
comparator sequence vi,...,vy: for any i € [[7]], denote by Z; = [(i — 1)K + 1,iK] the
i-th interval, the comparators within the interval are set as

V(i—l)K+1 = V(i—l)K+2 =+ =V;g € arg min Z ht(V)
vew teT,

Note that the path length of this comparator sequence does not exceeds 7D. Thus, the

dynamic regret competing with the comparator sequence vy, ..., vy can be evaluated as,

T T T

D hi(we) =Y he(ve) + A lwi = wial2

t=1 t=1 t=2

(7] iK

> Z th(wt) —‘{Ié%zht(v)-l-)\ Z [wi — wi 1|2
i=1 \teT; teT; t=(i—1)K+2
(41) (7] T

] > VAT,

where the first inequality is true by ignoring the switching cost between two consecutive
pieces. In addition, a 2 b means a = Q(b). Hence, we complete the proof. [ |

2 Z\/)\|Iz'|:[ﬂ A
i=1

B.8 Discussion on Memory Dependence

In this part, we examine a subtle issue: the memory dependence of our static policy regret
bound (an implication of the dynamic policy regret bound in Theorem 2) and that of existing
work (Anava et al., 2015).

First, we state our attained static policy regret for OCO with memory via performing
OGD over the unary loss with an optimal step size tuning (which is feasible as there is no
dependence on the path length Pr).

Theorem 20. Under Assumptions 1-3, running OGD over the unary loss achieves

- — 2D?
> fi(Wimi) — min D filv) <(G*+mPLGIT + o
t=1 t=1
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Setting the step size optimally as n = n* = 1/@%, we attain an O(m\/T) static
policy regret.

Anava et al. (2015) present an O(m?®/*\/T) static policy regret for OCO with memory,
which seems better than ours at the first glance. However, we point it out that this is due
to the different assumptions imposing over the Lipschitz continuity. Their assumption is
presented as follows.

Assumption 8 (Lipschitzness of Anava et al. (2015)). The function f; : W™ — R is
L-Lipschitz, i.e.,

m
[fe(3%0 -5 %m) = fi(¥os - ym)| < Ll (%055 %m) = (¥0,- - ym)ll2 = Ly | Dl — will3.
1=0

We compare this definition of Lipschitzness with the version used in our paper, namely,
the coordinate-wise Lipschitzness defined in Assumption 1. Indeed, their definition imposes
a stronger requirement on the function than ours. Clearly, when the online function f;
satisfies L-Lipschitz assumption as specified in Assumption 8, it is also L-coordinate-wise
Lipschitz due to the simple fact that \/E?loni —vyill3 <37, lIxi — yill2. On the other
hand, when the online function f; is L-coordinate-wise Lipschitz as required by Assump-
tion 1, we thus conclude that it is Lipschitz in the sense of Assumption 8 with the Lips-
chitz coefficient L = \/mL, due to the following inequality (by Cauchy-Schwarz inequality)
LY lxi = yillz < Ly/my/ 32 [1xi — yilla.

In the following, we restate the static regret bound of Anava et al. (2015) under As-
sumption 8. We adapt their results to our notations to ease the understanding.

Theorem 21 (Theorem 3.1 of Anava et al. (2015)). Under Assumptions 2, 3, and the
assumption that the online functions are L-Lipschitz (Assumption 8), running OGD over
the unary loss achieves

T o 2D? 3

E fe(Wi—mt) — Hé% E fe(v) < 2G°T + R + 2Lm2nGT. (42)
v

t=1 t=1

Setting the step size optimally yields an O(E1/2m3/4\/f) static policy regret.
Therefore, when the online functions are only L-coordinate-wise Lipschitz as consid-

ered in this paper, applying above theorem immediately obtains an O(L'/2m3/*/T) =
O((y/mL)Y?m3/*/T) = O(L'/?>m~/T), which exhibiting a linear memory dependence.

Appendix C. Omitted Details for Section 5 (Non-stochastic Control)

In this section, we present omitted details for Section 5 online non-stochastic control, in-
cluding the proofs of Proposition 6, Theorem 7, Theorem 8, and Corollary 9.
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C.1 Proof of Proposition 6

We will prove the following statement that gives the state recurrence for any h < ¢, which
is essentially a strengthened result of Proposition 6.

Proposition 22. Suppose one chooses the DAC controller w(My, K) at iteration t, the

reaching state s
H+h

Tpp1 = g}fgﬂmt—h + Z ‘I/f{h(Mt—h:t)wt—u (43)
i=0

where Ax = A — BK, and \Iffi-’h(Mt_h:t) 1s the transfer matriz defined as

h
\Ilf,(z'?h(Mtfh:t) = Afelich + ZAJ BM[Z }11<z _j<H- (44)
§=0

The evolving equation holds for any h € {0,... t}.

Proof First, by substituting the DAC policy into the dynamics equation, we have

H
X441 = Axy + Buy + wy = (A — BK)xy + Z Bthwt—i + wy
i=1
h

H
:AV}IL(+1$t7h+ZAVJI< (ZBM[] Wt —5— —i +wi— ]>

j—O
_Ah+1l‘t h-f-ZZAJ BMz] wt —j— 1+ZAKwt j-
7=0 i=1 j=0

Exchanging the summation index yields,

>

H H i+h
SN AY BMY" W=y Y ABM kﬂwt_k (45)
7=0 =1 i=1 k=1
H+h
= Z Z Ak ZBMt[]k_Hwt kli<i<H (46)
k=1 i=k—h
H+h h .
= > YA M ety < (47)
k=1 1=0
Hih h .
= 3N ARBME T wy i<k e (48)
k=1 m=0
H+h h

= Z ZAJ 'wt 7,]-1<2 —j<H, (49)

i=1 j=0

where (45) holds by defining a third variable k = j + ¢, and (46) is obtained by exchanging
the summation index ¢ and k& and the new range of ¢ is from inequality ¢ < k < ¢ + h.

41



ZHAO, YAN, WANG, AND ZHOU

Moreover, (47) is obtained by another change of variable [ =i — k + h, (48) is obtained by
replacing [ by h —m, and (49) is true by setting ¢ = k, j = m. Therefore, we obtain that

h H
Ti+1 = A;L(Jrlxt—h + Z ZA] BM[Z] jWt—j—i + ZAKwt —J
7=0 i=1 j=0
N H+h h » o h _
= A’;(—i_l]:t—h + Z Z A‘}(BMt[Z_;j]wt—’Lllngng —+ Z A}(wt—i
i=0 j=0 i=0
H+h
= Ah+1xt n+ Z AK]-Z<I’L + ZAJ BM[z }11<1 —j<H | Wt—i
=0 ] =0

and hence complete the proof. |

C.2 Proof of Theorem 7

To prove the dynamic policy regret of online non-stochastic control (Theorem 7), we will
first present theoretical analysis of the reduction to OCO with memory in Appendix C.2.1,
then give the dynamic regret analysis over the M-space in Appendix C.2.2, and finally
present the overall proof of Theorem 7 in Appendix C.2.3.

C.2.1 APPROXIMATION ERROR

In Section 5.2 of the main paper, we have presented how to reduce from online non-stochastic
control to OCO with memory, by employing the DAC parameterization and introducing the
truncated loss functions. In this part, we introduce the following theorem that discloses
that the truncation loss f; approximates the original cost function c¢; well.

Theorem 23 (Theorem 5.3 of Agarwal et al. (2019)). Suppose the disturbance are bounded

by W. For any (k,7y)-strongly stable linear controller K, and any 7 > 0 such that the
sequence of My, ..., My satisfies H]WMHOp < 7(1 —~)4,Vi € [H], the approzimation error

between original loss and truncated loss is at most

T T
> er(@f (Mow—1), uf (Moy)) Z fe(My1 )| < 2TGD*s* (1 — )"+ (50)
t=1 t=1

where
Wk3(1+ HkpT) Wr

Y1 = rR2(L =)Aoy

Proof By Lipschitzness and definition of the truncated loss, we get that

D= (51)

Ct(JJtK(MO:t—l) (MOt)) ft(Mt H- 1t)
ZCt(xtK(MO:t—l) Uy (MOt ) ( (Mt H—1:t— 1)>UtK(Mt—H—1:t))
< GeD (|lf (Mo:e—1) = yf (My—pr—10-2)|| + l[uf (Mo) = of (My—ri—14)])
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< GCD(HQ(l o ’)/)H+1D + K3(1 o ,Y)H—HD) < 2GCD2H3(1 o 7)H+17

where the last two inequalities use the Lipschitzness and the boundedness presented in
Lemma 28. We complete the proof by summing over the iterations from ¢t =1,...,7. N

C.2.2 DYNAMIC REGRET ANALYSIS OVER M-SPACE

In previous sections, we have analyzed the dynamic regret of our method over the R%-
space. However, after reducing online non-stochastic control to OCO with memory, we
need to apply their results to the M-space and thus require to generalize the arguments of
previous sections from Euclidean norm for R%space to Frobenius norm for M-space. For
completeness, we present the proof here.

At the first place, we analyze the dynamic regret of the online gradient descent (OGD)
algorithm over the R%-space. OGD begins with any M; € M and performs the following
update procedure, B

M1 = Tm[My — 0V fe(M)] (52)

where 1 > 0 is the step size and IIx4[-] denotes the projection onto the nearest point in the
feasible set M. We have the following dynamic regret regarding its dynamic regret.

Theorem 24. Suppose the function f: M — R is convex, the gradient norm satisfies
max e pm maxye (7| [|Var fe(M)|lp < Gy and the Euclidean diameter of M is at most Dy,
i.e., supps pprepml|M — M|l < Dy, Then, OGD with a step size 1 > 0 as shown in (52)
satisfies that

< 12 FH2AGHT+ o (Df+2DfPT) (53)

IIMH

T T
)\ZHMt—l — My||p +th(Mt

t=2 t=1

which holds for any comparator sequence M7, ..., My € M. Besides, the path length Pr =
ZtT:2”Mt*71 — M ||r measures the non-stationarity of the comparator sequence.

Proof Denote the gradient by G; = V Mﬁ(Mt). The convexity of online surrogate loss
functions implies that

MH

T T
> JuMy) — < D _(Ge, My = M),
t=1 t=1

Thus, it suffices to bound the sum of (G, My — M;"). From the OGD update rule and
the non-expensive property, we have

t=1

[ Myy1 — M7 ||E = ([T [M; — nGy] — M |3 < | My — Gy — M} |3
= n?||Gill% — 20(Gy, My — M) + || My — M |3

After rearranging, we obtain

(G, My = M) < |Gl + o (M = M| — [ Mesr — M) -
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Next, we turn to analyze the second term on the right-hand side. Indeed,
T T T
D (IMy = MEIE = [ Mysr = MEIE) < Y Mo = M5 =Y [1Me — M-y ||
t=1 = =

T
<My = MFJE A+ (1M — MR — 1M — My |[)
t=2

T T
= HM1—M1*H%+Z Mt* 1 Mt*aQMt Mt* 1 M*> <Df+2DfZHMt* 1 M HF
t=2 t=2
Hence, combining all above inequalities, we have
T T T
N Ron) - hoa) < 2 ZHGtHF + i (Df +2Dp ) ||Mfy — M*HF>
t=1 t=1 t=2

n 1
< G2T+ o (D% + 2D Pp).
On the other hand, the switching cost can be bounded by

My — M1 ||lp = | T [My—1 — 7Gi1] — My_1 |3 < || M1 — nGi—1 — My_1|lr < Gy,

which together with the previous dynamic regret bound yields the desired result. |

C.2.3 PROOF OF THEOREM 7

Proof We begin with the following dynamic policy regret decomposition,

T T
D cilwsu) =Y erla uft)
t=1 t=1
T T
= > _elaf (Moa—r) uf (Mox)) = Y ea(ay’ (M), upt (M)
t=1 t=1
T T T T
= th@f((Mo:t—l),U{((Mo:t)) _Zft(Mt—l—H:t)+th(Mt—1—Ht Z (M1 _ )
t=1 t=1 t=1 t=1
éAT éBT
T T
+Zf M1 ) th o (Mgy_1), up (Mgy)) . (54)
t=1 t=1
LCr

Notice that both Ap and Crp essentially represent the approximation error introduced by
the truncated loss, so we can apply Theorem 23 and obtain

Ar + Cr <ATG.D?*k3(1 — )7L, (55)
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We now focus on the quantity Br, which is the dynamic policy regret over the truncated
loss functions { f;};=1,.. 7. Indeed,

T
Br = th(Mt—l—Ht th 1)

T T T T
<D LM =Y Fo(ME) + A My — Mifle+ 2D |[Myy — M e
t=1 t=1 =2 t=2
T T T
<D AV Se(M), My = M) + A [ My = Mylle + 2D |IM;y — M e
t=1 t=2 =2
T T T T
= > 9(My) =Y ge(M7) + XY Moy = Myllp + A Y 1My = M |[e,  (56)
t=1 t=1 t=2 =2

where A = (H +2)?Ly and g,(M) = (Vs fe(My), M) is the surrogate linearized loss. As a
consequence, we are reduced to proving an dynamic regret over the sequence of functions
{ gt}tzl,_.,T with switching cost, namely, the first three terms on the right-hand side. We thus
make use of the techniques developed in Appendix B.4 (dynamic policy regret minimization
for OCO with memory) to decompose the terms into meta-regret and base-regret:

T T T
S a(M) =" g (M) + X | My—y — Mylp
t=1

t=1 t=2

T T T T
= <)\ ZHMtq — My||r + th(Mt)> - (A ZHMtfl,i — My i|lr + th(Mt,i)>

t=2 t=1 t=2 t=1

meta-regret

T T T
+ </\ D NMeri = Melle + ) ge(Mei) — th(Mt*)> :
t=1

base-regret

We remark that the regret decomposition holds for any base-learner index i € [N]. We
now provide the upper bounds for the meta-regret and base-regret, respectively. First,
Theorem 24 ensures the base-regret satisfies that

1
base-regret < (G +2)\G5)T + T(D]% + 2D Pr),
i

where Pr = S°7_,||M}* | — M;||r is the path length of the comparator sequence. On the
other hand, similar to Lemma 14 of Section B.2, we can show that the meta-regret satisfies

T T T
meta-regret < \ ZHpt,l —pell1 + Z(pt,£t> - Zﬁt,i,
t_

t=2 t=1

where the surrogate loss vector £; € Ay of the meta-algorithm is defined as

b= N|Me—1,; — My llp + g¢e(My;), for i € [N].
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Then, we can use the static regret with switching cost of online mirror descent for the
prediction with expert advice setting (c.f. Corollary 18 in Appendix B.3) and obtain that

In(1/p1
meta-regret < e(2A+ Gy)(Af + Gf)D]%T + n(éM

= Dyy/220 + Gp)(A + GHT(1+1In(1 +1)),

where the equation can be obtained by an appropriate setting of the learning rate e.

Since the above decomposition and the upper bounds of meta-regret and base-regret
all hold for any base-learner index i € [N], we will choose the best index denoted by i* to
make the regret bound tightest possible. Specifically, from the construction of the step size
pool, we can ensure that there exists a step size 7;+ such that the optimal step size provably
satisfies n;+ < m < 27m;+. As a result, we have

T T T
ST g ) =" g (M7) + A IIMy—y — My|lp
t=1

t=1 t=2

i* 1 .
< "—(G} + 2XG)T + 7(ch +2D¢Pr) + Df\/2(2A +Gp) A+ Gp)T(1+In(1 + 1))

N 1
< (G2 +2/\Gf)T+ (Df+2DfPT +Df\/2 A+ Gp) A+ Gp)T(1+In(1 + 1))

2 2
< 5\/(Gf + QAGf)(Df +2D,Pr)T

+ D[220+ Gp)(A + Gp)T (1 + In([logy(1 +2Pr/D)] +2)) .

Combining this result with the regret decomposition (54) and the upper bounds (55), (56),
we have

t=1 t=1

< ATG.D2R3(1 — ) H+1 ¢ §\/(ch + 2\Gy)(D?} + 2D Pr)T

+ Dy (/227 + Gp)(A+ G)T (1+ n([logy(1 + 2Pr/D)] +2)) + APr.

The specific values of D, Ly, G¢, D¢ can be found in Lemma 29. By setting H = O(logT'),
we obtain an O(y/T(1 4+ Pr)) dynamic policy regret and hence complete the proof. [ |

C.3 Proof of Theorem 8

In this part, we present the proof of Theorem 8. Specifically, we provide the main proof of
Theorem 8 in Appendix C.3.1 and the proofs of some key lemmas in Appendix C.3.2.

Notations. We define some notations for convenience. Define €,, an upper bound for the
gap between the true disturbance w; and the estimated one wy, i.e., ||wy — We||2 < €y, and
define a universal upper bound Wy for €, and disturbance bound W (cf. Assumption 4)
as W,e, < Wy. We also define dyin = min{d,, d,}, Ag = A — BK, AK — A — BK for
notational convenience.
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C.3.1 PROOF OF THEOREM 8

Proof The overall dynamic regret is at most

T T To T T
th(ﬂﬁt, up) — th(ﬂrt, u') < th(ﬂvt, ug) + Z iy, up) — Z ci(zft,uft),
t=1 t=1 t=1 t=Top+1 t=Top+1

term (A) ter;(B)

where term (A) is the cumulative cost during the system identification procedure and
term (B) is the dynamic regret caused by Scream.Control algorithm over the rest rounds.
Note that term (A) enjoys a trivial upper bound of O(7}), and term (B) can be decomposed
into two parts:

T T
term (B) = Y cilwnu) — Y claf(S), uf(S))
t=TpH+1 t=Tp+1
tern:?b—i)
T R R T
+ Y @ (8),u(9) = D e (@ (S),upt(S)).
t=Tp+1 t=To+1

term (b-2)

Here, (z7*(S),u;*(S)) is the state-action pair produced by the policy 7 on the true system
S = (A, B,{w}), whereas La:?t(g;), ug’ (S)) is the state-action pair produced by the policy
on the estimated system S = (A, B,{@w}). Summarizing, term (b-1) is the dynamic regret
on the estimated system and term (b-2) is the gap between the cumulative cost of the true
system and that of the estimated system. From Theorem 7, it holds that term (b-1) <
O(\/T(1 + Pr)). From Lemma 26, we can bound term (b-2) as term (b-2) < O(ea,BT).

Overall, with probability at least 1 — §, the total dynamic regret is at most
D-Regrety < O(Tp) + O(/T(1 + Pr)) + O(ca,57T)
= O(ey’s +ea,8T) + O(VT(1 + Pr))
< O(T*?*) + O(T(1 + Pr)).

The second step makes use of the relationship between the system identification rounds Tj
and the estimation error || A — Allop, |B— B|lop < €4,B, as demonstrated in Lemma 25. The
last step holds by setting the rounds of exploration to ensure e 4 p = min{1073x 1092 T -1/ 31,
which is realized when total time horizon is large enough, i.e., T' > 109x3%~~6, |

C.3.2 KEy LEMMAS IN UNKNOWN SYSTEMS

The proof of Theorem 8 relies on the two key lemmas (Lemma 25 and Lemma 26). In the
following, we provide the formal statements and corresponding proofs.

Lemma 25 establishes the relationship between the estimation accuracy €4 p and the
number of estimation rounds Tp. This lemma is firstly due to Hazan et al. (2020) and is
restated here for self-containedness.
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Lemma 25 (Theorem 19 of Hazan et al. (2020)). Under Assumptions 4, 6, 7, when Algo-
rithm 4 runs for Ty rounds, if the output pair (A, B) satisfies, with probability at least 1 — 9,
that |A = Allop, | B — Bllop < £a,5, then it holds that Ty = O(e ).

Proof [of Lemma 25] Based on the observation, we have the following two equations:

ACl, = (AgCr), AxCy=Ch.

Using Lemma 36, it holds that

<~ - AkCy, - C Cr — Collopll A
T Al < 15 = Ciliy + 10 = Colpll Ay -
omin(Ck) — [|Ck = Collop
Lemma 31 tells that with probability at least 1 — 0, || V; — EJKBHF < g, where
2dmin log (2e2k5—1
€2 3kpr2d, W1 0g (2¢ ) (58)
To— k

Owing to the benign high-probability guarantee, we only need to focus on the successful
event, that is, under the case when ||[N; — A}-Bllp < ¢ is true. We then try to bound

||Ck - COHOp) HAVKCk - Cl”opa

Gk = Collop < IICk = Collr = || [No = B, Nyoy = 4] |

F
k—1 N (59)
= \| Y _IIN;: — Ay B||2 < Vke? = eV,
=0
|4k Ck = Cillop < [ AKCy, — Cil|r = H [N1 — AgB,...,Nj, — ﬁ'%B} HF
(60)

k
= \[D_IIN; — Ay B||2 < Vke? = ek
=1

Using Lemma 34 to upper-bound omin (C)), and plugging (59) and (60) into (57), we have

eV +evk k21 —7)
1/\/Fe — vk .

”/IK - A\KHOp <

The gap between A and A can be bounded as

|A = Allop = | A + BE — Ag — BK|op
< | Ax = Akllop + [ Kllop[l B = Bllop

ck2(1 — 5/2
<5\/§—|—6\/§ k=(1 7)+/<5§ 3ek '
1/\/Fe —evk 1/ke — ek
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If we want |A — A, ||B — Bllr < €48, the following equations should hold:

~ ~ 3ekb/?
HA - AHF < v dzHA - A”Op <SVlg | —F/——— 5A < ea,B,
V1/ke — ek

1B = Bllr < v/dwinl| B = Bllop < /dmine £ e5 < cap.
Besides, it is easy to see that ep = Vdmine < Vdze < €4, thus conditions in (61) can

be simplified as €4 < €4,p. Finally, combining the above inequality with the value of ¢
(c.f. (58)), we can obtain that Ty = O(c,%)- [ |

(61)

Lemma 26 measures the difference of the cumulative costs of a policy between the true
system and the estimated one. This result holds for both strongly stable linear controllers
and non-stationary DAC policy and here we only give a proof of the latter, for the former
result, we refer readers to Hazan et al. (2020, Lemma 16).

Lemma 26 (Identification Accuracy). Under Assumptions 4-6, suppose Hg — Allop, HE —
Bllop < ea.5 < 0.255737 and let K be any (k,y)-strongly stable linear controller with respect
o (A, B). Then for any non-stationary DAC policy m1.7 parameterized via My.7,

T T
> (a8 (9) = Y @ (9),uf(8)| < O (canT +ehpT),

t=Top+1 t=Tp+1

where (w7 (S),ui*(S)) is the state-action pair produced by policy m on the true system
S = (A, B,{w}) and (z{*(S),u;*(S)) is produced on the estimated system S = (A, B,{w}).

Proof [of Lemma 26| If the policy is a non-stationary DAC policy parameterized via Mj.p,
in system (A, B, {w}), it holds that

H+t
[z ()2 =W ZH‘I' (Mo:t)lop

H+t
_ WZHAKLQJFZAJ BM," M1 j<nllop

H+t ‘ H+4t t .
SW Y0 =) b’ 30D A lisi <o
=0 =0 j=0
Hit i-1
SW RS 4 mg Y 3 A lopLosyse
i=0 j=i—H
Htt i—1 '
SW RS 4R Y 3D (1= Logiz
i=0 j=i—H

t
<W </@2’y_1 + k5P H Z(l - 7)1>
i=0
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< 1574 (H2’)/_1 + KZQBKBH"Y_l)
< 2WrikSy 1 H.

By Lemma 32, a linear controller K is (E,"}/ — 2Kr3e A,B)—strongly stable with respect to

the estimated system S = (A, B, {®}) if it is (k,7)-strongly stable for the true system
S = (A, B,{w}). Thus it can be easily verified that

1—y+2k%ap <1—7+25% 0255 3y =1—~/2.

For simplicity, we can say that linear controller K is (k,~/2)-strongly stable for the esti-
mated system S. Further, let ||B|lop < s, it holds that

w5 = Blop = (B = B) + Bllop < 4.5 + 5 < 265.
As a result, we can bound Hx?}rl(g)HQ as
2751 ()2 < 2(ew + W)(2k5)*w°(v/2) " H = 32Worgsy ' H.
As for the action u?t(g ), we can bound it as

ZM[Zwt i

=1

< 32W0/<;B/£ v H + 2Wokpr3y1
2

luf* ()2 < |- Kaf* ()]l +

< 34Wok%kSy7LH.

Thus, the diameter of the state-action domain in the estimated system, denoted as 13, is at
most D £ maxyepr) max{ ||z (S)||2, |u: (S )2} = 34Wor%k5y "L H. The gap of the cumulative
costs between the true system and the estimated system can be bounded as

T T
> a (oS (®) = Y e (9), w7 (S)

t=To+1 t=To+1 (62)

~

< G.DY || (S) - 2+ G DZHU (S) — ugt(S)]2-
We start by analyzing Hu?t(g) —uyt(9)||2:
[uf* (S) — uf*(S)|l2 = H( Kaz(S +ZM’]wt ) — <Kxff(3) +ZM}%H>
i=1

< k|2 (S) — 2T (S)]2 + ZHME“ (@i — wi—i)|
=1

2

H
< wllaft(8) = a7 (S)l2 + cwrpr® Y (1 —7)’
i=1

< kl|27(S) — 27 (S)|l2 + cwrpr®y !
(63)
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Plugging (63) into (62), it holds that

Z ct ($t (§)> i ct (74 (S), ui* (5))

t=Tp+1 t=Tp+1
T
< 26G.D Y ||27(S) — a7*(S) 2 + GeDewrpry ' T.
=1

This motivates the need to analyze ||z} (S S)—x 71(S)]]2. To begin with, we define \/I}fi’h(Mt_h:t) =

A 1z<h —|—Z] -0 AJ M[Z }11<z —j<H, where AK e ;{— B\K Expanding xft (§) and l‘?t (S)
using Proposition 6 it holds that

H+t H+t
a7 (8) — 27 (S)ll2 = || 3 Wi (Mrywes — 3 B (M),
=0 =0 2
H+t H+t H+t H+t
< (D (My)wy— Z U (M) @ Z U (M) By — Y Uy (M) By
i=0 2 i=0 2
ter:nr(i) terr;r(ii)
(65)
First, we analyze term (i):
H+t
term (1) < ew » |10 (Mi)|lop < 2ewrkhr®y H. (66)
=0
Second, we investigate term (ii):
H+t
term (11) < (W + e Z qu (M) — B (M)
bl Op
H+t _ '
<2Wp ) H( K~ AZK> ligtH + KBk’ ZHAJ B — Al Bllopli<i—j<n
=0 =0
t Htt t R
< 2Wor® > L = Lillop +2Wokpr® Y D |A%B — A% Bllopli<i—j<u - (67)
=0 =0 j=0
term (a) term (b)

For term (a), using Lemma 35, it holds that

¢
S I = Liflop <3y 2L = Lilop < 3772 - 26% 4 5 = 657y e 4 5.
=0

For term (b), by inserting an intermediate term, we have

H+t t

Y Y IAYB = AYBllopli<i—j<n
i=0 j=0
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H+t t . . H+t t . )
< Y > IAYB - A Bllopli<i—j<u + Y Y 1A% B — A} Bllopli<i—j<n
=0 j=0 =0 j=0
H+t t . H+t t » ]
< €AB Z ZHA%(Hopllgifng +rg Z ZHA% — Afellopli<i—j<n
=0 j=0 =0 j=0

t
< €A,BH’Y_1 + 2“B“2HZHU - Li”Op
=0
< €A,BH771 + QIiBHZH . 6%3’}/7251473.

Plugging term (a) and term (b) into (67), we have

term (ii) < 2Wok? - 6&37725‘4,3 + 2Workpk® - (EA7BH’)/71 + 26K H - 6&37725,4,3)
< 38W0/£23/187_2H5A73.
Plugging the bounds of (66) and (67) into (65), we have
H:Uft(g) — 27 (9) |2 < 2eur BRIy H + 38Work% kY 2Hea 5. (68)
Furthermore, by Lemma 33, we have
Wo < 2(/durk®y "W, ey < 42V/dur"y*Wea s
Plugging Wy and ¢,, into (68), it holds that
|27 (S) = 27 ()2 < Oleas +eh p).
Plugging the above bound into (64), we have
T T
TEQ\ o Tt Q Tt T 2
> a (o (8)uf(9) = Y @ (9), 7 (8)| < O (eanT + 4 5T),
t=Tp+1 t=Tp+1
which finishes the proof. |

C.4 Proof of Corollary 9

We now present the proof of Corollary 9, i.e., the static policy regret of the controller.
Corollary 9 states that when the system dynamics are known, Scream.Control enjoys the
following static policy regret,

N

T
> elwi,u) — glelﬁlz a(2],uf) < O(VT), (69)
t=1

t=1

where the comparator set Il can be chosen as either the set of DAC policies or the set
of strongly linear controllers. Let us denote the two comparator sets as IIpac and Ilgyc,
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respectively. Moreover, when the system dynamics are unknown, using the identification
algorithm of Hazan et al. (2020), we can achieve an O(T%/3) static regret, which also holds
for either the set of DAC policies or the set of strongly linear controllers. Therefore, in the
following we will prove the statement for two comparator sets separately.

Proof [of Corollary 9] When the comparator set IT is chosen as the set of DAC policies, i.e.,
7 € lipac = {w(K, M) | M € M}, the result of (69) can be easily obtained from Theorem 7
by setting m = ... = 7p = m, € argmin, ey >y ¢t (xF, uf). Under such a case, the path
length Pr = 321 ||M;_1 — M||p = 0, and thus

T

T
th(xt,ut) — min ¢ (zT,ul) < O(VT).

I
t=1 reipAc i

On the other hand, when choosing the comparator set II as Ilgy, i.e., 71 = K € Ilg, =
{K | K is (k,~)-strongly stable}, we will need some efforts to prove the statement.

We show that the statement can be obtained by further incorporating Lemma 30, which
demonstrates that minimizing static policy regret over the DAC class is sufficient to deliver
a policy regret competing with the strongly linear controller class (Agarwal et al., 2019,
Lemma 5.2). In fact, denote by 7* = K* = arg min jccy, Zthl ci(zf,uff) | and we have

T T
Z cr(e, u) — nﬁin ce(zf,up)
t=1 rellsie i
T T T T
. * *
= th(:nt,ut) min ce(zf,uf) + min c(xf,up) —th(l{{ ul)
wellpac m€llpac
t=1 t=1 = t=1
T
~ * *
< OWVT) + 3 erlaf V™ M) =37 eyl uf)
t=1 t=1

< O(VT)+T-4G.DWHr3:5(1 — y)1-14~1 < O(VT),

where the first inequality uses the optimality of arg min, . Zle ce(zf,uf) and 7(Ma, K)
is a DAC policy with Ma = (M[Al], e ,M[AH]) defined by MX] = (K — K*)(A— BK*)". The
second inequality holds by Lemma 30, and the final inequality sets H = O(logT).

The above arguments hold for the known system setting. On the other hand, when the
system dynamics are unknown, using the system identification yields an additional estima-
tion overhead of order 5(T 2/3) no matter which comparator set is chosen. Therefore, the

overall regret remains (5(T2/ 3) for unknown systems. Hence, we complete the proof. |

C.5 Supporting Lemmas

In this part, we provide several supporting lemmas used frequently in the analysis of online
non-stochastic control. Most of them are due to the pioneering works (Agarwal et al., 2019;
Hazan et al., 2020), and we adapt them to our notations and provide the proofs to achieve
self-containedness. Specifically,
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e Lemma 27 establishes the norm relations between the ¢1, op norm and Frobenius norm
used in the M-space.

e Lemma 28 checks the boundedness of several variables of interest.

e Lemma 29 shows several properties of the truncated functions { ft}thl and the feasible

set M.
e Lemma 30 connects the DAC class and the strongly linear controller class.
e Lemma 31 — Lemma 36 are useful for analysis in unknown systems.

Lemma 27 (Norm Relations). For any M = (MM ... M) € M C (R&*4)H jts f1, op
norm and Frobenius norm are defined by

H
1M]le0p & > _IMPop, and ||M|lr £
=1

Denoting by d = min{d,, d,}, we then have the following inequalities on their relations:
1Mlleyop < VH|M]|p, and | Mp < V|| M|ley 0p-

Proof [of Lemma 27] We know that for any matrix X € R™" || X |lop < || X|lr < V| X |op-
Therefore, by definition and Cauchy-Schwarz inequality, we obtain

H H
1M leyop = D 1M lop < D IIMYlp < VH||M|lr.
i=1 i=1

On the other hand, we have

H H H
1M[e = | D IMER <> M e <> V| M op = V|| M|, op,
i=1 i=1 i=1
which completes the proof. |

Lemma 28 (Lemma 5.5 of Agarwal et al. (2019)). Suppose K and K* are two (k,7)-
strongly stable linear controllers (cf. Definition 4). Define

» W(K®+ Hipr3T) Wr
T (e L I

Suppose there exists a T > 0 such that for all i € [H] and t € [T, HMtMHF < 7(1 —7)t
Then, we have

D

(70)

o |lzff (Mox-1)ll < D, llyf* (Mi—p—14-1)|| < D, and ||=f"|| < D.

o [luf (Mox)| < D, and |[vf (My-rr—1.0)|| < D.
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o ||eF(Moy—1) — y(My_1_mre—1)| < K2(1 —~)"+1D.
o [luf (Mo.t) — of (M1 ) || < &°(1 =)D,

In above, the definitions of state x* (Mo._1) and corresponding DAC control ulS (My.;) can
be found in Proposition 6, and the definitions of truncated state x1* (Mo.;_1) and correspond-
ing DAC control v (My.;) can be found in Definition 2. The definitions of state x& can
be found (and will be used) in Lemma 30.

Proof [of Lemma 28] We first study the state.

oH
lof (Mos—1)|| = | AR 2 g (Mog—m—2) + > T (My— 11 )wi—1 i
i=0

2H
< KAL) Tl gy (Moe—2) |+ W YW (Mi—rra)|
i=0
2H ' '
< /€2(1 _ ")/)H—i_]'thI{—H—]_(MOIt_H_Q)H + WZ (/4;2(1 _ 7)1 4 HKZB,qu(l — 7)1—1)
i=0
KL= Tl g (Mosg—n—1)|| + W (K> + Hrpr®7) [
W (k? + Hrpk?T)
<D 71
A0 = 21— ) = i
where inequality (71) is a summation of geometric series and the ratio of this series is
k2(1 —~)H+L. Similarly,

IN

<

2H
KH
Iyt (My—1— 1) = E Ui (Mei—pga—)we—1—4
i=0

2H
K,H
< W NS (M)l

=0
2H ' ‘
<W Z (/<c2(1 — )+ Hepr?r(1 - fy)z*l)
i=0
2 2
§W<H+EW“>§D
Y
Besides,
=1 t—1 w2
i =D Aewra || S WD K (1—9)' < <D.
i=0 i=0 v
So the difference can be evaluated as follows:
27 (Mo:t—1) = 4 (M- va-1)|| = (AR 2l (Mo ) || < 21 =)D,
We now consider the action (or control signal).
H I3
uf (Mow) || = H—KxK (Mo—1) + Y My
i=1
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H
< Kl (Moa—1) | + > Wr(1 =)
i=1
W (k3 + Hrkpr3T) n Wr
T A=A =)y

<D.

Similarly,

H
lof (My—p—1:0) || < &llyf (Mi—pr—10-0)|l + Y Wr(1 =)' < D.

i=1
The difference of the actions is
g (Mos—1) —vf (My—p—1:-1) || = | =K (@f (Mos—1) 4 (Mi—p—1.4-1))|| < &°(1=7)"+'D,
which finishes the proof. [ ]

To reduce the online non-stochastic control to OCO with memory, in Definition 2 we
define the truncated loss f; : MH+2 — R as

Fr(My1_m4) = eyl (M1 1), 0 (My_1_ 1)),

K,H
where y£1(Mt—H:t) = Z?fo \I’t,{ (Mt—H:t)wtfi and U,{il(Mt—H:tH) = —Kyt+1(Mt—H:t) +
Zfi 1 Mt[z}_lwtﬂ,i. In the following lemma, we show several properties of the truncated

functions { ft}thl and the feasible set M such that we can further apply the results of OCO
with memory.

Lemma 29. The truncated loss fi : MH2 = R and the feasible set M satisfy the following
properties. For notational convenience, we first let D be defined the same as (51), and we
restate it below

Wr3(1+ HkpT) Wr

V(L= RAHL =)ty

(i) The function is L ¢-coordinate-wise Lipschitz with respect to the Euclidean (i.e., Frobe-
nius) norm, namely,

D2

lfr(Me—m—1, .o, My oo, M) | = | fr(Me—pr—1, - - -, My g,..., M)l < LfHMt—k—]\Z—kHF,
where Ly < 3VHG.DW kgk>.

(ii) The gradient norm of surrogate loss fr : M — R is bounded by Gy, i.e., IV arfo(M)]|p <
Gy holds for any M € M and any t € [T, where Gy < 3Hd*G Wrpr3y~ L.

(iii) The diameter of the feasible set is at most Dy, namely, |M — M'||p < Dy holds for
any M, M' € M, where Dy < 2\/drpr3y~".
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Proof [of Lemma 29] We first prove the claim (i), i.e., the Ls-coordinate-wise Lipschitz
continuity. For simplicity, we use the following definitions in the following arguments.

Mi_gva 2 {My_pg1...My_... My}, My_pg14-1 = {Meg_1...My_j...My_1},
Mypgg 2 {Mygy...Myg... My}, Mg 112 {M_pgy... My ... M1}
By representing f; using c;, we have
FeMy—pr-1:) — fr(Mi—pr-1:)
=Ct ( K(Mt—H—l't—l) UK(Mt—H—1~t)) —Ct (ytK(]/\Zt—H—lzt—l);'UtK(]/\Zt—H—lzt))

< GeDyf =it |l + GeDllvi* =T, (72)
where for convenience we use the notations y* £ y] (Mt Ho1i1), UK 2 yf((J\Z,H,l:t,l)
and vf* £ o (M;_g_1.4),0F = 98 (M;_p_1.4). Besides, the last inequality holds because
the norm of ||y, |7, HUKH HUKH are all bounded by D, as shown in Lemma 28.

Then we try to bound ||y — 7| and ||of* — 2.
2H -
v — 31 = Z (‘I’t ’u(Mt H-1:4-1) — \Ilfiﬁi(Mtfolztfl)> Wi—1—
=0
2H s
= ||A} BZ (Mt[l__k Vi ]> L kelmWi—1-i
< rprd( WZHMM - M2
< kg W||My_y, — Mt—k”a (73)

and we have

H
It =80 = a8 =5+ 1003 (0, - )
=1

< (kpk*W + 1)||My_g — My
< 26K WMy — My_y|\. (74)
Combining (72), (73), and (74), we obtain
FMy_gr10) = Fi(My—r14) < GeDlly = 5| + GeDllof — 5|
< GeDbpR*W Myt — My_i|| + GeD2kpi>W | My, — My
< 3G Drpr*W ||My_y, — My_g|.

So we have Ly < 3G.DWkpk>.
Next, we prove the claim (ii), i.e., the boundedness of the gradient norm. Indeed, we
will try to bound V, n f¢(M) for every p € [du], q € [dg] and r € {0,..., H — 1},
P,q

Oyt (M)
oMy

v/ (M)

(75)
oMy,

[

F F
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So we will bound the two terms of the right-hand side respectively.

2H H

oyl (M) &A% BM—J)
‘ ] ZZ o Wi—1-ili—je(m)
OMpg |lp i=0 j=0 OMjpq -
r+H+1 aAVZ'I;r_lBM[T}
= Z —[r]wt—l—i
i=r+1 OMp,q F
aMw r+H+1 o
S WHBKZ 7[71 Z (1 _ ’Y)Z r—1
OMpg g i=t1
2 Vil 2
< Wekpk® || 0 - Wkpk (76)
v OMpq || g Y
vl (M oYK (M A1l ol
v (M) Yi (m) Py S
OMpg |lp OMpyq ||p =1 [|0Mpg F
3 MM 3
< Wkpk 0 - “w (HBFL n 1> (77)
v OMp g || p v
Combining (75), (76), and (77), we obtain
~ WI@BKQ HB/ig 5
Vi 0| < Ge -G (BB 1) <3G Wrprty .
p,q "}/ "}/

Thus, ||Varfi(M)|r is at most 3Hd2G W kpr3~y~L.
Finally, we prove the claim (iii), i.e., the upper bound of diameter of the feasible set.

Actually, the construction of feasible set M ensures that Vi € [H], ||M Hop < kpr3(1 — )t
Therefore, we have

(Lemma 27)

M; — M. M; — M.
Ml%}éM" 1 o|[F = vd Hj\l/?x [My = Ma|[ey,0p

<Vd max ([Mileop + [Malleyop) = V| max (ZIIM lop + 1345” Hop>

H
<+Vd max (2253/@ (1-— ) = 2Vdkpr® Z(l — w)i < 2\/&13/@37_1
i=1

My,MaeM

Hence, we finish the proof of all three claims in the statement. |

In the following, we show that minimizing the static policy regret over the DAC class is
sufficient to deliver a policy regret competing with the strongly linear controller class.
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Lemma 30 (Lemma 5.2 of Agarwal et al. (2019)). With K, K* chosen as the (k,~)-strongly
stable linear controllers as defined in Definition 4 and under Assumption 5, there exists a

DAC policy n#(Ma, K) with Ma = (MY, MUYy defined by

MY = (K — K*)(A - BK*)’

such that
T T
Z (B (M), ul* (M) th K= )< T-4G.DWHES(1 — 7)H 71471,
t=1 t=1

where x " s the state attained by executing a linear controller K* which chooses the action

K* *K*

Proof [of Lemma 30] The coordinate-wise Lipschitzness of the cost functions implies that

ct (:L“f(MA),uf(MA)) — ¢ <£L‘£<*,uf(*) < G.D H:cf((MA H + G.D Hut (Mp) —ul”

By the linear dynamical equation (12), we have

t t
oK = Z(A — BK*)'wy_; = Z Abecwy (78)
=0 1=0

By the property of the DAC policy (Proposition 6), we have

H+h
ol (Ma) = AWK (MA) + Z U (Ma)wy;.

Setting h = t and combining the assumption that the starting state g = 0, we achieve the
following equation,

H
241 (Ma) :Z‘I’ {(Ma)wei + Z W (Ma)wr—.
i=0 i=H+1

Now we turn to calculate the transfer matrix \IIfih(M A) explicitly. Actually, for any i €
{0,...,H}, h>H, ie, 0<i<H <h, by definition we have

h
U (M) = Al licy + Y ALBMY 1, e

=0

= Ay + " At pu)] (79)
k=1

= A + > AFB(K — K*) AR (80)
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= Fi+ 3 Al — Ag) Ak
k=1

7
= Ay + > ALF AR, - A AR
= Ab + AL — AL
= Al

where (79) holds by introducing a new index k = i —j and (80) can be obtained by plugging
[i]

the construction of M4’ (30). So we achieve the conclusion that

t
ewmi Y U (Ma)w. (81)
1=0 i=H+1

Mu:

xt+1 (Ma) =
Combining (78) and (81) yields

t
> (05 (M) — A wis

K* K
th+1 - ﬂft+1(MA)H =

i=H4+1
(zuw (M) 4 zuAuu)
H+1 i=H+1

t
<W < Z (2,%2(1 — )+ HrjkP(1 — fy)i_l)>

i=H+1
<SW (2621 =)y + Hegpr® (1= y)"y71)
<KW (L =)y (21 =) + HrrY)
< Hepr"W (1 =)y 1 2(1 =) + 1)
< 2WHrRR (1 -7y

where the second inequality makes use of Lemma 28. Next, we investigate the difference
between the control signals,

H
”ut+1 Uﬁl(MA)” = K*xt+1 (‘Kw{iﬂMA) + ZMk]th—i)
i=1
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< 2WHrHRS(1 — 4) 71y~

Using above inequalities and Lipschitz assumption as well as the boundedness result (Lemma 28),
we complete the proof. [ ]

The remaining part of this section lists useful supporting lemmas for studying non-
stochastic control in unknown systems. Lemma 31 gives a high-probability bound about
the estimation accuracy in unknown systems.

Lemma 31 (Moment Recovery (Hazan et al., 2020, Lemma 21)). Under Assumption 6,
Algorithm 4 satisfies for all j € [k], with probability at least 1 — ¢, it holds that

2dmin log (2e2k61)
To— k '

IN; — AL B|r < 3&Bn2duW7_l\/ (82)

Proof [of Lemma 31] When the control inputs are chosen as u; = —Kzy + Uy, using the
transition equation of linear dynamical systems, it holds that

Tyl = Axy + Buy +w; = Axy + B (—K.%'t + ﬂt) —+ wy = AvKltt + By + wy
= Ag (A1 + Bug_1 +wy—1) = Ag (ngtfl + Bug1 + wml) + Bug +wy

= Ag(wt_l + ;{K (Bﬂt_l + wt_l) + (B%It + wt) =...

t
= > AL (Bl +w).
=0

Let N;; = $t+j+1’lj:, we can prove that

E[Nj:] =E [Q?t+j+1ﬁﬂ =E

t+j o
ol
=0
ar AN .
- AR [(Bai+wi)aj] — A -E [(Bat+wt)aﬂ
=0

= 4B -E [wa] | + How -E @] | = AB,

where the second last equation is due to the fact that u; and u; are independent when

i # j, and the last step is true because Eg, [ﬂtﬂ? ] = [,Eg, [us] = 0. Consequently, we can

prove that E[N;] = ﬁ tTio_k_lE[NN] = A} B. Note that for 0 < t1,to < Ty —k—1
and t1 # ta2, Nj; and N;;, are not independent because they contains the same random
variables 1, so we cannot use Hoeffding’s inequality here. ‘

For each index j € [k], we can define a sequence of variables N it AN it — ZJKB , We can

prove that {Nj,t}tTiO_k_l is a martingale difference sequence w.r.t. the sequence {ﬂt};iak_lz

E [Nj,t ‘ ao:tfl} =E [N | wo:e—1] — g%'(B
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[t+j

=K Z Atg_]_z (Bﬂi + wi) 272—
Li=0

[t—1 .

=K Z A?]_Z (Bﬂl + wi) ﬂtT
Li=0

—E ﬁ;{(mﬁwmﬂ —Al.B=0

a0:15—1 - AJ[(B

t+j
> AETN(BU +w) U | — AL B

i=t

aO:t—l +E

For all j € [k],t =0,...,Ty — k — 1, the operator norm of N;; can be bounded by
INjtllop < lzetjstllopllicllop < llzerjillallielle < 26pR*VduWr ™t/ dy = 2652 d, Wyt
Also, for Nj,t, we can prove that

INjtllop < I Njillop + 1A% Bllop < 26pK%du W™ + kpr?(1 — ) < 3kprd, Wyt
INjelle < Vil Njitllop < 3V dminkprids WAy~ 2 Dy.

Using Lemma 13, we have Pr [HZtTiak Nyl > ﬂf} < 2e?exp (2 By substitut-

g2
TaT)
ing Njs by Nj¢ — AlcB, it holds that Pr [|N; — A} Bllr > 72¢] < 2¢2exp (ﬁ)

Finally, let ¢ = 7%, we have
~; —(Tp — k)e?
Pr [HNJ- — AJKBHF > 8} < 2e? exp (072)23
2D%,
—(To—k)e?

2D%
Jj € [k] with probability at least 1 — ¢, which implies that

2dmin log (2e2k5-1
€= 3KBK2duW’)/_1\/ 0g (2¢ )

We set 2e? exp( ) = % to make above concentration inequality holds for each

To — k

Hence, we complete the proof. |

Lemma 32 (Preservation of Stability). Under Assumption 6, if K is (k,v)-strongly stable
for a linear dynamical system S = (A, B,{w}), i.e., A—BK = QLQ™", and |A—A|p, || A—
A\HF < €4a,B, then the same linear controller K 1is (/-ﬁ,'y — 2%35A7B)-str0ngly stable for the
estimated system S = (A, B,{@}), i.e., A— BK = QLQ™", where |L|| <1—~+ 2r3e4 .

Proof [of Lemma 32] First, we try to express the strong stability of K with respect to
(A, B) as

A-BK=A-BK+(A—A) —(B-BK
=QLQ '+ (A—A)— (B-BXK
=Q(L+Q 7 ((A-A) - (B-B)K)Q) Q' £QLQ™,
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where the last equality is by defining L=L+ Qfl((ﬁ —A) — (E — B)K)Q. Further, the
operator norm of L can be bounded as

1Zllop = 1L+ Q" (A= 4) = (B = B)K) Qllop

< 1 llop + 12 lop (14 = Allop + 15 lop 1B = Blop ) 1@1lop

S(1—7)+H-(6A73+H-€A’B)'/i§1—’)/-1-2,%3614,3.

By definition of strong stability, it holds that K is (m, v —2K3e4, B)—Strongly stable for the
estimated system S = (A, B, {w}). [ |

Lemma 33 below provides boundedness results in the fictitious system.

Lemma 33 (Lemma 18 of Hazan et al. (2020)). Under Assumption 4 and Assumption 6,
if it holds that ey p < 107371992, then for any t > Ty + 1, we have

lzell2 < 20V/dur W, wp = @il < 420/ dury P Weap, (@l < 2V/dur®y W

Lemma 34. Under Assumption 7, omin(Ck) > 1/\/ke, where Cy, is defined in (16).

Proof [of Lemma 34] Under Assumption 7, it holds that ||(CxC}l )™ lop < ke, i-e.,
amax((CkC’,I)_l) < Ke.

It is apparent that ((C’kC’J)_l)T = ((CkC,;r)T)_l = (CC)) 7Y de, (CCY) 71 is a sym-
metric matrix. Then we have

i (CLC) ™) = A (GO ((CCT)) ) = A (G Cu) )

— 22 ((ckc,j )—1) < Fe.

Finally we have oy (Ck) = /\min(C’kC’,I ) > 1/./FKc, which finishes the proof. [ ]

Lemma 35 (Lemma 17 of Hazan et al. (2020)). For any matriz pair L, L, such that
[ Zllops | Lllop < 1 =, € (0,1), we have 3272 [|L" — Lo < 377?||L = Llop-

Lemma 36 (Perturbation Analysis (Hazan et al., 2020, Lemma 22)). Let x* be the solution
to linear system Ax = b, and T be the solution to (A+ AA)x = b+ Ab, then if it holds that
|AA| < omin(A), it is true that

b + |AA] ]
Omin(A) = [[AA[[op

" — ]| <
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