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Abstract

Parameter-free stochastic optimization aims to
design algorithms that are agnostic to the underly-
ing problem parameters while still achieving con-
vergence rates competitive with optimally tuned
methods. While some parameter-free methods do
not require the specific values of the problem pa-
rameters, they still rely on prior knowledge, such
as the lower or upper bounds of them. We refer
to such methods as “partially parameter-free”. In
this work, we target achieving “fully parameter-
free” methods, i.e., the algorithmic inputs do
not need to satisfy any unverifiable condition re-
lated to the true problem parameters. We pro-
pose a powerful and general grid search frame-
work, named GRASP, with a novel self-bounding
analysis technique that effectively determines the
search ranges of parameters, in contrast to previ-
ous work. Our method demonstrates generality in:
(i) the non-convex case, where we propose a fully
parameter-free method that achieves near-optimal
convergence rate, up to logarithmic factors; (ii)
the convex case, where our parameter-free meth-
ods are competitive with strong performance in
terms of acceleration and universality. Finally, we
contribute a sharper guarantee for the model en-
semble, a final step of the grid search framework,
under interpolated variance characterization.

1. Introduction

Stochastic optimization is a fundamental problem in ma-
chine learning and optimization (Bottou et al., 2018; Lan,
2020), with applications across various domains, such as
the training of large-scale models (Kingma & Ba, 2015;
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Loshchilov & Hutter, 2019), reinforcement learning (Schul-
man et al., 2017; Shao et al., 2024), and so on.

One of the most fundamental stochastic optimization meth-
ods is Stochastic Gradient Descent (SGD) (Robbins &
Monro, 1951), which uses stochastic gradients estimated
from mini-batch samples for the update. The success of
SGD depends largely on the choice of step size. In practice,
a common approach is to define lower and upper bounds for
the step size and perform a grid search within this range to
find the optimal tuning. Typically, heuristic bounds such as
10~° and 10! are used, which lack theoretical guarantees.

Meanwhile, optimization theory indicates the optimal step
size depends on problem parameters: in the non-convex
case, on the initial function suboptimality gap and objec-
tive properties (e.g., smoothness, noise bound) (Ghadimi &
Lan, 2013); in the convex case, on the Lipschitz constant
and the initial distance to the optimum (Nemirovski et al.,
2009). Since these parameters are often unavailable in prac-
tice, research has increasingly focused on parameter-free
stochastic optimization (Li & Orabona, 2019; Ward et al.,
2019; Mcmahan & Streeter, 2012; McMahan & Orabona,
2014; Carmon & Hinder, 2022), where non-convex and con-
vex methods are developed without specific values of the
problem parameters. A detailed review of related works
is provided in Appendix A. However, despite aiming for
parameter-freeness, most works still require inputs tied to
certain problem parameters, e.g., the state-of-the-art method
in stochastic convex optimization, U-DOG (Kreisler et al.,
2024), requires a coarse upper bound on gradient noise and
a lower bound on the initial distance to the optimum.

We introduce a more rigorous characterization of parameter-
freeness to distinguish between “partially” or “fully”
parameter-free methods, enabling clearer comparisons
across existing approaches. Specifically, an algorithm is
considered fully parameter-free with respect to a problem
parameter X if it is not only agnostic to the specific value
of X but also does not rely on any unverifiable condition
related to X (e.g. upper or lower bounds). Otherwise, it is
classified as partially parameter-free.

We aim to develop fully parameter-free methods by adopting
the grid search framework, a common approach in optimiza-



Towards Fully Parameter-Free Stochastic Optimization: Grid Search with Self-Bounding Analysis

Table 1. Comparison of parameter-freeness and convergence rates for stochastic optimization. Notations: X 2 max{X, X} for

X €{L¢, Fy, Ly, do} withany X. > 0; ‘X’, ‘¥’, and ‘v denote no,

(a) Non-convex case. L, is smoothness parameter, Fy = Z(xo) —0(x*

partial, and full parameter-freeness; ¢ is the confidence level.

), Ag is maximum gradient noise, g° is empirical value of V£(x°).

The result of Attia & Koren (2024) is partially free because the lower and upper bounds of the learning rate, i.e., Jmin and Nmax, require

prior knowledge of the problem parameters.

Reference I Fre;l;ess A Convergence Rate of ||V{(x")||
Tuned SGD (Ghadimi & Lan, 2013) | X X X \/LII;T n LngJrAT?(log )
Attia & Koren (2024, Theorem 1) X X X \/#mf <log+’7’]‘:ﬁ> (log 1) + LAF;Jr%?(log ) (long:’]:ﬁ) (log 1)
Ours [Theorem 2] v v v Z[?Af <10g+ TAF;J') + EKF”AT?(IOg 1)’ (10g+ TL‘FI:SH)

(b) Convex case. L, and (L., v) are (Holder) smoothness parameters

, GG is Lipschitz constant, dgp = ||x~ — x*||, A(+) is gradient noise
G is Lipschi do 2 ||x° “II, A(+) is gradi i

function, A p is maximum noise defined in Eq. (2). o is value noise at x*. g° and ¢° are empirical values of V/(x°) and £(x°). The }
marks adaptivity to Holder smoothness. Meanings of colors: main convergence, variance, optimum’s noise, and ensemble error.

Freeness i
Reference 1}8%‘:5::; :;;S Convergence Rate of ¢(x°") — £(x*)
Ly do
Kavisetal. (2019) | vt X | Domain bounded by D LD + P20 (log 3)
. ) O L Gdy dolay | doBaa, a0 )2 2 Ry +min{Led2,Gdo} | *
Kreisler et al. (2024) | v X <2A((?)) (;Z]) (mm{ 2 ﬁ} + RV ) (10g+£> (log %) (10g+TW)
> N2 dAL N ~
Ours [Theorem3] | v v/ — Ledy (10g+§f) + /\% (10g+§—2) * (log 1) + ERR (T/ (logﬂli” ))
+ * L,dit" dy = Asgy do H 1 Nog(1/8) T —t*)
Ours [Theorem 4] | v1 v <& Pl (log, ) T+ 20 (log, ) (tog §) + o/ Y 4 B (T/ (10g, P72

tion practice. Existing grid search methods are partially
parameter-free (Attia & Koren, 2024; Khaled & Jin, 2024),
as they rely on given ranges of problem parameters to de-
termine the search range. However, in real-world scenarios,
the ranges of problem parameters, especially their upper
bounds, are often unavailable.

To this end, we propose a general and powerful grid search
framework, along with a novel “self-bounding” analysis
technique to address the lack of theoretical guidance in deter-
mining the search ranges of problem parameters. Our tech-
nique effectively derives computable search ranges for un-
known problem parameters, while ensuring full parameter-
freeness and maintaining competitive theoretical guarantees.
Our methodology has been proven effective for both non-
convex and convex optimization.

Our results significantly enrich the line of research on
parameter-free stochastic optimization for both non-convex
and convex cases, offering a series of new contributions:

For fully parameter-free stochastic optimization, we pro-
pose a methodology that enhances the general grid search
framework with a novel self-bounding analysis technique.
This technique effectively derives the parameter search
ranges without any prior knowledge of the problem pa-
rameters, as described in Section 3.1.

For non-convex and smooth stochastic optimization, we

propose a fully parameter-free method w.r.t. all problem
parameters, with convergence rate matching the optimal
one up to logarithmic factors, as stated in Table 1a.

For convex and smooth stochastic optimization, we pro-
pose a fully parameter-free method w.r.t. all problem
parameters, producing a candidate with near-optimal
accelerated convergence up to logarithmic factors. For
the more general Holder smoothness, our method demon-
strates fully parameter-freeness w.r.t. both the Holder
smoothness parameters and the distance to the optimum,
producing a candidate with universal convergence, com-
petitive with the state-of-the-art method of Kreisler et al.
(2024). These results are summarized in Table 1b.

* We provide a new guarantee for model ensemble with an
interpolated variance characterization, thereby enhancing
grid search, as summarized in Table 2.

Organization. The rest of the paper is organized as fol-
lows. In Section 2, we introduce the preliminaries. In Sec-
tion 3, we provide a general introduction to our grid search
methodology. In Section 4 and Section 5, we provide the
theoretical results for non-convex and convex optimization,
respectively. Then in Section 6, we conduct experiments to
verify the effectiveness of the proposed methods. Finally,
we conclude the paper in Section 7. Due to page limits,
most proofs are deferred to the appendix.



Towards Fully Parameter-Free Stochastic Optimization: Grid Search with Self-Bounding Analysis

2. Preliminaries

In this section, we introduce optimization problem setups
and definitions of parameter-freeness used in this paper.

Notations. We use [ V] to denote the index set {1,..., N}.
The /3-norm is denoted by |[|-||. Independently sampling
from the oracle Q(:) at x for ¢ times is denoted by
Q1 (x), ..., Q(x). We define log , () £ 1 + log(z). We
omit the log log factor in the asymptotic notation O(-).

2.1. Optimization Problem Setups
We focus on unconstrained stochastic optimization:

min £(x), )
where we denote the optimum by x* € arg min, cpa 4(x).
The algorithm starts from the initial point x° and outputs a
solution x°". During the optimization process, we assume
access to two stochastic oracles: one for gradients and one
for function values, which is common in the machine learn-
ing and stochastic optimization literature.

Assumption 1. There exists a first-order oracle g(-) such
that: given any x € R, it satisfies E[g(x)] = V/(x) and
Pr[|lg(x) — Vi(x)|| < A(x) < A] = 1, where A : R? —
Ry is an unknown function and A, is an unknown constant.

Assumption 2. There exists a zeroth-order oracle £(-) such
that: given any x € RY, it satisfies E[¢(x)] = ¢(x) and

Pr[|4(x) — £(x)| < 0¢] = 1, with an unknown constant .

Specifically, we interpret sampling from the oracle as draw-
ing a differentiable function l¢(-) parameterized by the ran-

dom variable &, where ¢(-) = l¢(-) and g(-) = V()
represent the zeroth- and first-order oracles, respectively.
This notation is omitted when the context makes it clear.

We then define the following maximum noise bound for a
domain with center x° and diameter D as:

AD £ max”x_onSD A(X) (2)
In the following, we provide the formal definitions of

smoothness, Lipschitz continuity, and Holder smoothness.
Definition 1 (Smoothness). The objective £(-) is L;-smooth
if [[VA(x) = VL(y)|| < L¢||x — y]| forall x,y € R?,
Definition 2 (Lipschitz Continuity). The objective £(-) is
G-Lipschitz if [¢(x) — {(y)| < G||x — y|| forall x,y € R%
Definition 3 (Holder Smoothness). The objective £(-) is
(L, v)-Holder smooth with L,, > 0,v € [0, 1], if || V4(x)—
VUy)| < L|lx —y||* forall x,y € R

We consider two setups: non-convex and convex objective.

For non-convex optimization, the objective ¢(-) is not nec-
essarily convex but is Ly-smooth. We focus on the high-
probability convergence rate of the squared gradient norm,

[|[V4(x°)||2, and the optimal rate of the tuned SGD relies
on the functional gap between the initial point and the opti-
mum, i.e. Fy £ ((x°) —¢(x*), the maximum gradient noise
Ay, and the smoothness parameter L.

For convex optimization, we focus on the high-probability
convergence rate of the sub-optimality gap £(x°") — £(x*).
For accelerated convergence, we assume the objective is
Ly-smooth. For the more challenging universal conver-
gence, we assume that the objective function satisfies one
of the following cases: (i) either L,-smooth or G-Lipschitz;
(ii) (L,,v)-Holder smooth. The optimal rate relies on
the distance between the initial point and the optimum
do = ||x° — x*||, the maximum gradient noise Ay, and the
smoothness parameters Ly or (L, v).

2.2. Definition of Parameter-Freeness

In this part, we introduce partial and full parameter-freeness
in order to better distinguish between different levels of
parameter dependence and to facilitate a clear comparison
with previous works. First, we assume the algorithm has
access to the oracle query budget 7' and the confidence
level §. Regarding the requirement for prior knowledge
of problem parameters, such as Ay, oy, Ly, Fy, dy defined
in Section 2.1, we propose the following definitions.

Definition 4 (Partial / Full Parameter-Freeness). An op-
timization method is parameter-free w.r.t. some problem
parameter X if it does not require X as an input. Formally,

» Partial parameter-freeness: It is agnostic to X, but
some algorithmic inputs must satisfy an unverifiable
condition related to X. For example, the input X’ must
satisfy that X’ < X, but there is no guarantee that this
condition holds.

* Full parameter-freeness: Its algorithmic inputs do not
need to satisfy any unverifiable conditions related to X .

It is important to note that parameter-free does not imply
freeness from all parameters; rather, it specifically refers
to the absence of key problem parameters related to the
problem’s properties, such as Ay, oy, Ly, Fy, dy defined in
Section 2.1. In the rest of the paper, we abbreviate the above
definitions as “partially / fully free to X for convenience.

3. Our Grid Search Framework

In this section, we introduce our grid search framework,
GRASP (GRid-seArch with Self-bounding for Parameter-
free Optimization), including three key components: self-
bounding analysis, budget allocation, and model ensemble.

Framework Overview. Given an algorithm A with pa-
rameters to be tuned, such as the step size, and a total oracle
budget T, the grid search framework proceeds as follows:
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(1) Identify a suitable range for each algorithmic parameter,
where our self-bounding technique assists in doing this.

(2) Discretize the search range and allocate the budget; for
each value in the discretized set, run an instance of the
algorithm A using the corresponding parameter values.

(3) Select the best output from these algorithm runs.

Then, in Section 3.2, we use deterministic convex and
smooth optimization as an example to illustrate the entire
pipeline of the grid search methodology.

3.1. General Idea of Self-Bounding Analysis

The grid search framework is commonly used in optimiza-
tion practice; however, it typically relies on manually speci-
fied ranges for algorithmic inputs, lacking theoretical guid-
ance for selecting these ranges. To address this, we propose
the “self-bounding” analysis technique as a simple yet ef-
fective solution. We use convex and smooth optimization as
an illustrative example and then present the general idea.

An Intuitive Example. Consider the convex and smooth
optimization with deterministic gradients, where the opti-
mal convergence is O(Lyd%/T?), with dy being the initial
distance to the optimum. Since dy could be infinitely large,
it is difficult to determine a suitable search range for it. Our
key insight is that, this dy is naturally bounded to ensure
the accelerated rate is non-vacuous. Specifically, the target
rate has a quadratic dependence on dy, so if d; is exces-
sively large, the convergence rate will be worse than a trivial
bound, e.g., £(x°) — £(x*) < ||[V£(x°)||do. To this end, we
use this trivial bound as a benchmark to derive a reasonable
upper bound for d, that is, by solving the inequality:

max{Ly, L. }d3
T2 -

Lo
T2’

IVe)do > 3)
thereby leading to a computable and effective upper bound
of dy < ||[VA(x%)||T? /L. with arbitrary L. > 0.

This example illustrates the main idea of our self-bounding
analysis: we can determine an effective search range for un-
known problem parameters, given appropriate connections
between the target and benchmark rates. Below, we present
a more rigorous formulation of this idea.

Self-Bounding Analysis. Consider the target rate of:

1

ETAR (T7p a"'apm) ) (4)
where p!,...,p™ € R, are unknown problem parameters,
and ™R is a non-decreasing function of these parameters.

For convex and smooth optimization, the target rate is
€™R(T, Ly, do) = Led%/T?, which depends on the smooth-
ness parameter L, and the initial distance dj.

For each parameter p’, we require a user-specified input
p’ > 0, which can generally be very small. Next, we define

P’ = max{p’, p.}, and shift our target to:
™ (T,p',...,p") = Eq. (4). ®)

In our convex and smooth optimization example, our target
rate becomes O(L¢d2/T?), where L, = max{Ly, L.} and
do = max{dy, d.}. Note that the user-specified L. and d.
do not necessarily satisfy any conditions w.r.t. L, or d,
which does not conflict with the full parameter-freeness.

Subsequently, we find a point x®™ with a trivial benchmark
convergence rate of e®™. In our example, simply choosing
x®M = x0 yields ®™ £ || V4(x°)||do.

Next we can derive an upper bound for grid search. For an
unknown parameter p*, solving the following inequality:

™)}

and we set pi . as an effective upper bound for p*. This
is not the theoretically largest upper bound, but if p’ ex-
ceeded it, the target rate would become worse than that of
the benchmark €, making the final rate vacuous. There-
fore, to achieve the target rate in Eq. (5), it suffices to focus
on the range of [p%, max{p, pi ..} for each p'.

7 — BM TAR =1 7
Phax = argmax,,; {e™ > ™) (T, pt, ..., ', ...

Finally, we ensemble all candidates within the grids, includ-
ing the benchmark x®", as in Attia & Koren (2024); Khaled
& Jin (2024), to ensure the following convergence:

P P
™ (T,p',...,p™) polylog (nlfx, e m) . (6)

Dz e’
In general, our result (6) will eventually suffer a logarithmic
factor on 1/p for each i € [m]. Thus, setting a small
user-specified p’ will not significantly affect the final rate.

3.2. An Initialization for Deterministic Optimization

In this part, we illustrate our framework within the
deterministic convex smooth optimization setting as a
clearer demonstration. As shown above, for the tar-
get rate of O(Lgd2/T?), the self-bounding analysis pro-
vides a search range of [d., dayx] for do, where dpax =
max{de, ||[V¢(x")||T?/L.} with arbitrary L., d. > 0.

Discretization and Allocation. We discretize the range
[d-, diax] using a geometric sequence, i.e., let D; = d.2°
for i € [N], where N = [log,(dmax/d:)]. We allocate
an oracle budget of T} for each UNIXGRAD (Kavis et al.,
2019), a base algorithm for convex smooth optimization,
fed with D;. In the case where there exists iy, € [N] such
that D;_ /2 < dy < D;,, the i,-th UNIXGRAD ensures:

L,D? Lo
o(if)so(5f) o

Then a simple uniform allocation of T; = L%J yields:

Lod? Lod? A \ 2
o( z{2o> :@< 1{20 (log+ ; ) ) 8)
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Algorithm 1 Deterministic Convex and Smooth OPT

Input: Oracle budget 7', initial point x% d. >0, L. > 0.
1: Initialization: Set N = [log,(dmax/d: )] with search
upper bound dp. = max{d,, ||[V£(x°)||T?/L.}
2: fori=1,2,...,Ndo
3:  Run UNIXGRAD (see Lemma 5) with initial point
xY, domain diameter D; = d.2¢, oracle budget T; =
|T/(i(1 4 1n N))|, then receive the output x*
4: end for
Output: x°" = x* with i, = argming.; -y £(x").

Moreover, the above convergence rate can be further im-
proved via a non-uniform budget allocation. Specifically,
with T; = |T/(i(1 4+ ln N))| for ¢ € [N], we obtain:

Lo L o\’
O(Ti)O<T2 log+d—5 , )

which replaces the dy,.y in Eq. (8) by do. And the depen-
dency on log(dp/d. ) matches Kreisler et al. (2024, Theorem
1), but without the additional logarithmic factors therein.

Ensemble. In the deterministic case, we simply select
the candidate with the minimum function value. While in
the stochastic setting with access to a noisy function value
oracle, we need to allocate more oracle budget to each candi-
date to obtain an accurate estimate of the function value. We
then select x°" with the smallest estimated function value,
ensuring that, for any candidate x* where i € [N] U {0}:

0(x™) — £(x*) < O (6(x") — £(x*)) + ERR,  (10)

where the ensemble error ERR denotes the maximum esti-
mation error among all candidates.

Besides, we emphasize that providing a sharper ensemble
error is important, as it depends on the zeroth-order noise o
given in Assumption 2 and thus cannot be simply absorbed
into gradient variance terms. To this end, we provide a more
refined depiction of the zeroth-order stochastic variance,
thereby obtaining a sharper, problem-dependent ensemble
error in favorable regimes such as interpolation. More de-
tails will be provided in Section 5.1.

To conclude, we present Theorem 1 for deterministic convex
and smooth optimization, with a proof sketch. Notably, it is
Sfully parameter-free without any knowledge of L, and dj.

Theorem 1. For the deterministic convex optimization, and
assume the objective €(x) is Lg-smooth. With any user-
specified L., d. > 0, Algorithm 1 enjoys:

" N Lod? do\?
0= — U(x*) <O (:/{20 (log+(i(€)> ) ,

where Ly 2 max{Ly, L.}, dy £ max{dy,d.}, dy =
|x° — x*||, and we omit the double logarithmic factor
loglog(1/L.) in notation O(-).

Remark 1. Theorem 1 is fully parameter-free to both
Ly and dy. We are aware of two related works for the
same setting. The first one is Kreisler et al. (2024, The-
orem 1), which, besides requiring prior knowledge of
re < dy, has an additional logarithmic factor of logi (1 +
T min{L¢d}, Gdy}/Fy). The other one is Li & Lan (2025,
Corollary 3), an optimal and fully parameter-free result, but
its extension to the stochastic setting remains unclear.

Proof Sketch of Theorem 1. Since x°" is the best candidate,

(x™M) = £(x*) < Ux") = U(x),

for all i € [N] U {0}. We define the search upper bound
dmax = max{d., ||V/(x")||T?/L.}, and perform the fol-
lowing case-by-case study for dy = max{dy, d. }.

Case of dy > dypax- Then Eff" > || V£(x°)|do implies:
U(x™) — £(x") < Ux°) — U(x7)

E 72
< V) do < o( de).

T2

Case of dy € [dc, dmax). Leti, = [logy(do/d.)] € [N],
its diameter D;, = d.2" that D;, /2 < dy < D;,, and
allocated oracle budgetis T;, = |T/(i»(1 +InN))]. Ap-
plying Lemma 5 with L, = Ly,v =1, — 04, Ay = 0:

E(Xout) _ g(X*) S E(Xi*) _ Z(X*) S 1) (L;€1*>

T

L,d} do\’
S O ( T2 10g+d75 )
where O(+) omits the log log(1/L.) factor. Combining the
above two cases completes the proof. O

4. Parameter-Free Non-Convex Optimization

In this section, we focus on non-convex optimization, where
the objective ¢(x) is L,-smooth. In this setup, the best-
known rate is achieved by Stochastic Gradient Descent
(SGD) (Ghadimi & Lan, 2013), for which the fixed step
size must be carefully tuned with respect to the smoothness
parameter Ly, the initial sub-optimality gap Fy, and the
gradient variance bound Ay, as defined in Section 2.1.

Building on the general grid search methodology and our
self-bounding analysis proposed in Section 3, along with
an efficient ensemble method from Attia & Koren (2024),
we propose a novel fully parameter-free method, named
GRASP-NC for Non-Convex optimization, as shown in Al-
gorithm 2. Our result matches the optimal rate of runed
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Algorithm 2 GRASP-NC

Input: Oracle budget 7', initial point x0, L. >0,F. >0,
and confidence level § € (0,1/3).

. T ¢
1: Independently sample g(-) at x° for £ times, calculate

~ T/4
average go = % th/l gt (XO)
2

. 2 |8°IPT 2 8°1°T A2 2 8%°PT
2 Lo 2 IBLT 2 T 2 o 18]

3: Set the search range for step size: Mmax £ 1

in 2 min L 2F,
Tlmin = 2max{Lec,Lmax}’ max{Lc,Lmax}AZ T

4: N = [logy Z==], K = [log, 5], candidate set S =
fori=1,2,...,Ndo
6:  Run SGD (see Lemma 2) with initial point x; = xY,
constant step size 1); = 7min2’, oracle budget | 55|,
then uniformly sample K points from the algorithm’s
trajectory and add to the candidate set S
: end for

b

: Order points in S as x!, ..., x&N

7

8

9: fori =1,2,..., KN do

0:  Independently sample g(-) at x’ for -7~ times, and
calculate average g' = 45N ZtT/ (4KN) g(x?)

11: end for

Output: x* = x’* with i, = argming; < n|[&|.-

SGD (Ghadimi & Lan, 2013), up to logarithmic factors,
but without requiring any information about Ly, Fy; and A,.
Specifically, in Line 1, we sample g(x°) for multiple times
to obtain an accurate gradient estimation g°. In Lines 2-
3, we use ||g°|| to construct effective boundaries for the
problem parameters of Ly, Fy and Ay. In Line 6, we run
SGD with a constant step size 1; = N2’ in the i-th grid.
Then in Line 10, we sample each candidate multiple times
to obtain accurate estimations. Finally, we select the point
with minimum gradient norm as the output.

Below, we provide the guarantee, with proof in Appendix B.

Theorem 2. Under Assumption 1, and assume the objective
0(x) is Lg-smooth. Algorithm 2 ensures that, for any 6 €
(0,1/3), with probability at least 1 — 30:

LoFy A2
[Ve))* < ON - log

LoFy + A2(log 1)2 T|g°
+ oFo + e(Og(;) lo 8" ,

Tlg°]l
T L.F.

T T L.F.
where Ly = max{Ly, L.}, F; & max{{(x°) — ¢(x*), F.}.

We provide a detailed comparison of our result with those
of tuned SGD and Attia & Koren (2024) in Table 1a.

Remark 2. In Algorithm 2, the algorithmic inputs L., F;
do not need to satisfy any conditions related to L, and F,

validating that our method is fully parameter-free. However,
compared with tuned SGD, in Theorem 2, the dependency
on Ly becomes max{ Ly, L. }. This is acceptable because
the user can choose a small L., while only affecting the
convergence rate by a log(1/L.) factor.

Remark 3. In Line 1 of Algorithm 2, the initial sampling
T

process at x° consumes 7 oracle calls. We emphasize that
this is mainly for theoretical analysis to ensure a tight conver-
gence rate. In practice, sampling less may not significantly
affect performance, as shown in Section 6. Intuitively, in
the proof, only if x” becomes the best candidate, the rate
introduces an estimation error for ||g" ||, necessitating a suf-
ficiently large sample size. However, in practice, the proba-
bility of “x" is the best candidate” is small, so reducing the

initial sampling may not cause a substantial effect.

S. Parameter-Free Convex Optimization

In this section, we investigate convex optimization, where
the objective ¢(x) is convex with an unknown smoothness
level, as introduced in Section 2.1. Moreover, we aim to
achieve “universality” (Nesterov, 2015), i.e., adaptation to
an unknown level of (Holder) smoothness while maintaining
the optimal convergence.

Base Algorithm. In the stochastic setting, the UNIXGRAD
algorithm (Kavis et al., 2019), works in bounded domain
with diameter D, can ensure a universally optimal conver-
gence rate between the separate cases of smoothness and
non-smoothness. In Lemma 5, we prove that UNIXGRAD
can achieve the stronger universality to Holder smoothness:

L,D™"  ApDlog(l /5)>
@ Tt ;
( TR VT

where A p is the maximum noise bound defined in Eq. (2).
It matches the optimal rate in the deterministic setting (Nes-
terov, 2015), by recovering the optimal rates in both L,-
smooth case and G-Lipschitz case, respectively.

Algorithms and Convergence Rates. In this part, we
propose GRASP-C, named GRASP for Convex optimization,
in Algorithm 3. Specifically, Line 3 offers two options for
the searching upper bound of the initial distance dj:

e OPTION-I (11) for acceleration-only in the smooth case;

e OPTION-II (12) for universality to Holder smoothness,
but requires a lower bound of the objective value.

In Theorem 3 below, we prove that our fully parameter-
free algorithm with OPTION-I can achieve near-optimal
convergence rate up to logarithmic factors, with an additive
ensemble error term. The proof is in Appendix C.1.

Theorem 3. Under Assumptions 1 and 2, and assume the
objective €(x) is Lg-smooth. Algorithm 3 using OPTION-I
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Algorithm 3 GRASP-C

Input: Oracle budget T, initial point x% d. >0,L. >0,
and ¢7 if choose OPTION-II in Eq. (12)
1: Independently sample g(-) atx® for £ times, calculate

=7 ZtT/f g (x )

average g’
2: Independently sample E( ) at x° for times, calculate
average [0 = 3 fT/f £4(x°)
3: Set N = [log, ’;jﬂ with grid search upper bound
dmax using one of the following two options:
=0 2
OPTION-I : dpyax 2 max{d., BT} (11)
70 *
OPTION-IT : duay 2 max{1,d., E=£1°)  (12)
4: fori=1,2,...,Ndo

5:  Run UNIXGRAD (see Lemma 5) with oracle budget
LWJ , domain diameter d.2?, initial point xY,
and receive the output x* from the algorithm

6:  Independently sample | (x?) for % times, calculate
average £ = 4N S T/UN) 7 (xi)

7: end for
Output: x* = x'* with i, = argming.; <y .

in Eq. (11) ensures that, for any § € (0,1/2), with proba-
bility at least 1 — 26, £(x°") — {(x*) is bounded by:

Led? do\? Ay, do do\? /1
O(TQ 10g+?6 + W lOg_i_de (log 5)

con (3) )

where Ly = max{Ly, L.} and dy = max{dy, d.} with any
L.,d.>0. A 2d, IS the maximum noise defined in Eq. (2).
N = O(log+(T|\A0||/(L5d5))), and ERR () is an ensem-
ble error formally defined in Section 5.1.

Compared to guarantee of UNIXGRAD, our Theorem 3
includes an additional ensemble error ERR term. We will
provide its analysis and discussion in the following.

Meanwhile, by setting OPTION-II in Eq. (12), our Algo-
rithm 3 can adapt to Holder smoothness while maintaining
the fully parameter-freeness. However, it requires a lower
bound of the objective value £; < ¢(x*) to construct the
benchmark convergence rate. We present the convergence
rate in the following theorem, with proof in Appendix C.2.

Theorem 4. Under Assumptions 1 and 2, and assume the
objective {(x) is (L,,v)-Hdlder smooth and £(x*) > (%,
Algorithm 3 using OPTION-II in Eq. (12) ensures that, for
any § € (0,1/2), with probability at least 1 — 26, £(x°") —

Table 2. Comparison of ensemble guarantees, i.e. Attia & Koren
(2024, Lemma 9) and our Lemma 1, given stochastic function value
oracle (Assumption 2). ERRy (M) is the ensemble error. ‘“—’
denotes no additional condition. O(-) omits log(N/4) factors.

Reference Condition ERRy (M)
Attia & Koren (2024) — ) (;’;—I)
Ours [Lemma 1] Eq.(13) | O (\/\/% + w;&“)

£(x*) is bounded by:
— 1+3v — — 1
LVC%JFV do 2 A2JU dO do 2 1
(9( ez <log+d ) + JT <log+d5> (log 5)

B (1)),

where L, = max{L,, L.} and dy £ max{dy, d.} with any
L.,d. >0, A2d0 is the maximum noise deﬁned in Eq. (2).
o, is value noise at x*, i.e. Pr[[{(x*) — 0(x*)| < 0,] = L.
N = O(log (T(#° — ¢2)/(L.d.))), and ERRy(-) is an

ensemble error formally defined in Section 5.1.

Notably, the assumption of £f < ¢(x*) is mild and naturally
satisfiable in many cases. For example, for non-negative
losses, such as the widely used squared losses, cross-entropy
losses, hinge losses, etc., we can simply set £X = 0. We also
provide Theorem 5 in appendix to eliminate the need for £}
while still maintaining universality and full freeness, at the
cost of a worse ensemble error of O(ERR ﬁ(ﬁ))

Additionally, Theorem 4 introduces an extra term of the
zeroth-order noise at x*, i.e., 0,/ ﬁ This can be consid-
ered small, especially in cases with over-parameterization
where o, =~ 0 (Ma et al., 2018; Liu et al., 2023a).

5.1. Sharper Ensemble under Interpolation

We denote by ERR (M) the ensemble error, satisfying that:

£(x*") — £(x*) < O(min £(x;) — £(x*

ERR N (M
min ) + ERRy (M),

where N candidates are sampled M times, respectively.
Comparing function values for ensemble introduces the
zeroth-order variance o to the ensemble error. Specifically,
as formally stated in Lemma 7, comparison of function
values will lead to a zeroth-order variance oy /v/M to the
ensemble error, where M is the number of samples.

In the following, we state our new model-ensemble lemma,
which leverages a gap-dependent variance bound to achieve
a sharper ensemble guarantee. The proof is in Appendix C.3.

Lemma 1. Given a zeroth-order oracle ((-), as formalized
in Assumption 2, we further assume that the objective £(-)
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admits a minimizer x* € arg min, ¢ y ¢(x), and ¥x € X,

VAR[L(x) | x] < Vo + Vi(0(x) — £(x7)),  (13)

with some constants Vy, Vi > 0. Given X1, ..., Xy, denote
X = argmin,; [y ZJM:1 L;(x;). Then with probability at
least 1 — 0, it holds that
0(X) — £(x*) < 3( min £(x;) — £(x*
(%) — £0<") < 3( min £(x0) — (<))
32V log(2N/9) N (80¢ +24V1) log(2N/9)
VM 3M

We provide a comparison between our new ensemble error
and that from Attia & Koren (2024) in Table 2.

For the assumption VAR[((x) | x] < Vi + V4 (4(x) — €(x*))
in Eq. (13), canonical examples are over-parameterized neu-
ral networks and over-parameterized linear models (Ma
et al., 2018; Liu et al., 2023a; Evron et al., 2026).

5.2. Discussions of Our Results

In this part, we specify the ensemble error in Theorems 3
and 4, and compare our universal rate, Theorem 4, with the
best known Kreisler et al. (2024, Theorem 2).

Additional Ensemble Error. In Theorems 3 and 4, the
ensemble error ERR v (7'/N), in the worst case, is given by:

T log(N/6
ERRA <N) 0, OgT(/]é) (14)

from Attia & Koren (2024, Lemma 9), restated in Lemma 7.
Here, the number of candidates NV is a logarithmic factor.
Notably, although the ensemble error incorporates a zeroth-
order variance oy, it does not depend on dy, showing that it
might be smaller than the variance term like dgAz/ VT.

Moreover, using our new problem-dependent ensemble anal-

ysis in Lemma 1, it holds that

(o¢ + V1) log(N/6)
T/N

T Vo log(NV/4)
ERRy ( N) T/N
15)
As Vo = o7 and Vi = 0 in the worst case, Eq. (15) strictly
recovers the original result in Eq. (14). Moreover, Eq. (15)
provides a gap-dependent perspective, based on the idea
that the variance of the zeroth-order oracle may diminish
when approaching the optimum. Intuitively, V; represents
the variance at the optimum, and V; characterizes how the

variance scales with the function value gap of ¢(-) — £(x*).

For theoretical considerations, we compare the function
values of the base algorithms’ last iterates. While in practice,
additional information, such as the decreasing behavior of

the loss curve along the optimization trajectory, may help
select the best candidate more effectively.

Comparison with Kreisler et al. (2024). The U-DoG
algorithm (Kreisler et al., 2024, Theorem 2) is the best-
known result for universal stochastic convex optimization.
Given the true loxver bound 7. of dy and the gradient noise
bound function A(-) : R? — R, (an upper bound of the
true noise function A(-) in Assumption 1), U-DOG ensures:

L% Gd do A doA
U-DoG . £%0 0 082dy 082d,
@) <C (mm{ T r } + T + T ))

with probability at least 1 — &, where the coefficient C'V-PC:

~ 4
do\’ ([, 1\ Agg, + min{Led?, Gdo}
(on.52) (i 5) <l°g+T o) — ) )

U-DoOG and our method differ in various aspects, includ-
ing the methodology, algorithmic conditions, and the final
theoretical guarantees. In the following, we discuss these
aspects in detail, trying to provide a clear comparison of the
advantages and disadvantages between the two methods.

Methodology: We apply the grid search method, which is
flexible and extendable since we use the base algorithm in
a black-box manner. Thus, we do not need to dive into the
analytical details of UNIXGRAD, and can replace it with
any other base algorithm with the same convergence rate. In
contrast, U-DOG also applies UNIXGRAD, but in a white-
box manner to fit the “DoG” analysis (Ivgi et al., 2023) to
be free from dj.

Conditions: U-DOG requires a lower bound for do and the
gradient noise bound function A(+). In contrast, our method
needs a lower bound for the function value, which is more
accessible in some cases. It is worth mentioning that our
algorithm does not require any knowledge related to L, and
do, whereas the analysis of U-DOG holds only when given
the true lower bound of dy, and a true upper bound of A(-).

Convergence: As summarized in Table 1b, our result can
adapt to the general Holder smoothness, whereas U-D0OG
provides guarantees only for the separate cases of smooth-
ness and non-smoothness. Besides, our coefficients of the
common terms, such as the main convergence and the vari-
ance terms, are smaller, where a formal comparison is pro-
vided in Table 1b. However, our bound includes an ensem-
ble error caused by the nature of the grid search framework,
which does not appear in the rate of U-D0OG.

6. Experiments

In this section, we conduct experiments, aiming to investi-
gate two questions: (i) How does our parameter-free method
perform compared to the tuned methods? (ii) The algorithm
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Table 3. GRASP-NC. We set 6 = 0.05, and vary inputs (L, F:) in {0.001,0.01,0.1} x {0.001,0.01, 0.1}, and the initial sampling
budget M from T'/4 to T'/4096. We report the relative difference in gradient norm p between our method and the optimally tuned one.

Inputs P

L, F M=T/4 | M=T/16 | M =T/64 | M =T/256 | M =T/1024 | M = T/4096
0.001 | 0.001 0.1836 0.1699 0.1699 0.1699 0.1699 0.1699
0.001 | 0.01 0.1468 0.1468 0.1468 0.1468 0.1468 0.1468
0.001 0.1 0.1468 0.1468 0.1468 0.1468 0.1468 0.1468
0.01 | 0.001 0.2336 0.2336 0.2336 0.2336 0.2336 0.2336
0.01 0.01 0.2094 0.1772 0.1681 0.1772 0.2094 0.2094
0.01 0.1 0.2094 0.1572 0.1557 0.1557 0.1583 0.1772
0.1 0.001 0.2264 0.1365 0.1365 0.1365 0.1365 0.1657
0.1 0.01 0.2023 0.1141 0.1139 0.1139 0.1141 0.1141
0.1 0.1 0.1141 0.1139 0.1139 0.1139 0.1139 0.1141

design requires sufficient initial sampling to ensure theoret-
ical tight convergence; will reducing the initial sampling
appropriately have a significant impact on the results? To
this end, our experiments conduct two key messages:

(1) Our parameter-free methods obtain competitive conver-
gence compared with optimally tuned methods.

(2) Reducing the initial sample budget has little impact, and
may improve the results thanks to the saved budget.

Setup. We leverage the ResNet-18 model (He et al., 2016)
with an added linear layer, CIFAR-10 dataset (Krizhevsky
et al., 2009) (with the batch size of 64), and cross-entropy
loss. For the convex case, we use pre-trained ResNet-18
and only update the linear layer. We split the oracle budget
T = 10* into two parts: the initial sampling budget M
for determining the search range, and the training budget
T — M. We then choose the candidate with the best perfor-
mance (i.e., the minimum averaged gradient norm or loss
within a sliding window of the last 100 batches, following
a common practical “checkpoint” approach) as the output
of our method, denoted as x°". We vary algorithmic inputs
(e.g., L¢, F. in Algorithm 2 for non-convex case, and d., L.
in Algorithm 3 for convex case), and the initial sampling
budget M from T'/4 to T'/4096, to evaluate the sensitivity
of our method.

Measure. To compare our method with the optimally tuned
one, we define relative difference p. Our method outputs
x°", We perform a more fine-grained search to find the
best-tuned hyper-parameters for base algorithm (i.e., SGD
in Algorithm 2 for non-convex case, and UNIXGRAD in Al-

gorithm 3 for convex case), allocate the entire budget 1" to

outy || _ tuned
it, and get x"*¢. Then we define p £ HW(XHV)E(X\‘LZS(HX i

A ﬁ(x‘““)ff(xw“e‘j)
for non-convex case, and p = gy for convex

case. p > 0, and smaller p indicates better performance.

Results of Non-convex Setting. For Algorithm 2, GRASP-
NC, our results are shown in Table 3. We can see that the
values of p lie between 0.11 and 0.23, meaning the actual
impact of the log factor in our convergence rate guarantee

only results in a multiplier of 1.11 to 1.23, justifying the
claim that our method achieves competitive performance
with the optimally tuned one. Moreover, as the initial sam-
pling budget M decreases, the performance does not no-
ticeably degrade, which indicates that in practice, we can
use a smaller M to save oracle calls for training. One intu-
itive justification for reducing the initial sampling budget
is that, as shown in the analysis in Appendix B, the rate
incurs an estimation error for ||g°|| only when x° becomes
the best candidate, necessitating a sufficiently large sample
size. However, this event is rare in practice, so reducing the
initial sampling budget will not cause a substantial effect.

Results of Convex Setting. For Algorithm 3, GRASP-C,
our results are detailed in Appendix E due to space limit.
The results again justify the competitive performance of our
methods (with p between 0.08 and 0.16), and the insensitiv-
ity to reducing the initial sampling budget M.

7. Conclusion

In this paper, we focus on achieving full parameter-freeness
in stochastic optimization. We propose a novel self-
bounding analysis technique that effectively derives search-
ing ranges for unknown problem parameters. Our frame-
work is effective in both non-convex and convex settings.
In the non-convex setting, we design a fully parameter-free
method with the optimal convergence rate up to logarithmic
factors. In the convex setting, our method is also compet-
itive with the state-of-the-art results regarding parameter-
freeness and convergence. We also provide a new guarantee
for model ensembles based on a gap-dependent variance
characterization, which may be of independent interest.

We highlight two interesting directions for future work. The
first is to apply our framework to other settings, as our self-
bounding analysis is quite general and could potentially be
extended to parameter-free methods tailored for different
scenarios. The second is to develop more effective and
efficient ensemble methods to reduce ensemble error and
minimize oracle calls, thereby enhancing performance.
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A. Related Work on Parameter-free Stochastic Optimization

In this section, we review related work on parameter-free stochastic optimization, covering the non-convex smooth case
in Appendix A.1 and the convex case in Appendix A.2. In Appendix A.3, we discuss previous grid-search methods.

A.1. Stochastic Non-convex and Smooth Optimization

Optimal Rates by Tuned SGD. In non-convex smooth optimization, for finding a stationary point given 7" stochastic
gradient queries with the variance bounded by o2, Ghadimi & Lan (2013) first showed that SGD with a properly tuned step
size achieves the optimal convergence rate of O(1/T + o /+/T), provided the algorithm knows the variance bound, the
smoothness parameter, and the initial function suboptimality gap. Arjevani et al. (2023) provided a matching lower bound.

SGD with Adaptive Step Sizes. Applying the AdaGrad step size (Duchi et al., 2011), which self-tunes based on gradient
statistics, to SGD has been observed to be effective in practice (Tieleman & Hinton, 2012; Kingma & Ba, 2015; Loshchilov
& Hutter, 2019). Theoretically, using such adaptive step sizes in SGD can eliminate the need to know certain problem
parameters (Li & Orabona, 2019; Ward et al., 2019; Kavis et al., 2022; Faw et al., 2022; Attia & Koren, 2023; Liu et al.,
2023b), while still enjoying rate interpolation in the small-noise regime. However, these methods remain suboptimal unless
the smoothness parameter and the initial function suboptimality gap are known.

A.2. Stochastic Convex Optimization

Parameter-freeness in the Literature. Parameter-freeness in convex optimization typically refers to matching the
convergence rate of optimally tuned SGD (which requires knowledge of the initial distance to an optimal solution, i.e.
do £ ||x° — x*)), achieving O(dy/+/T) up to unavoidable polylogarithmic factors using 7" bounded stochastic gradient
queries (Mcmahan & Streeter, 2012). The notion of parameter-freeness has gradually focused on being free of d.

One line of research applies the online-to-batch conversion (Cesa-Bianchi et al., 2004) and focuses on the more general online
convex optimization problem, obtaining regret bounds of O(dov/T') without requiring prior knowledge of doy (Mcmahan &
Streeter, 2012; Orabona, 2013; McMahan & Orabona, 2014; Orabona, 2014; Orabona & Pél, 2016; Cutkosky & Boahen,
2017; Foster et al., 2017; Orabona & Tommasi, 2017; Cutkosky & Orabona, 2018; Jun & Orabona, 2019; Mhammedi &
Koolen, 2020; Zhang & Cutkosky, 2022; Zhang et al., 2022; Jacobsen & Cutkosky, 2022; 2023; Cutkosky & Mhammedi,
2024). For a state-of-the-art result, see Cutkosky & Mhammedi (2024), which further eliminates the need to know the
Lipschitz constant of stochastic gradients. As discussed by Cutkosky & Mhammedi (2024, Section 5.2), their in-expectation
stochastic convergence rate is optimal up to logarithmic factors (Carmon & Hinder, 2024). Another line of research eschews
online learning (Carmon & Hinder, 2022; Ivgi et al., 2023) and achieves high-probability guarantees that improve upon the
logarithmic factors of the best online-learning-based results of Cutkosky & Mhammedi (2024).

Adaptation to Smoothness and Universality. It is well known that the convergence rate of GD improves to O(d3 /T
when the objective is smooth, and can be accelerated to O(d3/T?) by Nesterov’s accelerated gradient (NAG) (Nesterov,
2018). In the stochastic setting with the gradient variance bounded by o2, the accelerated rate becomes O(d2 /T% +ody/V/T)
(Lan, 2012). The significant performance gap between smooth and non-smooth optimization has motivated the study of
universality (Nesterov, 2015), aiming for algorithms that adapt to both unknown smooth and non-smooth regimes and
achieve optimal rates in each. Several works have studied the interpolation of (L, , v)-Holder smoothness settings (Devolder
et al., 2014; Nesterov, 2015), where the optimal deterministic rate is O(L,,d(lf”’ / T/ %) (Nesterov, 2015).

In the stochastic setting, results split between constrained and unconstrained optimization. In the constrained setting, where
algorithms are provided the domain diameter D, substantial progress toward universality has been made. For example, Kavis
et al. (2019) proposed the first universal method in this setting, UNIXGRAD, which attains O(D?/T? + 0D /+/T) in the
smooth case and O((G + o) D/+/T) in the non-smooth G-Lipschitz case. Further adaptations to Holder smoothness were
developed (Rodomanov et al., 2024; Zhao et al., 2025). UNIXGRAD shows that acceleration can be achieved by combining
anytime online-to-batch conversion (Cutkosky, 2019) with online adaptivity to gradient variation (Chiang et al., 2012).
Moreover, by strengthening the online algorithm with universality, Zhao et al. (2025) showed that UNIXGRAD also adapts
to Holder smoothness (see, e.g., Lemma 5 in Appendix C.5 for a high-probability guarantee).

For the unconstrained setting, obtaining acceleration via parameter-free gradient-variation regret bounds (Zhao et al., 2026)
remains an open problem. Earlier universal works were not accelerated (Levy et al., 2018) until the recent work of Kreisler
et al. (2024), which combines the DoG step sizes (Ivgi et al., 2023) with the UNIXGRAD framework (Kavis et al., 2019).
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A.3. Grid Search for Parameter-free Stochastic Optimization
The grid search framework is a practical technique for removing requirements on certain problem parameters. Attia & Koren
(2024) and Khaled & Jin (2024) achieved parameter-freeness in both non-convex and convex settings by tuning over ranges
of the relevant problem parameters. From a practical perspective, however, true parameter ranges are often unavailable.
B. Omitted Details for Section 4
Proof of Theorem 2. By Lemma 2, given constant step size 7 < 1/(2Ly), SGD ensures that, with probability at least 1 — ¢:
12A% log %

T 9

'ﬂ \

T
4F,
Z |V€ Xt H2 < 7]7T +477L[A£ +

where Fy & 0(x1) — mingcpa £(x). Now with any L., A., F. > 0, define Ly = max{Ly, L.}, Ay & max{A,, A.} and
Fy £ max{F,, F.}. Then SGD with step size n < 1/(2L;) < 1/(2L;) ensures that, with probability at least 1 — &:

wlogé:@< LZFEA5+E4FZ+A?10g§>
T )

AF,
— an (x0)||? < Tt AnLyA2 + (16)

t 1

T T T

TARGET
where the optimal tuning for the step size 7 is min{1/(2L,), \/Fy/(L:A2T)}.
Let x° be one of the candidates. By sampling g(x°) for Mo £ | % | times and define the average g° £ - Mo g, (x0),
then applying Lemma 8, with probability at least 1 — J:

A(x%))?log L
V)P < 21802 + 280 — Ve < 20 + 0 (L)L), 7

Self-bounding Analysis. Using Eq. (17) as the comparator, next we consider the condition when target convergence
TARGET in Eq. (16) becomes vacuous. For three parameters, Ly, Ay and Fy:

o Define Lyax = [l “ T then Ly > Lypax implies that ||g°||% < LEFE < TARGET, which makes Eq. (16) vacuous.
o Define Fax £ ‘@LJ, then Fy > F,.x implies that ||g°]|2 < % < TARGET, which makes Eq. (16) vacuous.

« Define A2 2 I&° HlT,then A2 > A2

max log max

implies that ||g°||? < log =L 2835 < TARGET, which makes Eq. (16) vacuous.

In conclude, in case of Ly > Liax OF Fy > Fiax or A2 > A2

max?

an A(x9))%1og & L,F,A2  L,F, A?logi A(x%))21og L
HWWWFSﬂ@W+O(((;2g“)goo/‘;f+ (Lo Ailoey  (BCDloss)

In the following, we consider the case of Ly < Lyax and Fy < Fiax and A2 < A2

max-*

we have, with probability at least 1 — d:

That is, we have the conditions:
Ly € [Le,max{L., Limax}], Fo € [Fo,max{F., Fna}], A7c [Ag,max{Aﬁ,Afnax}] ,

which gives us the grid search range for the optimal step size tuning in target convergence Eq. (16). Specifically, since now
for each SGD algorithm we apply a budget 77 = L%J , the optimal tuning 7, is:

NE 2F, (1 [2EN
, = MiNS ——, | =—=5— p = MiN{ —, 1 [ =—— ,
" oL, \| ToazT oL, \| TAZT

which has the following lower bound 7,5, and upper bound 7y ax:

1 2F,
P— . < * = max =
Dmin = min { 2max{Lc, Lmax} \| max{Le, Lyay} - max{A2, A2 }. T} ST

1
. 1
5L, (19)
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We set 1; = Nmin2’, hence N = [log, Z"ﬂ], and there exists i, = [log,
by Eq. (16), with probability at least 1 — 0:

LyFyA2  LFy, + AZlog : L,F) A2 LF, +AZlog *
Z 2 ¢ | Lefe Ay 985 ) _ £ e
T ||Vf ” @ ( T + T o T/N + T/N 20)

Ensemble Error. By Lemma 4, our ensemble method ensures that, with probability at least 1 — 26:

L1 € [N] such that 7, /2 < n, < 7;,, then

IVeE)|2 < 8min{w( min o an ||2} +o (N(log ?)T(logém?) ,

therefore, combining Eq. (18) and Eq. (20), we conclude that, with probability at least 1 — 34:

LiFyA2  LiFy+A2logt  (A(x%)2logt  N(log ¥)(log 1)A?
||vg(i)”2 <0 LoFy A I ey + Ay log 5 n (A(x”)) og 5 i (log 5 )(log 5) [
T/N T/N T T
E@Fgﬁ? TImax EZFZ + A%(log%)z Tlmax
=0 1 I
\/ T %8+ Tmin + T 8+ Thmin ’

where we treat double-logarithmic factor log(log ’Z]‘ﬂ) as constant. Finally, by Eq. (19), we have:

max 1 1
n =0 < - max {max{Lg, Linax}s \/ max{L., Lyax} - max{A2, A2 }- T})
Thmin Le FE
1g°|I*T 1 Ig°|I*T Ig°|I*T
@ — 1 A2, -T
(max {max { L.E [\ E max< 1, I.F. oz %

F.
1 1 1
=0 ol T7 g’ 7aaA7>)a
(ot (71801 72 80 s

by which we can set A, = 0, (appears only in analysis), treat double-logarithmic factor as constant, then finish proof with:

Tmax ||§0|>
lo =0 .
&+ omin TImin ( B+ L.F,

O

Lemma 2 (SGD for Non-Convex Smooth Optimization (Lemma 1 of Attia & Koren (2024))). Under Assumption I, assume
that £(x) is Lg-smooth and lower bounded by £*. The SGD algorithm that updates by x;11 = x¢ — ng(x¢) forall t € [T},
when 1 < 1/(2Ly), ensures that, for any 6 € (0, 1), with probability at least 1 — §:

T 2705 1
4(0(x1) — £%) 12A7 log 5

2 2 5
E: IVe(x)]|* < ST +4nLeAj + —r

Lemma 3 (Lemma 2 of Attia & Koren (2024)). Under Assumption 1, given N candidates x1,--- ,Xn, let X =
arg min; ¢y ||Z§Vi1 g;(x:)ll, i(x;) means the j-th independent gradient query at x;. Then for any § € (0, 1), with
probability at least 1 — §:

24(1 + 3log &) A2
i .

IVER)|* < 4 min [[Ve(x;)|[* +
1€E[N]

The following lemma is an abstraction of the ensemble method in Attia & Koren (2024, Theorem 1).
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Lemma 4. Under Assumption 1, assume that there are total T gradient Oracle budget and N instances of algorithms,
and the i-th algorithm has a trajectory X%, ... ,x%. Given § € (0,1/2), for each i € [N], uniformly at random select
K = [log, ] indices from [T}), denoted by K;, and let candidates set S = {x}, : i € [N],k € K;}. Applying ensemble
method in Lemma 3 to obtain a selection X from S with | M = T /(K N)|, ensures that, with probability at least 1 — 20,

T; N 1 2
1 . N(log &) (log )A
[Vex)|* <8 min 7 Y IIve)|? +O< (log 7)oz 3) f) .
1€ it:l

T
Proof of Lemma 4. By Markov’s inequality, with probability at least 1/2, a uniformly at random index k € [T;] satisfies:
Ve[ < 2B, [[[VO(x)]17] ZIIW )% 21

Then as we sample K 2 [log, %1 random indices, with probability at least 1 — &, we add at least one point with the
guarantee Eq. (21) to the candidate set S. Therefore, there are total KN candidates in S. Applying Lemma 3 with
M = |T/(KN)|, then, with probability at least 1 — 24, the selected candidate X satisfies:

24K N(1 + 3log £N)A? @y N(log ¥)(log 1) A2
22 < . 2y L 2 5 5/ =¢
VA" < 4 min|| V()| + T 8121[1]3] ZZIIW xp)|?+0 T ;

which completes the proof. ]

C. Omitted Details for Section 5

In this section, we provide the omitted details for Section 5, including the proofs of Theorems 3, 4, Lemma 1, a universal con-
vergence rate with less prior knowledge but a worse O (o, /T*/*) ensemble error in Appendix C.4. Finally, in Appendix C.5,
we provide a self-contained analysis of UNIXGRAD.

C.1. Proof of Theorem 3

Proof. We independently sample g(x°) for £ times, define g° = £ ZZ;/ % g,(x%) where g;(x°) means the ¢-th gradient
query on x". By Lemma 8, with probability at least 1 — J:

A(x%),/log, %
I8° - vex%)| <o A6Dyloer 5

VT

Therefore, with probability at least 1 — §:

A(Xo)do log 1
o + © VR0l (2

U(x%) = U(x*) < [IVE(x")|do < (II8°] + II8° — VE(x)Il) do < |I&" N

Let ERRy (M) be ensemble error given N candidates with M oracle budget for each, with probability at least 1 — 4, as
stated in Section 5.1. That means with probability at least 1 — §, forany 0 < i, < N,

£(x™™) — £(x*) < U(x") —U(x*) + O <ERRN (ﬁ)) . (23)

Next we perform the following case-by-case study for dy £ max{dy, d.} where dy £ ||x° — x*||. The grid search upper

bound is dpax = max{d,, ||g°||T?/L.}, hence N = O <log+ TL”gd H) And we define L, = max{Ly, L.}.
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Case of dy > dmax. Then L‘Zdo > ||g°||do. Let i, = 0, with probability at least 1 — 24:
23) T
0(x") — 0(x*) < l(x ) Lx*)+ O <ERRN (N))

) A(Xo)dox/long% T
< |1g%do + O + ERRy <N>

VT

7,2 Ax%doy/log, %
<0 Ledy + 0 ERry (3\;)

e JT

Case of dy € [de,dmax]. Leti, = [log, g—"] then D;, /2 < dy < D;, = d.2, and allocated oracle budget T}, =

Lmj Applying Lemma 5 (L, = L;, v = 1), with probability at least 1 — 24:

) — o) 2 o) = 1) + 0 (Brr (7))

LiD? 01, sAp, D; T
< T ) Tx by E -
O( T2 + T + ERRy <N>

— — — 1
B Lyd? do Ag g, do do\ 2 1 T
=0 <T2 log+d + T longd—E logg + ERRy N ,

(+) omits double logarithmic factors.

where 07 5 £

Combining the above two cases, with probability at least 1 — 24:

ou * Efdg CiO 2 AZ({ JO CZO % 1 T
E(x t)_é(X )SO<TQ (10g+ds +T;” 10g+d75 logg + ERRy N ,

where N = O (log, JIEL). =

C.2. Proof of Theorem 4

Proof. Let ERR (M) be ensemble error given N candidates with M oracle budget for each, with probability at least 1 — 4,
as stated in Section 5.1. That means with probability at least 1 — §, forany 0 < i, < N,

. T
e(xout) — f(x*) < f(x%) — f(x*) + 0O (ERRN (N)) . 24)
Next we perform the following case-by-case study for dy = max{dy, d.} where dy = ||x° — x*||. The grid search upper
20 _ p* _
bound is dyax = max{1,d., (ﬁJ —¢)T?/L.}, hence N = O (log+%). And we define L, = max{L,, L.}.
Case of dy > diax- Then 1+3u 2 L do >0 - £%. Let i, = 0, with probability at least 1 — 24,
T 2

24

(=) —U(x") < Ux") —U(x") + O (ERRN <§)>
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where the second 1nequa11ty uses Lemma 7 with N = 1, M = L and define o as the maximum function value noise at x°,

8 9
i.e. Pr[|6(x%) — £(x°)| < 0] = 1. Moreover, we can decompose o by:

%) = £(x")] < [(0(x") = Ex)) = (£(x*) = £M)] + [x™) = £ < doAa, + [€(x7) = £(x")],

where we use the fact that || V[((x) — £(x)]|| = [ V£(x) — g(x)|| < A(x), as defined in Section 2.1. Therefore,
o0y/log(1/9) < doAgy+/log(1/0)  o4y/log(1/6)
< + .
ﬁ VT \/T

Case of dy € [d.,dmax). Leti, = [log, 3;‘;], then D; /2 < dy < D;, = d.2', and allocated oracle budget T;, =
Lmj Applying Lemma 5, with probability at least 1 — 24,

() — 066) < 1) — £(x) + O (ERRN <1Tv>>

L,D™*  6p sA T
<o 2l The0TDn T | By (N>

/I‘iT A /Ti*

— 14+3v — _ 1
L,dit do\ 2 075Ny do do) ? T
=0 =20 (log, 2 07240 0 (g0 20 E -
(T+ <0g+da> T (Og+d5> +ERRN (N) :

where 075 £ log log L "and O(-) omits double logarithmic factors.

Combining the above two cases, with probability at least 1 — 24:

E dj+y d 23” Ao 7 d_() J % 1og(1/6
outy * < v 0' 1 0 2do 1 70 1 E
((x™) —(x*) <O ( o <0g+d ) + 7 oy og 5 )t + ERRy N ,

70 *
whereN:(’)<log+T(igf)>. O

ele

C.3. Proof of Lemma 1

Proof. Leti € [N]. Using a two-sided Bernstein’s inequality (e.g., using Proposition 2.14 of Wainwright (2019)), for any
t > 0, denoting by ¢’ = {(x;) and £' = - Zj\il ;(x;), it holds that

o Mt?
Pr [IW s t] < 2exp
2VAR[€ x;) | x;] + 204t

Hence, for any ¢ € (0, 1), setting ¢t = \/QVAR[Z(XZ‘) | x;]10g(2/6)/M + 33;04log(2/d), with probability at least 1 — 4,

\/QVAR[Z(Xi) | x;]108(2/6)  20,10g(2/6)
VM + 3M

Thus, performing a union bound over i € [N] and setting § = §’ /N, with probability at least 1 — ¢, for all ¢ € [N],

10— 0| <

~ . / 2 2 ’ T Px\2 /
7 — 0| < \/2V010g]\(42N/6) N 4V log™(2N/¢") n (6t — %) N 20@log(2N/5).

M? 4 3M
2V log(2N /¢’ /
< 1(@ L Vo log(2N/d") + (200 + 6V1)log(2N/§ )
2 VM 3M
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Algorithm 4 GRASP-C without Lower Bound of Function Value

Input: Oracle budget 7', initial point x0%, d. > 0.

1: Set N = [\VT]

2: Independently sample 0(x (x°) for SNTD)

3: fori=1,2,...,Ndo

4:  Run UNIXGRAD (see Lemma 5) with initial point x; = x°, domain diameter D; = d.2%, Oracle budget T; =
Lﬁj, and receive the output x* from the algorithm

N+1) times, calculate average (0 = 2<N+1) ZT/(2 N+1) 0(x°)

times, calculate average /' = NH) ZT/(z (N+1) Zt(xi)

s:  Independently sample / (x?) for
6: end for

Output: x*" = x"* with 4, = argming;< £*.

T
2(N+1)

The rest of the argument will be conditioned on the above high-probability event, under which it holds that

2Volog(2N/4") N (200 + 6V1) log(2N/d')

i<
= VM 3M

| W

(08— %) +

and
8V log(2N/§) n (doy + 12V7)log(2N/¢")

00 <20 — ¢
<2( )+ i i

Thus, fori € arg min, ey ' and i, € arg min, ¢y 0,

~ ~ log(2N/o' '
0 — p* < 2(€z _ g*) + 8VO Og( / ) + (4UE + 12V1) log(2N/5 )

VM 3M
~ log(2N/¢§’ !
<@ — %) 8Volog(2N/0") | (4o¢ + 12V1) log(2N/4')
VM 3M
(0 — %) 32V log(2N/0") . (80 + 24V7) log(2N/¢')
VM 3M ’
which finishes the proof. O

C.4. Universal Convergence with Less Prior Knowledge but Worse Ensemble Error

In this part, we prove that without the prior knowledge of the lower bound ¢(x*) > ¢, we can still achieve universal
convergence to Holder smoothness, while with a larger ensemble error due to the increased number of base algorithms,
which leads to an O(o,/T"/*) term in the worst case.

Theorem 5. Under Assumptions 1 and 2, and assume the objective {(x) is (L, v)-Holder smooth, Algorithm 4 ensures
that, with probability at least 1 — 26:

ou * Lydy ™ do ' Aygydo do
fx [)_E(X)SO<T1€3V <10g+d€> + \/% (1og+d ) (logé)—i—ERR\f(ﬁ) ,

where dy £ max{do, d.}, A2d'o is the maximum noise defined in Eq. (2), ERR is the ensemble error specified in Section 5.1.

Proof. Set the total number of base algorithms to be N = [V/T], and oracle budget T; = L%J for the i-th base

algorithm. We can verify that Zl 1T < QT 73 POyt 72 = Z . Let ERR 5 (M) be ensemble error given N candidates with
M oracle budget for each, with probability at least 1-4,as stated in Section 5.1. That means with probability at least 1 — 9,
forany 0 <i, < N,

) T
K(Xom) —U(x*) < L(x™) —U(x*)+ O <ERRN <N)> . (25)
Now we perform the following case-by-case study for dy = max{dy, d. }, with dy = ||x° — x*|| and any d. > 0.
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Algorithm 5 UNIXGRAD (Kavis et al., 2019)

Input: Oracle budget 27, domain diameter D, initial point X;, weight oy = ¢.
1: fort =1,2,...,T do

2:  Set step size 2D

RV rs > P e S e
3:  Update x; = argmin, ¢ y (0 g(X¢), x) + in — %||? with x; = Et o (X + ST asxs)
4:  Update X;4+1 = argmin . (o g(X:), x) + ﬁHX —%¢||? withx; = Z’ (o + S axy)

5: end for
Output: X7.

Case of dy > d.2"¥. Then log, g—g > N > /T. Let i, = 0, with probability at least 1 — 4:

(x) — 6x) = 6x0) — ex") + O (ERRN (]Tv» < Ludg™ +0 (ERRN (;D

L,ds do\' T

where the second inequality is because V/(x*) = 0 and {(x) — £(x*) < ||[V/(x) — VL(x*)[|[[x — x*|| < L, []x — x*[|*
for all x € X, and the third inequality is because log, d“ > /T by assumption.

Case of dy € [d.,d.2"]. Leti, = [log, %1, then D;, /2 < dy < D;, = d.2', and allocated oracle budget T}, =
ng%/sj Applying Lemma 5, with probability at least 1 — 29,

o= —e(x*) S () - (xﬂ+‘9<ER“V<£)>

L,D  0p. sAp. D, T
<0 e+ e P | ERRy (N>

T 2 VT,
L,di o\ Ay do do 1 T
=0 =220 __ (] o 1 log = E .
( T1+23u <0g+d ) + \/T <0g+d€> (og 5) + ERRyN ()

Combining the above two cases, with probability at least 1 — 24:

L,dy*” Ao\ Ay do T
outy * < v O{ 0 2dy %0 4
LX) —U(x") <O (TH;U (lo +d ) + JT lo g+d 1og5 + ERRy v

which finishes the proof. O

C.5. Omitted Details of Base Algorithm

In this part, we introduce the base algorithm UNIXGRAD, with its convergence rate analysis.

Lemma 5 (Base Algorithm with Bounded Domain). Assuming that domain X is bounded by D, {(x) is convex and
(L, v)-Hdlder smooth, and under Assumption I, UNIXGRAD (Kavis et al., 2019), i.e. Algorithm 5, when given D, ensures
that with probability at least 1 — §:

LX) —minf(x) <O

L,D'*" | frsApD
xXEX ’

T2 VT

where Ap is the maximum noise bound defined in Eq. (2), and 07 5 = log log L

Proof of Lemma 5. To begin with, we introduce the anytime online-to-batch conversion lemma (Cutkosky, 2019), which is
a key ingredient for the analysis of UNIXGRAD.
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Lemma 6 (Cutkosky (2019)). If the objective function £(-) is convex, then it holds that:

ar.r [U(Xr Z (e VU(Xy), x¢ — X7, (26)

where X; £ % 22:1 asX,, ap > 0forallt € [T], and oy 2 22:1 Q.

By Lemma 6 with o, = ¢, we have:

T
ar.r [0(Xr) — 4(x")] < Zar (VUXy),x¢ — x* Zat (VE(X,) — g(X4), x4 — x*) +Zat<g(it),xt —x*)y. (27)

t=1

GAPT REGT

To bound GAPr, we apply Lemma 9 with X; = (V{(X;) — g(X¢), x¢ — x*), X, = 0,and ¢ = ApD where Ap 2
max||x|<p A(x), then with probability at least 1 — 4, it holds that:

T
GAPr < 8T 9T,5D2 ZHVf(ft) — g(it>||2 + 9’%,5A2DD2 <O (\/ 9T75ADDT% + eT’(;ADDT) . (28)

t=1

And for REGT, following the analysis of Kavis et al. (2019, Theorem 4), i.e., starting from their Eq. (11):

T

7D o oy ~2 L 1 <12
REG < —= |1+ > a?llg(x:) — g(Xe)|? — 3 > [0 — X7
t=1 t=1 '+l

v—1 -2
Next, we follow the same steps in Zhao et al. (2025, Theorem 2). By Lemma 11, for any 8 > 0, denote by L = ST+ L,
[VE(x) = Vey)|I” < L2||x — y||* +4LB. (29)

Let A; £ Zi 1 a2||g(is) g(Xs)||?. WLOG assume /Ar > 2LD, otherwise we will finish the proof trivially. Define
to € [T — 1] that, if /Ay > 2LD, let ty = 1, otherwise let ty = min{t € [T — 1], /As+1 > 2LD}. Then we have
v/ A, < 2LD, while for all to +1 <t < T itholds that v/A; > 2LD. Contlnulng with the inequality:

7D 1w 1
REGT < ——V1+ A7 — 5 > r”xt —%¢?
=1 t+1

T T

7D 7D 1 1
< —V1+ 4 > oFle®) —gE)I2 - 5> —Ilx — %?

2 °ot g Nt 2= Nt

7D 7D | & 1~ 1
< S+ 2LD) + | Y o?llg(®) — VAR + VIR - VIR + VEE) ~ g2 - 5D —llxe = %

2\ o 215
fr -

7D 7D | & 1<~ 1
<— <1+2LD>+—ADT + o0 DD eV - VIR 12— 5D —— ke — R,

2 2 t=to+1 2 t—1 M1

where we use the definition of ¢y3. Then we apply Eq. (29), with the definition o1.; = 22:1 Qs,

D | « 1 1
2 Evd o 2 ~ 112
> aF VU = VI~ 5 D —— % — Xl
2 t=to+1 2= M+
T T
@ 7D 1 1
< | DD ePL2R - X2 HALBT = 5> ——|Ixe — ®e)?
2\, 2 % — x| 2 2 e =]
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T T

7D osz2 , 1 5 3
<5 > o % — %¢]|2 — = Z —th — %||? 4+ 7D\/LBT3,
t=to+1 L t 11
where in the last line we use the definitions of X; and X;. Since a; = ¢, :‘; = W < 4, then
1:t
T T
7D afL? N 1 1 —~ 12
- Z 2 ||Xt—xt||2—*27||xt—xt||
2\ S 215 e
A
<7D Z L2||x; — % ||2 — 72 —th — %
t=to+1 Te+1
49LD? 1 & 1
B Y (- ) e-wl?
Mo Mt+1
491.D?

= + Ix¢ — Xe|* <

2

49LD2 i <LM)

2 )

DO =

t=to+1

where in the second inequality we use vab < a/2 + b/2 for a,b > 0, and in the last line we use the definition of
Ni+1 = \/%, and the definition of ¢¢ such that for all ¢t > tg, \/A; > 2L D. Combining everything together, we have

REG < O (LD2 + D\/LBT? + ADDT%) . (30)

: , substituting Eq. (28) and Eq. (30) into Eq. (27), with probability at least 1 — 4, it holds that:

Setting 3 = L,

L,DY"  Ors;ApD
fxr) - ) < 0 (Ppg + P20,

which finishes the proof. O

D. Supporting Lemmas

In this section, we provide supporting lemmas for the main results.

Lemma 7 (Lemma 9 of Attia & Koren (2024)). Let £ : X — R and {a zeroth-order oracle of ¢ such that for all
x € X, E[¢ /(%) |x} = {(x) and_ |0(x) — £(x)| < o¢ with some oy > 0. Given candidates x1,--- , Xy, let X =

arg min; ¢y M i=14j(x;), where l j(x;) means the j-th independent function evaluation at x;. Then for any § € (0,1),
with probability at least 1-6:

M 2N 2 2N
_ 1 ~ 207 log 802 log
/(X) < min — 0:(x; L2 0 < omin A(x; Lo 5
(%) < min M; s O) F A\ =y = min ) + M

Lemma 8 (Sample Gradient). Under Assumption 1, for any x € X, independently sample g(x) for M times, and define
g=17 Ei\il g+(x) where g+(X) is the t-th gradient query on x. Then for any ¢ € (0, 1), with probability at least 1 — 0:

A(x)4+/log, L
g Vi) <o | 20N B S

g —

VM
Proof of Lemma 8. By Lemma 10, for any € > 0:
M
Pr||g - Vix)| > */i(H\/%A( [ EZ: (x))|| = vV2(1+e)Ax )\/M] < exp(—€?/3).
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Solving § = exp(—&?/3), then with probability at least 1 — J:

A(x)y/log, +
g - Vix)| <0 &

”g - \/M 3

which completes the proof. O

Lemma 9 (Lemma 7 of Ivgi et al. (2023)). Let {«;}2, be non-negative and non-decreasing sequence. Let X; be a
martingale difference sequence adapted to F; such that | X;| < ¢ with constant ¢ > 0. Then for all 6 € (0,1), and
X: € Fi1, | Xt| < ¢ it holds that

¢ N2
Pr|Jte [T Xi| 2 800005 > (Xi = Xi) + 262, | <0, 31)

=1

]Z Zai

where 0; 5 = log %g(&).

Lemma 10 (Lemma 2.3 of Ghadimi & Lan (2013)). Let X1, ..., X,, € R be a martingale difference sequence with respect
to Fi, ..., Fn. Assuming Elexp(*=5- 1Xg® WFi,..., Fic1] < e foranye > 0:

/|

The following lemma is a direct combination of Nesterov (2015, Lemma 1) and Devolder et al. (2014, Theorem 1).

n

S

i=1

>V2(1+ E)aﬁ] < exp(—€%/3). (32)

b1 2
Lemma 11. Suppose the function f is (L, v)-Hélder smooth. Then, for any § > 0, denoting by L = 5T Lt it holds
that for all x,y € R%:

IVf(x) = Vy)? < L?|x —y|* +4Ld. (33)

E. Omitted Experimental Results for Section 6

We provide the experimental results of the convex setting in Table 4 and Table 5 for Algorithm 3 GRASP-C with two options,
OPTION-I and OPTION-II, whose setup and measure are described in Section 6. Both OPTION-I and OPTION-II show
similar performance, as the different options only influence the upper bound of the search range, and their best candidates
consistently use the same hyper-parameters. In both tables, small values of p (between 0.08 and 0.16) also indicate that our
method achieves competitive performance with the optimally tuned one. Moreover, the performance is not sensitive to the
initial sampling budget M, again suggesting that we can use a smaller M in practice.
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Table 4. GRASP-C OPTION-1. We vary inputs (d., L) in {0.001,0.01,0.1} x {0.001,0.01,0.1}, and the initial sampling budget M
from T'/4 to T'/4096. We report the relative difference in function value p between our method and the optimally tuned one.

Inputs p

de L, M=T/4 | M=T/16 | M=T/64 | M =T/256 | M =T/1024 | M = T /4096
0.001 | 0.001 0.1640 0.1419 0.1419 0.1419 0.1419 0.1419
0.001 | 0.01 0.1631 0.1419 0.1419 0.1419 0.1419 0.1419
0.001 0.1 0.1610 0.1419 0.1419 0.1408 0.1408 0.1411
0.01 | 0.001 0.1303 0.1210 0.1190 0.1190 0.1190 0.1190
0.01 0.01 0.1303 0.1197 0.1190 0.1190 0.1190 0.1190
0.01 0.1 0.1303 0.1197 0.1190 0.1190 0.1187 0.1187

0.1 0.001 0.0920 0.0873 0.0873 0.0873 0.0873 0.0873

0.1 0.01 0.0920 0.0873 0.0873 0.0866 0.0866 0.0866

0.1 0.1 0.0898 0.0873 0.0866 0.0866 0.0866 0.0866

Table 5. GRASP-C OPTION-II. We set £; = 0, and vary inputs (d, L) in {0.001,0.01,0.1} x {0.001,0.01,0.1}, and the initial
sampling budget M from T'/4 to T'/4096. We report the relative difference in function value p between our method and the optimally
tuned one.

Inputs p

de L. M=T/4 | M=T/16 | M=T/64 | M =T/256 | M =T/1024 | M = T /4096
0.001 | 0.001 0.1640 0.1419 0.1419 0.1419 0.1419 0.1419
0.001 | 0.01 0.1631 0.1419 0.1419 0.1419 0.1419 0.1419
0.001 0.1 0.1616 0.1419 0.1419 0.1411 0.1411 0.1411
0.01 | 0.001 0.1303 0.1210 0.1190 0.1190 0.1190 0.1190
0.01 0.01 0.1303 0.1200 0.1190 0.1190 0.1190 0.1190
0.01 0.1 0.1303 0.1197 0.1190 0.1190 0.1187 0.1187
0.1 0.001 0.0920 0.0873 0.0873 0.0873 0.0873 0.0873
0.1 0.01 0.0920 0.0873 0.0873 0.0866 0.0866 0.0866
0.1 0.1 0.0898 0.0873 0.0866 0.0866 0.0866 0.0866
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