1

F3E RPEILSITE

KR
z1 j@n ju. edu. cn
https://ai.nju. edu. cn/zl1 j




K
5 5 5 R

e A3 —H0E T 22 Wi 2

I

PRZEZ 1B AL 2 T U T

Ze 0 B e/ —IRIA




) L

ERUE T R A B RDR R EUE R ),

1717 R IS T3 Hv S s i 2Rk
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B %1, Taylorf@ = oAl
' (n)
P(x) = f(xo) + £ (13:0) (x —xp) + -+ ! n('xO) (x — xo)™

A — ML AT, fx I FRZ RN
m B, f(x) =e*E[-1,1] LA
P(x)=1+x +1x2 +1x3 +ix4

2 6 24
S ek
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B Rk )
R,(x) =e* —P,(x) = mxSeg, e € (-1,1)
B R ER ] )
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B Rk e X [0 [a, b] LHESERE, C1E
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G




N —

Eanl

— BRI B 1B
If () = PGl = max |f () = P(o)|

I (R | P =

7 B BT i

b
1) = P, = f [F(x) — P(x)]2 dx

\
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KB F R AE X AR bR e T AR
P, (x)IBITf (x) € Cla, b]
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X1 [a, b] ERGESLRES (x), 72 3 A7AE 22 T

B, () —FW ST f (%) ?
B AiH{EEETaylor @K f(x) € Cla, b]HIIEIT
Z iz, R Erlgek A Rz, HEEA
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f k
B,(f,x) = f(g)Pk(x)
4 k=0 (3.1.4)

PG = () )k -k
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mOiER T lim B, (f,x) = f(O)TE[0,1] - —3Uk oL
B 5 (x)7E[0,1] EmM S BuESE, N

lim B{™ (f,) = £ (x)
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ZPk(ao = Z( )kt -0k =1

S n
(x + y)n — 2 ( )xkyn—k

F14y =1 — xgt 133
B x € [0, 1]EIT TﬁPk(x) >0, T

lek(x)l z Pe(x) =1

e A



EM3.1 (2

B AR ZE|f (o) < SXU‘?E%x € [0,1]5%5L, N

Ba(f, )] < max |f ()| Z|Pk<x>| <6

A WB,(f, x)m%gml?l’} A R 38 T o

B HE, B,(f, O )WSCKE, =R RminROR %=
152, SEhrhiRDfEH
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(EE2UE
La) = Y fEL®, Y Lk@=1 | T
k=0 k=0
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ELEREZE A Cla, b

X [A][a, b] B BfrA S22 o0 2 2 e — A =5 ]

1E1EC]a, b]

f € Cla, b]IIEHE LN

1fllc = max |f(x)]

a<x<b

B ||| FR Ay oo- AR

WA |- |1 250 2 =T

1. Ifll =0, HBHAHSf = ol AFIfIl = 0;
2. SITAEES € Cla, b]fla € R, |lafll = lalllfll:
3. = AAFEX: XNTIEESf, g€ Clab],
If +gll < lIfIH+ llgll (3.1.7)



SR [A]Cla, b] (£2)

I Cla, b SRS, RS € Cla, b]

If +gll <Ilfll + llgll (3.1.7)

A ]

Eling

Mf,g € Cla,b]it, X fE5gHIEE N
D(f,9) = If — 9lle (3.1.8)
X(3.1.7) [ 15
D(f,g9) <D(f,h) +D(h,g) (3.1.9)

[ llo = llglleo| < NIf = glleo (3.1.10)
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B KK, R, MELTHE
WA [EEn, FREPUAIEIL

7
B LA KR T 2 AL S AH,, Hn = C[ , b]
B ilH, =span{l,x,..,x"}, HF1x, .., x"2[a,b]

—HANET R KA, FEH, T — Qﬂﬁé
B H, T HIICERP, () A RN
P,(x)=ayg+ayx+ -+ a,x"
Hrhag, aq, ..., an AT ESZHL
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i —FUE T EiChebyshevia i 7] &
B £H,TRP(x)&EiLf(x) € C[a,b], HHIZEN
max |f(x) — B;(x)| = min max |f(x) — B,(x)|

as<x<b P,€EH, a<x<b

EX3.1 P,(x) € Hy» f(x) € Cla,b], Fk
A, B) = lIf = Pulle = max |f(x) — B, (x)| (3.2.1)

as<x<b

HNf(xX)E5P,(x)1E]a, b] K%
B A(f,BP,) =0, A(f, PRI EMHRAE—NES, id
YE{A(f, B}, EH FFHO0




B AFE T 22 A (52)

EX f(x)TE[a, b] 5/ M2

B E5{A, PO RS
inf {A(f,P)}=inf max|f(x)—P,(x)| (322)

E, =

P,€H, Pn€H, a<x<b

EXN3.2 BES(x) € Cla,b], HAFAE

P;(x) € Hy, A(f, By) = Ey

B
(3.2.3)

MFRPE (x) 22 f (x)1E[a, b] K] B%%ﬂ*ﬁ(ﬁi&%
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13.2 % f(x) € C[a,b], WEAFL
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[P(x0) — f(x0)| = max [P(x) — f()| =
I)_”J xoT\EP(x) E]/Jﬂﬁiﬁ;é 'JE'

B 5P(xy) — f(xg) = pu, WIFRxy N “1E” Mt 2 55
B 5P (xg) — f(xg) = —p» WFRxeHN “J\” (i 72 K

PBREP(x) — f(x)(E[a, b] FiEZ:, KHIL, &
EAE— ixg € [a,b], H15
|P(x) — f(x0)| =
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2R, WP FEINAEEIE. FifmZE b
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>k A
B e RAIEWZE A, A NWER, T, T
fx € [a, b|ESH
P(x)— f(x) > —E,

B HTP(x)— f(x)fE[a, b] Fi&ELE, A BIMERT
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B A, XTHrAx € [a b)#A
—E, +2h<P(x)—f(x) <E,

—E,+h<[P(x)—h]—f(x) <E,—h
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[[P(x) =h] = f()| < E, —h
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B POO)METEN  y1 Y =f()+Ey
M 5IX Wk y=Pe) -7
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EFE3.4 P(x) € H,, &&f(x) € C[a, ]I T EIEIT
2 0 TR B R P () E[a, b] L2 DFANn + 2
NN “IE” 0“7 WimZER, Bl + 2
/I\)ﬁa < X1 <Xp <+ < Xpyo <b, /fﬁ

P(i) = f() = (CDOllP@) = Ol 35 4

o= %1, k=12,...n+ 2

XFER) S AR NChebyshevas 4 A 20
B Rkttt [BREfE[a b] LAn + 2/\'51%&(3 2.4)

JXAL, Bk EUﬁP(x)Ef(x)f[a b I Ks8I 2 T
o, SRV sRAE
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B S{EEQ(x) € Hy, Q(x) # P(x)fH
1 () = Q) leo < IIf (%) = P(2) oo

B R
P(x) — Q(x) = [P(x) — f()] — [Q(x) — f ()]
FERLX1, X2, oy Xpao DIFFS 5P () — f(xg) =
(k=1,..,n+2)—3
v P(x) — fx) = 1f () = P()loo
v Q) — f)WIEAN, AR S

m A, E&P(x) Q(x)tHAFEn + 24 5 _FE AR ELST

| 14 14 2

—?‘ + N -




T34 (42)

B HEZREMER, P(x) — Q()TE(a,b)NAn +

1INE S

B HP(x) — Q(x) £ 0 ANEInXBIZ I, EM
A'ETfF‘Ln, iA%EUEEUﬂEﬂXTXT P (x)
ek s g 2 0l 80k

B OVVEPRIEERE, (HuRBEARR I ER 3.3, it
&M%



ChebysheviE ) id

W1 &f(x) € Cla,b], WIEH, T
1 AR T 2 T

B SH, P AEN I NEEEIDZIAP()50(x), WX
THr&x € [a,b], #F

—E, <Px)-f(x)<E, -E,<QXx)—f(x)<E,

ok g <P er Q) _ <k,

FHR() = DD gy o 3 4 TR
m Dk, R() — f()fn + 2/ 38 AL o i 2
R(xy) — f(xx) = (=D*cE (k=1,..,n+2)




e LUk By

_ICilih) ,
E, = |R(x;) — f(x;)| = (xx) ;f(xk) N Q (x) ;f(xk)

B HTIP(xy) — fOa)l < Eqs 1QCxy) — fF(xp )| < Ep
, W HA

P(xy) — f(xx) _ Q(xx) — f(xx) +E—
2
i, (3.2.5) 4 BERAL

2 2
B T ZP(x,) =00)(k=1,..,n+ 2)MNIMKH
P(x) — Q(x)Hn + 2R, /\?EWEE@Q(X) =
P(x)

(3.2.5)
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HER2 & f(x) € Cla,b], WHEEEITZ

ftP (x) € H, 52 f (x)—/~Lagrangei

(EEZUIE:

= HER3.ATTRL PG - f()TE[a,b] [ EAd
NE, BE2rfn+ 20 “IE” o “7 1Y

i 22 11

B TEAEn+ 110 R, <X < a1k =
1,2, ..,n+ DMEP; (x) — f(xx) = 0, Lhx i
B it Lagrangefdifg 2 i =Usit 2 By (x)
v\ JfE 2 T A ME— 1



3425 H 1 el 22 TP (x) B4
’ ﬂag;ktJP(X){ﬂ*Hil Xﬁ
B, %En = 10
B fESf(x) € C%[a,b]l, Hf"()E(a, b)N NS
, BRI RIEE 2 NP, (x) = ag + a1 x
B OREEE3.40 5, 2OF3NRa<x <x, <
X3 < ba /fi
P1(xr) — f(xx) = (=1%o max |P;(x) = f(0)| (¢ = +1,k = 1,2,3)

a<x<b

B ORIEREOESM, Pi(x) - FO)E(a, DN EDH

2
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BY

BT 2 I (52)

B EHERolleeH#, P{(x)—f'(x)=a;— f'(x)TE
(a, )N = DHINE R
B HTf" ()1 (a,b) EAZS, W () Hif,
— ' ()TE(a, D)W A HLINE A
B A, P{(x) - f'(x)RZEHEN “40 -7 B
H =0+
B P(x)— f)A3MRMNIE. MERZE R
(1) +0—: BEP,(x) — f(x) B 1 A
- % > [ (K - F - 71 (/D
(2) —04: BEP, () — fx) B IF (IO
- F - () - F - 1B G




wE—IRIBIT 2 I (42)

B RHERolleEH, Pi(x)—f'(x) =a; — f'(X)1E
(a, )N 2/0FH1NFE T

B HTf"()E(a,b) EAZS, f ()5,
— f'C)TE(a, YN A A 1DZE S
B A, P{(x) — )R EHN “4+0 -7 B;
F -0+, WIRE

(1) x, AoHHE R0

Pi(x) = f'(x) =a; — f'(x2) =0 = f'(xx) =
(2D 29 Moca A7 T X A g
X1 =a,x3=0>b

= P1(a) — f(a) = P1(b) = f(b) = —[P1(x2) — f(x2)]




fl(x) = a4

FE—aEir 2 mE (%2)

B e
{ao +a;a—f(a) =ag+ab—f(b) (3.2.6)
ap +asa—f(a) = f(xz) — (ap + a;x3)
i, 0@ .
B {CA(3.2.6), 153

fla+rt) fM)—fl@atx, (328)
2 b—a 2

B XS R R 2 WP (x), HOTREN

1
PL() =S [f (@) + f)] + a (x -= +2x2>

a0=




JUE X

Hky = P, (x) 55%ZMNF17, Hi@BEMQK
m Hj\D




b)) —
f53.1 o=t 627

KF(x) = V1 + x246[0,1] ERIBAE—RGEIT £
I 2
B HR(3.2.7)AEH
a; =V2 -1~ 0414
B A, BT (xy) =ay, AIfR

X
2 =\/§—1
J1+ x5
m

V2 -1

\




f@+f) f) - f@a+x,

Ao

#13.1 (4

B HA(3.2.8)%

2

b—a 2

a():

1++1+x3 X5
2

Dy

aq 7 ~ (0.955

B 15f(x) =V1+x215Hf

[

P;(x) = 0.955 + 0.414x

B RERN

max
0<x<1

s
J1+x2 ~ 0.955 + 0.414x, 0<x<1 (329

J1+x2 - Pl(x)‘ < £(0) — 0.955 = 0.045

B EXB29)THESx =2 <1, BEIELRRAR
Ja2 + b2 ~ 0.955a + 0.414b
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7 B BT B i

b
If () = POl = f [F () — P(O)]2 dx
V a
f () fE[a, b] E R s A7 i@ i 2 W2
B SA7{EP;(x) € H,, 1

b
\f Pl = f F(0) = PrGO)1? dx = inf IIf = Pll,

PEH,
\

a2 AR 2 [R] D 36 R0 R




PLRRIEY
EX3.4 WIEX I (a, b)), AET R Ep (x)iF 2
Lﬂ%ﬁﬁ, FFRp () N IX ] (a, b) P9 B R 5L
f lx|"p(x)dx (n=0,1,2,..)1F1E
2. XT?EIEﬁEI’Jx_?ﬂ* Hg(x),
fa gx)p(x)dx =0 (3.3.2)

MAE(a, )N g(x) =0
p (X)X (a, b) N 1Y R T E

D]

p(x) = N




R A R

ENX3.5 Wf(x),g(x) € Cla,b], p(x)r
[a, b] EWIA R, R

b
(f,9) = j p(0)f (0)g(x) dx (33.3)

PN (x) 5 g(x)7E[a, b] F RN
By = STERVEIA RN ST Pl NI U S/ i

L. (f,g9)=0f1)

2. (c¢f,g)=c(f,g9), cHFEH

3. (itfeg)={ULg)+{29)

4. (f,f) =0, BHMNHfF =08 (f,f)=0




PR 20 (R R™ A ) P AR A 2R

Bf = (fifor s [T ERT, g =
(91,92, - )T € R™, HNFE N

(f,9) = z fr9k
k=1

f e R"HE (FBHD E XN
IFll, = V. 1) = (Z ﬁ?)
I PR Y

N[



SR O
EX3.6 f(x) € Cla,b],

1fllz =V, f) = e p(x)fz(X) dx (3.3.4)

HNF(O)RIEuclidinZ </WE/&%ZEI’J D
EH3.5 X TAEMf(x), g(x) € Cla,b], Tl
Z5 V8 AL

L. (59l < Iflzllgll; (Cauchy-SchwarzAZE=D
2. Nf +gllz <IIfllz +llglly (=AASEZD

3. Wf +gl3 +1If —gllF =2(lIfI5 + llgll3) CHTIUA
L)




- A R AN

EX3.7 Ef(x),g(x) € Cla, bl &
b
(F.9) = | pef g dx = 0 (33.7)

a

)”'J Mf 5 gfE[a, b] Ll p(x) 1532
BRI R Qo (%), 91 (), ) @ (X)), W LR R

b .
(07, 9x) = L PP ()i (x) dx = {Z’R >0, j . i (3.3.8)

MFR{ @} 2 [a, b] LB p (x) B IEAZ BRI EU
A, =1, WE @ Y PRHEIEAS BRZ G




25451
wlin, = ff ek EU

1,cosx,sinx,cos2x,sin2x, ...

gtAe X 8] [—m, ] BRI IEARR BREE (Blp(x) = 1)

N (1,1) = 21
. . T _ T, m=n
(sinnx,sinmx) = f sinnx sinmx dx = {0 m = n (nm=12,..)
T T, m=n
(cosnx,cosmx) = j cosnx cosmx dx = {O m = 1 (nm=12,..)
—TT )

T
(cosnx,sinmx) = j cosnx sinmxdx = 0 (n,m=12,..)
-1



281 TG R BRI 2N
TE X 3.8 Wpo(x), p1(x), ..., r_1(x)1E[a, b] I

ééj;y ﬁﬂ7<
aoPo(x) + ayp1(x) + -+ an_19p-1(x) =0
G HNHay =ay = = ap_; = OB RO, N

Moo (x), 01(%), ..., 01 (x)E[a, b] FR=ZVET
K

B { @, }(k = 0,1, .. )FHAEATE R @4
28R, )”J /J\{<Pk}77?£ 1 I % oK B

B 1,xx2 .., x" .. B2 a, b] b To % R




TR R EL (22)

%fpo(x)» (pl(x)r ) (Pn_l(X)T\E[a b]J:EI‘]é%‘fi?ﬁ?‘%

FH, Flag ay, .,y AT B9
S5(x) = agpo(x) + a;0,(x) + -+ ap_10p-1(x)

f1ek2Cla, b]TH T —4 15, idfE

@ = span{@g, 1, ..., Pn—1}

EH3.6 Po(x), P1(X), ..o, P 1(x)f[a b]J:é)%f
ToRM) 782 55 2 bEI’JCramerﬁﬁJfEGn L #0

(0, 90) (@0, 91) (@0, Pn-1)

Gn-1 = G(Po, P1) ) Pn-1) = (gazl,gg()) (901,9:01) (<P1,:§0n_1)

(¢n—1;§00) (¢n—1'901) ((pn—lr(pn—l)



PR B A T 18R
W F(x) € Cla,b], F2Cla,b]HHI— T4 =
span{@g, @1, ..., On}> %PY?TES*(JC)E@ (5d

If = S*I3 = infllf - SI% = inf f P () - SWdx  (33.11)
MFRS* (x) A2 f () TED H B Fe 1 7 18 1T PR %Y

s RS™(x) SHUTTORZ TURRAL

n

b

(@ ar,va) = [ 90| a0 - F00)| dx
a =0 |

#) 5/ME




Y

SR 3 & I pR &R

B HTI(ay aq,.., a,)eRkTay aq, .., a, ' IXKEL,
M 22 7o eR B AR 1) 16 B 25 A

ol =0(k=0,1
T aak_ (k=01,..,n)

ol b - |
PR j p(x) 2 aj@j(x) = fx) | pp(x)dx =0(k =0,1,..,n)
a ]=0 |

o ?%ﬁ
Z(wk 9j)a; = (f, o)k =0,1,...,n) (3.3.13)
Eaé?ao, ay, .., A MIERNVETTREH, FRONETT RS



Y

KA AT @ R (52)

B T o,(x),0(x),.., 0,08 T, WAREITH
G (Qg, 1, 0y On) =0, T TFEH(3.3.13)F ME
—fha, = ap(k =0,1,...,n), MM

5%(x) = agpo(x) + ajo,(x) + -+ ane,(x)

B TS (o) 2 X (3.3.11)
b
IF = 5713 = nfllf = I = inf | p(IFGO — G dx (331D

HIXTAEATS € @
b b
f p()[f(x) —S*(x)]?dx < j p([f(x)—Sx)]*dx  (3.3.14)

a



>R B

uyes

31 5 18 T pR

B N HEERE
b b
_ f pCOIf () — SCO]? dx — f p(OLf () = §* (]2 dx

B (82

b b
= j p(I[S(x) — " ()] dx + 2 j p(IIS(0) = S*(IIf () — $* (0] dx
B TS ()R a w2 T HETTFE

al

A

b n
5= 2] P@|Y w0 - F@)

J=0

I

Pr(x)dx =0(k=0,1,..

b
f P () — S ()]@r() dx = 0(k = 0,1,2, ..., n)

,n)



uyes

SR 7B PR B (52)
B Oyt REEE
- | pCIF () - SGIJ? dx - | I - ST dx

b b
= [ PG5 - 5 dx+ 2 [ pGIISE - 5" IF @) - 5 ()] dx

b
j p(ISC) — S IIF ) — 57 (0] dx =

S(x) — S*(x)— & " LAE i
o (%), oo, @ ORI ZMEH &

b
f P () — S* ()] () dx = 0(k = 0,1,2, ..., n)



KR E P T BIT R (52)
ISl
b b
D= [ plfe) - s dx = [ pIf () -5 I

b
= [ p@Is@ - 5" @ dx 2 0

B TR33.14) . XHHE TS (o) KRS ()T
@ T [ B A T 18 3 PR AL

b b
| p@Ife) -5 @Pdr < | pIf@ -s@Pdx  (3314)
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L P 7S B ML T 78 2

48 = f(x) — S*(x), MFHIREEN
18117 = (f =S f =S
= (f'f_S*)_(S*'f_S*)

PHLE

—_—

—1a

rb
Ja
TFH(S™, f =57 =0, itk

n

181 = (£, = (£, = IfIE = ) ai(pp f)  (33.15)

k=0

p(OIf (x) = S () ]pr(x) dx = 0(k = 0,1,2, ..., n)




£

o, (x) = xk, p(x) =1, f(x) € C[0,1], Ef
SEE H, 1 Rn B 7 B £ 0%

S*(x) =apy+ajx+ -+ apx"
m [

Z((pkl (pj)aj — (fr (Pk)(k — 0,1, ...,n) (3313)
j=0

_ i) .
(@ 00) =,

(f'(pk) :J



2545 (52
B R, SRARED T3 5] £ B

Ha =d
B HERITHIRG, = G(1, x, x2, ..., x™) X N H) 5 B
! 1/2 ..  1/(m+1)
b 1/:2 1:/3 1/(:1+2) (33.16)
_1/(n'+ 1) 1/(n.+ 2) .. 1/(2.n+1)_
HFR Hilberth 4
_ Il

a = (ao, a]_, seny an)T d — (dOi dli Ll dn)T

de = (f,x¥)(k = 0,1,...,n) (3.3.17)



di = (f,x*)(k=0,1,..,n) (3.3.17)

513.2

Kf(x) = V14 x27E[0,1] EH)— kAT 7 &
1T 22 T
B {1:(3.3.17)A]

1 1 \/E
do=f \/1+x2dx=51n(1+\/§)+7z1.147
0

1_2\/5—1
0= 3 ~ 0.609

1 1 3
dlzfx 1+x2dx=§(1+x2)2
0

B iE TR

(ao) _ (1.147)
ai) ~ \0.609

Wi e

1
1
2



#3.2 (%2)

B R, =F
ap = 0934, a; =0426, S;=0.934+0.426x

mCPUTiRE 1
1813 = C£,1) = (£,59) = IFI3 = ) (i f)
1 k=0
= j (1 4 x2) dx — 0.426d; — 0.934d, = 0.0026
0

B KiRZE

0]l = max

B 5413, 1%L

J1+x2 — S{‘(x)‘ — 0.066



n] i@t

{1,x,x%, ..., x"MEROR I A1 7 1@ 1T 22 T
ém@ﬁﬁ,%ﬁﬁ@KGBMwaT‘
*% RIETTFE S NRZEIRK

Ha=d
1 1/2 v 1/(m+ 1)
go| 172 1/3 w42 (3316
1/m+1) 1/(n+2) .. 1/(2n + 1),

R T % RS 2 IR 2




