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Inner product

Inner product on R"
(x,y)=x"y =Xic1 %y, x,y ER"

Euclidean norm, or [,-norm

x|, = (x"x)Y2 = (x2 + -+ + x2)V/?2, x € R"

Cauchy-Schwarz inequality
IxTy| < llxll2llyll2, x, ¥ € R™

Angle between nonzero vectors x,y € R"

xTy
[E4IPAIR%IP

£(x,y) = cos™! ( ),x,y e R*



Inner product

Inner product on R™" XY € R™*"
(X,V)=tr(X'Y) = ZEXU Y;;

i=1j=1
Here tr() denotes trace of a matrix

Frobenius norm of a matrix X € R™*n

m n 1/2
1X1ls = (wr(x X)) = (ZZX3>
=1 j=1

i

Inner product on S"

n n
(X,Y) =tr(XY) = zzxij Yij = ZXii Y + szij Y

n
i=1j=1 i=1 i<j




Norms

O A function f:R"™ - Rwith dom f = R" is called a
norm if

B f is nonnegative: f(x) = 0for all x e R"®
B fis definite: f(x)=0only if x =0
B f is homogeneous: f(tx) = |t|f(x), for all x €
R" andt €R
B [ satisfies the triangle inequality:
fx+y) <fx)+f(y), forall x,y e R"
[0 Distance

B Between vectors x and y as the length of
their difference, i.e.,

dist(x,y) = llx — vl



Norms

Unit ball

B The set of all vectors with norm less than or
equal to one,
B={x€eR"||x|[ <1}

is called the unit ball of the norm |-|.

B The unit ball satisfies the following properties:

v B is symmetric about the origin, i.e., x € B if and
only if —x € B

v B is convex
v B is closed, bounded, and has nonempty interior

B Conversely, if C € R" is any set satisfying these
three conditions, the it is the unit ball of a norm:

lxIl = (sup{t = 0]tx € CH™*




Norms

Some common norms on R"
B Sum-absolute-value, or [;-norm
lxll1 = |21 | + -+ [xn |, x €R"
B Chebyshev or [,-norm
lx]leo = max{|xq], ..., | x5 [}
m[,-norm,p=1
Ixll, = (g [P + - + |x, [P)/P

B For P € S%., P-quadratic norm is
lxllp = (xTPx)Y/2 = ||P1/%x],



Norms

Some common norms on R™*n
B Sum-absolute-value norm

m

n
”X”sav — z Z|Xij‘

i=1j=1

B Maximum-absolute-value norm

1X || may = max{|X;;|li=1,..,m,j=1,..

,n}




Norms

Equivalence of norms

B Suppose that [I-ll; and [I-ll, are norms
on R", there exist positive constants «
and g, for all x e R"

allxlle < llxlly < Blixlla

m If ||| is any norm on R", then there
exists a quadratic norm |-l for which

lxllp < llxll < vnllxllp

holds for all x



Norms

Operator norms

B Suppose |-, and |-, are norms on R™
and R", respectively. Operator norm of
X € R™"™ induced by |-, and II-ll, is

1X1lap = suptliXullg | [Jully <1}

® When |:ll, and |I-ll, are Euclidean norms,
the operator norm of X is its maximum
singular value, and is denoted || X||,

1X1l2 = Omax(X) = (AmaxXTX))

1/2

v' Spectral norm or £,-norm



Norms

Operator norms

B The norm induced by the ¢.,,-norm on R™
and R", denoted ||X||., is the max-row-sum
norm,

n
I1Xller = sup{liXullolllullor < 1} = maxi—y_m » |Xy
j=1
B The norm induced by the £,-norm on R™ and
R", denoted ||X||,, is the max-column-sum
norm,

m
X1l = maxj—y, Y |Xy]
=1



Norms

Dual norm
B Let || be a norm on R"

B The associated dual norm, denoted |-,
is defined as
1zl = sup{z"x|||x|| < 1}
B We have the inequality
z'x < IIxIII z||.

lxll < izl x|l

Tx

_Z
II |

X
2" o < supfz Tl < 1 = el



Norms

Dual norm
B Let || be a norm on R"

B The associated dual norm, denoted |-,

is defined as
]l = sup{z"x|||x]| < 1}

B We have the inequality
z'x < ||x|lllzl.

B The dual of Euclidean norm
sup{z ' x|||x||, < 1} = ||z|l

B The dual of the ¢.,-norm
sup{z " x|||lx]l < 1} = |Iz]I;




Norms

Dual norm
B Let || be a norm on R"

B The associated dual norm, denoted |-,
is defined as
]l = sup{z'x||[x|| < 1}

B We have the inequality
z'x < |lx|lllz]l.

B The dual of the dual norm
1l = 1]




Norms

Dual Norm
B The dual of £,-norm is the £,-norm such
that
1 1
-+-=1
p q

B The dual of the ¢,-norm on R™*" is the
nuclear norm

1Z1l2. = sup{tr(Z"X)|IIXl; < 1}

=0,(Z) + -+ 0,(2) = | (Z272)1/?]
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Analysis

1 Interior and Open Set

B An element x € € € R" is called an interior
point of C if there exists an € > 0 for which
wllly—xll,<e}cC

I.e., there exists a ball centered at x that
lies entirely in C

B The set of all points interior to C is called
the interior of € and is denoted int C

M AsetCisopenifintC=C



Analysis

Closed Set and Boundary

B AsetC € R" is closed if its complement is
open

R"\ C ={x e R"x ¢ C}

B The closure of a set C is defined as
clC =R"\ int(R™\ C)

B The boundary of the set C is defined as
bdC =clC\intC

v' C is closed if it contains its boundary. It is
open if it contains no boundary points



Analysis

Supremum and infimum

B The least upper bound or supremum
of the set C is denoted sup C

v [0,1], (0,1)

B The greatest lower bound or infimum
of the set C is denoted infC

inf C = —(sup —C)
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Functions

Notation

f:A—->B
B domfCcA

An example f:S*" - R
f(X) =logdetX

B dom f = ST,



Functions

Continuity

B A function f:R"™ - R™ is continuous at x € dom f
if for all e > 0 there exists a § such that

yedomf,|[ly—xll, <éd=|fQ)—fll, <€
B f is continuous if it is continuous at every point

Closed functions
B A function f:R™ - R is closed if, for each a € R,

the sublevel set
{xe€domf|f(x) <a}

is closed. This is equivalent to
epi f = {(x,t) € R**1|x € dom f, f(x) < t} is closed
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Derivatives

Definition
B Suppose f:R" - R™ and x € intdom f. The

function f is differentiable at x if there
exists a matrix Df(x) € R™" that satisfies

) If(2) = F@) = DF Dz —0ll,
1m =

zedom f, z#x, z—x |z — x|l

0

in which case we refer to Df(x) as the
derivative (or Jacobian) of f at x

M [ is differentiable if dom f is open, and it
is differentiable at every point



Derivatives

Definition
B The affine function of z given by
f(x) +Df(x)(z —x)

is called the first-order approximation
of f at (or near) x

0fix) . _

, 1’..., ":1,...,
ax] m,]j n

Df (x);j =



Derivatives

Gradient

B When f is real-valued (i.e., f:R"™ - R) the
derivative Df(x) is a 1 x n matrix (it is a row
vector). Its transpose is called the gradient of
the function:

Vi(x) =Df(x)'
which is a column vector (in R™). Its components
are the partial derivatives of f:

Vf(x); = agg),i 1. m

B The first-order approximation of f at a point x €
int dom f can be expressed as (the affine function

of z)
fO)+ V) (z—x)




Derivatives

Examples

1
f(x)=§xTPx+qTx+r, P eSs”

Vf(x) =Px+q

f(X) =logdetX,dom f =S¥,
f2) = fX) + (X~ (Z — X))

VF(X) = X1



Derivatives

Chain rule

B Suppose f:R"™ - R™ is differentiable at x € int
dom f and g:R™ — RP? is differentiable at f(x) € int
dom g.

Define the composition h:R™ - RP by h(z) =

g(f(2)). Then h is differentiable at x, with derivate

Dh(x) = Dg(f (x))Df (x)

B Suppose f:R" >R, g:R—- R, and h(x) = g(f(x))
Vh(x) = g'(f())Vf (x)



Derivatives

Composition of Affine Function
g(x) = f(Ax + b)
Vg(x) = A"Vf(Ax + b)

f:R" > R, g:R =R
gt) = f(x+tv), x,v € R
g' () =v'Vf(x + tv)



Example 1

1 Consider the function f:R" > R

FG) =log ) exp(al x + by)
=1

® whereaq,..,a,, € R", by,..,b,, ER

f(x)=g9(Ax+b)
gly) = logz exp(¥;)
=1

B Suppose f:R" >R, g:R—- R, and h(x) = g(f(x))
Vh(x) = g'(f())Vf (x)



Example 1

1 Consider the function f:R" > R

FG) =log ) exp(al x + by)
=1

® whereaq,..,a,, € R", by,..,b,, ER

f(x)=g9(Ax+b)
gly) = logz exp(¥;)
=1

1 exXp ¥
Vg(y) = :
Z?Ll eXp Vi exp Ym




Example 1

1 Consider the function f:R" > R

FG) =log ) exp(al x + by)
=1

® whereaq,..,a,, € R", by,..,b,, ER
f(x) =g(Ax + b)
Vi(x) = A"Vg(Ax + b)

1 exXp ¥
Vg(y) = :
Z?Ll eXp Vi exp Ym




Example 1

1 Consider the function f:R" > R

FG) =log ) exp(al x + by)
=1

® whereaq,..,a,, € R", by,..,b,, ER
f(x) =g(Ax + b)

Vilx) = A"Vg(Ax + b) = iATZ
17z

expalx + by

exp amX + by, |



Example 2

Consider the function

f(x) =logdet(Fy + x1F; + - + x,, F,)
® where F,,...,F, €SP
fx) =g9(Fo + x1F1 + -+ x, Fy)

g(X) =logdetX

B Affine mapping
v x€ER" - Ax + b € R™
‘/ xERnHFo‘l‘xlFl‘l‘""l‘annESp



Example 2

Consider the function

f(x) =logdet(Fy + x1F; + - + x,, F,)
® where F,,...,F, €SP
fx) =g9(Fo + x1F1 + -+ x, Fy)

g(X) =logdetX

af (x) L
o tr(F;Vlogdet(F)) = tr(F1F)) ?
s N

gt) = f(x+tv), x,v € R"
g @) =v'Vf(x + tv)




Example 2

Consider the function

f(x) =logdet(Fy + x1F; + - + x,, F,)
® where F,,...,F, €SP
fx) =g9(Fo + x1F1 + -+ x, Fy)

g(X) =logdetX

ag)(f) = tr(F;Vlogdet(F)) = tr(F1F)
tr(F~1F,)]
Vf(x) = :
tr(F'F,)




Second Derivative

Definition
B Suppose f:R" - R. The second derivative or

Hessian matrix of f at x € intdom f, denoted
VZf(x), is given by

0°f (x)

axlax] ’

i — 1’...,n’j p— 1,...’n.

V2f(x)ij =

Second-order Approximation

1
fO)+ V() (Z=x) +5(z =) "VEf(x)(z — x)



Derivatives

Examples
f(x)=%xTPx+qTx+r, P eSs”
Vf(x) =Px+q
Vif(x) =P

f(X) =logdetX,dom f =S¥,
V(X)) =X"1

fFXO+u(X1(Z-X) - %tr(X"l(Z - X)X Y Z-X))



Second Derivative

Chain rule
B Suppose f:R" - R, g:R—R, and h(x) =
g(f (x))
Vh(x) = g'(f (x))Vf(x)

VZh(x) = g'(F )V f () + g" (F V() Vf (x)!
B Composition with affine function
g(x) = f(Ax +b)
Vg(x) = ATVf(Ax + b)

Vig(x) = ATV2f(Ax + b)A



Second Derivative

Chain rule
B Suppose f:R" - R, g:R—R, and h(x) =
g(f(x))
Vh(x) = g'(f(x))Vf (%)
VZh(x) = g'(F )V f () + g" (F V() Vf (x)!

B Composition with affine function

gt) = f(x+tv), x,v € R
g @) =v'Vf(x + tv)

g't) =vVf(x + tv)v



Example 1

1 Consider the function f:R" > R

FG) =log ) exp(al x + by)
=1

® whereaq,..,a,, € R", by,..,b,, ER

f(x) =g(Ax + b) m
g(y) = logz exp(y;)
=1

EXP Y1

1
Diisq €XpY;

Vg(y) =

€XP Ym
Vif(x) = A"V?g(Ax + b)A



V2h(x) = ' (FENVEF () + 9" (FENVF @) Ty
Example 1

1 Consider the function f:R" > R

FG) =log ) exp(al x + by)
=1

® whereaq,..,a,, € R", by,..,b,, ER

f(x) =g(Ax + b) m
g(y) = logz exp(y;)
=1

€xXp 3’1]

1
Diisq €XpY;

Vg(y) =

€XP Vm

V2g(y) = diag(Vg(y)) — Vg(»)Vg(y)'



Example 1

1 Consider the function f:R" > R

FG) =log ) exp(al x + by)
=1

® whereaq,..,a,, € R", by,..,b,, ER
f(x) =g(Ax + D)
Vif(x) =A"Vig(Ax + b)A

=AT idia (z) — - zz" | A
17z 96 (172)2

H oz = exp(alTx + bl-),i =1,....,m
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Linear algebra

Range and nullspace

B Let A e R™", the range of A, denoted R(4),
is the set of all vectors in R™ that can be
written as linear combinations of the
columns of A:

R(A) = {Ax|x € R"} € R™

B The nullspace (or kernel) of 4, denoted
N(4), is the set of all vectors x mapped into
zero by A:

N(A) = {x|Ax = 0} S R"
B If V is a subspace of R", its orthogonal

complement, denoted V1, is defined as:
Vit ={x|z"x =0forall z € V}




Linear algebra

Range and nullspace

B Let A e R™", the range of A, denoted R(4),
is the set of all vectors in R™ that can be
written as linear combinations of the
columns of A:

R(A) =14 =
B The nullsps _ 1 ‘enoted
N(4), is thi N(A) =RA) mnapped into
zero by A:

N(A) = {x|Ax = 0} € R"
B If V is a subspace of R", its orthogonal

complement, denoted V1, is defined as:
Vit ={x|z"x =0forall z € V}



Linear algebra

Symmetric eigenvalue decomposition

B Suppose A€ S", i.e., Ais a real
symmetric n X n matrix. Then 4 can
be factored as

A=QAQ"

where Q € R™" is orthogonal, i.e.,

satisfies Q'Q =1, and A = diag(14, -+, 1,,)

B The determinant and trace can be
expressed in terms of the eigenvalue




Linear algebra

Norms
1/2
IAll, = (Amax(ATA))
= max |4;| = max(14,—1,)
1=1,...,n
. 1/2
1/2 _
IAllF = (tr(ATA)) > 7



Linear algebra

1 Positive Definite Matrix

B A matrix A € S" is called positive
definite, if for all x # 0,x"Ax > 0,
denoted as A > 0.

v If and only all eigenvalues are positive
M If —Ais positive definite, we say A is
negative definite, denoted as 4 < 0.

B We use ST, to denote the set of
positive definite matrices in S™.



Linear algebra

1 Positive Semidefinite Matrix

B A matrix A € S" is called positive
semidefinite, if for all x # 0,x"4x > 0,
denoted as A > 0.

v If and only all eigenvalues are
nonnegative

B If —Ais positive semidefinite, we say A
Is negative semidefinite, denoted as
A<O0.

B We use ST to denote the set of positive
semidefinite matrices in S".



Linear algebra

Let A € ST with eigenvalue decomposition

A = leag(ﬂl, ...,An)QT

The symmetric squareroot of A is defined

as
AY? = leag( A2 1/2)QT

We have

AVZ . AV2 = Qdiag(Ly, .., A)QT =



Linear algebra

Singular value decomposition (SVD)

B Suppose A4 € R™" with rank A =r. Then A
can be factored as
A=UxVT
where U € R™*" satisfies UTU =1,V € R™*"
satisfies V'V = I, and X = diag(oy, -, o,-) with
01 =0y =-=20,>0
B The singular value decomposition can be
written

T
_ E T
A— . aiuivi
=1




Linear algebra

Norms

1Al = o4

) 1/2
IAl[F = (tr(ATA))l/Z = ( Uiz)
=1



Discussions

Symmetric eigenvalue decomposition

B Suppose A€ S"
A=0A0"

Singular value decomposition (SVD)
B Suppose A€ S"

A =7



Linear algebra

Pseudo-inverse
B lLet A=UXV" be the singular value
decomposition of A € R™", with rank A =r. The
pseudo-inverse or Moore-Penrose inverse of A is
AT =yX~lyT € RM
AATA=A
Schur complement
B A4 eS* and a matrix X € S" partitioned as
¥ = [A B
BT C
B If det A # 0, the matrix
S=C—B"A™'B
is called the Schur complement of 4 in X




Application of Schur
complement

Determinant
detX = detA detS

PD Matrices
B X>0ifandonlyifA>0andS>0
B IfA>0,thenX>0ifandonlyif S >

PSD Matrices
X205 A4%0,(I-AA")B=0,C—BTATB >0




Summary

Norms of vectors

®m [,-norm, [,-norm, [,-norm, [,-norm, P-
quadratic norm

Norms of Matrices

B Frobenius norm, spectral norm, nuclear
norm

Gradients of Common Functions
B The Matrix Cookbook, Chain rule

Eigendecompostion vs SVD
PSD matrices




