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. . R L AL A T N N AR A
l(3) Yt=€t_gst_1+gst_2 Eﬁ g_ Eﬁ o |
5 25 * ] * ]
'(4)Yt=€t_z’5t—1+1_6€t—2 .| N
| é ; 1; 1; 2; 2; 3; | 0 ; 1; 1; 2; 2; 3;

Lag Lag
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(ERTH)
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HFARNZ=HDHIE

- FIXJEUESED, BaNEREX}, XTEMENZEXNDHERTA

n n
p(x) = 1_[ p(x; | X1,%2, .0, Xi—1) = 1_[ p(x; | X<)
i=1 i=1

X = [x1, X2, ..., X1 | RASFTE BT EIE Z BIRYNNZRELE LRI &

\
/

R
- ARFREISIERAIFR R (BfY) ZEAEHREY
- ARTRELRISZREREn RIRIE K

https://deepgenerativemodels.github.io/notes/autoregressive/



ARZERLRE!

- ARAAFERTUVER! (Generative model) , p(x; | x.;)BEMGH I TEIEIHTE
- HEEx; € {0,1}, NHLIRE
po,(x; | X<i) = Bern(f; (xy, X, -, Xi_1))
Hepo, B8, fi: {01} = [0,1]; filxy, Xz, .., %) IRE T FATFERX;
RMBS TS RINE, RESEEEY,6]
= Fully-Visible Sigmoid Belief Network (FVSBN)

() ()

i
fi(x1,X9, ., Xj_1) =0 (“o +a; x; + e+ ai(_)lxi_l)

0; = {ay’, a’, .., al, [ IIERIBY, SHBRAYT i = 0(n?)

FVSBN

Brendan J. Frey, Geoffrey E. Hinton, Peter Dayan. Does the Wake-sleep Algorithm Produce Good Density Estimators? NIPS 1995.



NADE: EFARRAERLIEEY

- (EFEMLPFAIES :
fl-(xl,xz, ""xi—l) = a(a(i)hi + bi)' hi = O'(Aix<i + Ci)

280, = {4, € RV ¢; € RY, a® € R, b; € R}, BEHENO(n%d)
- Neural Autoregressive Density Estimator (NADE), AEf,S#H=
fi(xy, %2, e xi21) = U(“(i)hi + bi); h; = G(W_,<ix<i + c)
8806 = {w e R*", c e R% {a® e RY)" (b € R}, }, BEEN
0(nd)

-[REZERFERBASATE
hi — O-(ai)r dj41 = d; + W[, i]xi

Hugo Larochelle, Iain Murray. The Neural Autoregressive Distribution Estimator. AISTATS 2011.



NADE: EFAR[ILERIERY

" %{L‘F*ﬂ%gi EJZ Algorithm 1 Computation of p(x) and learning gradients for. NADE.. '
Input: training observation vector  and ordering o of the input dimensions.
P(Xod =1 | x0<d) — G(VOd,hd + bod) Output: p(x) and gradients of —log p(x) on parameters.
hd = G(W':0<dx0d + C) # Computing p(x)

a] < C

N VN SN p(x 1
" JEJJJEIETJ_ 7%17"%.—*%’3‘_—( jf?c()r )dZ'om 1 to D do

hg < sigm (ay)

" %}Jﬂé}ﬂj p(ro,=1]2,_,) < sigm (Vod,.rhd +bo,) L
= (@), where @, = ¢ e
. &1_% end for
h; = o(a,), ford € {2,...,D} ?ag‘f%““”g gradients of —logp()
whereag; =W ,_x,_,+tc=W. , x,, +ag_ (fifrtl (f)mmmo o

. 6boy < (P(xoy=1|T0_,) — T0,)

(=] \ d d <d d

- E’ik1l’lg\k\ 0Voy.  (p(o,=1|T0_,) — 20,) by
N

- | T
Ohd <~ (p(xod :1 ‘ w0<¢1) - 1011) Voda'

N D
1 1 dc 6+ 6hg © hy © (1 — hy)
—_ - 10 x(n) - - z z - lO (x (n) | x(n) ) (5W..0(1 + da, Lo,
N Z gp( ) N gp Od O<d 0 —1 (—5adi+5hd®hd®(1 —hd)

n=1 n=1 d=1 end for
return p(x),0b,0V, oc,0W




NADERIZF

* RNADE: Real-Valued NADE

" 1E§iﬁﬁ, (xl) xZ; e xi—l)yg%—/ﬂ: ;IZEU'I%M:E;—_:F&I 1E-L-|_{Ml,1) :ui,ZJ ree ) :ui,K) z:i,l) Zi,Z; ree) Zi}k}

C
p(xod | x0<d) — z ﬂod,cN(xod;ﬂod,c: Uozd,c)

c=1

= EONADE: Ensemble of NADE
EIARRIRRE{0 ), _ BHTMELT, B

K
1
NS
k=1

Benigno Uria et al. Neural Autoregressive Distribution Estimation. JMLR. 17: 205:1-205:37 (2016)



NADERIZF

* ConvNADE: NADE with ConvNet

s|exid gz

28 pixels

sjexid gg

slexid gz

A@5x5 (valid) 8@7x7 (valid) 4@7x7 (ful)  1@5x5 (full)
A N
— N N N O Al
1
' - |I- — — — —
I"|_ 4] t 3 } S
Ay A . e, i w 1|, >
N R z g g E IS (L) %
;:i"".-'!"'."."' g < s : IE & h ]
1 _|'l' - |.1.'.I.' — I Ii l ~ Qi\
- . 22 pixels 18 pixels | —— e} = s
28 pixels 28 pixels 24 pixels ' 28 pixels OV
_— 8
® -1 —
e all) =
® lfé": 784 units I
T = o s
":I .t - t > > : O \i%/
-."' '.".' *® ] Y
O fel
C_) 500 units 500 units 784 units
o]
28 plxe's 1568 units

Benigno Uria et al. Neural Autoregressive Distribution Estimation. JMLR. 17: 205:1-205:37 (2016)



PixelRNN#[IPixelCNN

= PixelRNN
 WE LR x nEE (BAWTTNEERS) (
n2 (
p(x) = 1_[ p(x; | xq, .0, Xi—1) © o
= O O

- fEFARNN S SRR AR
- BRI AR A AR

© O O

© © O O
© 0 O O O

= Pixel CNN /

/!
/A
/
/
/
4

RN, BERERTEHERE

- (FEFICNNETRIER D £ N IR /

N
N

N
/

Adron van den Oord, Nal Kalchbrenner, Koray Kavukcuoglu. Pixel Recurrent Neural Networks. ICML 2016.
Adron van den Oord et al. Conditional Image Generation with PixelCNN Decoders. NIPS 2016.



WaveNet

- ERNEEEIE (BRREDHER)

BEEFYIx, . 2 SRR DR

o G- BN @

T

pe) =] | pCre 130, e 0)

t=1

(EFAZE{Pixel CONNBYS T, FACNNHIEES
HEER, EET R TSR

1 Second

Adron van den Oord et al. WaveNet: A Generative Model for Raw Audio. SSW 2016.



WaveNetfjCasual Convolution

- (FA"ER"EF (Causal/Masked Convolution)
AFE P iR

p(xt+1 | X1 '"rxt)

FAFRRAVERAIARFEE B 11, -+ Xea 7 TER

« {8 Dilated Convolutionf£F XK, {EBF&§E#E
HIRIFE (similar to pooling or strided
convolutions, but here the output has the same

size as the input)

Output

Hidden
Layer

Hidden
Layer

Hidden
Layer

Input

00000 OCOOOOOCGOOGOEO

©00000000000000O0

Dilated causal convolutions for
dilations 1, 2, 4, and 8.



Word2Vec

FERER: BIY N HEES

IRENE MR,

Distributional semantics: A word’s meaning is given by the words that

freque

banking = -0.107

...government debt problems turning info banking crises as happened in 2009...

...8aying that Europe needs unified banking regulation to replace the hodgepodge...

...India has just given its banking system a shot in the arm...

- R
0.286

0.792
-0.177

0.109
-0.542
0.349

. 0.271

! " BYVE X AT BTSSR

WOMAN

MAN/ /

UNCLE

KING

QUEEN

AUNT

QUEENS

KINGS

AN

KING

N\

QUEEN

Tomas Mikolov, Wen-tau Yih, Geoffrey Zweig. Linguistic Regularities in Continuous Space Word Representations. HLT-NAACL 2013.




HMRERNEEE

P2l TR TChRCETRIUAALE
(£ PR B EBEERFTNSRIRERD)

- ¥rXpatchi2BUFIE
- B S _E T patchfFHIE SR u

SENERER, MESEME
I&EiE&RIpatch ( predict what
patch is being masked out at a

particular location among other
distracting patches )

- frEg2: ETBrmCEUEHIE

Trieu H. Trinh, Minh-Thang Luong, Quoc V. Le. Selfie: Self-supervised Pretraining for Image Embedding. CoRR abs/1906.02940 (2019)

SESS

Encoder

........................................................................

+ Positional Embeddm
of Patch 4

Cross Entropy with
[T 0 O]

Softmax

Decoder

QA/T/[

A
Patch
9
Patch
4
Pretraining

| Distractor
L .| Patch 3

Distr-éé’for
Patch 8

Softmax - Cross Entropy
with true label

A

Resnet-50

Convolution
block

Convolution
block

Convolution
block

Convolution
block

A

e
L
[ ]

g "[”"‘-9"5 |

VR

Finetuning
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ZIEIERNER SIS
- HIEIRE: BALTNEARETIERE, (e ABHER

Y; = z Yi&r_
=0

3% )| 1%

3% / \ 3T
Y(B) =1+ ) B n(B)=1+ ) mB

C  nBYB) =1 N

U - N / U -
Yi =Y (B)e; n(B)Y; = &

[EiatE] Y, = Y (B)e 2 [A¥E] n(B)Y, = & Al
» EH38lz| > 18, ¢(2) = X2, vz W8 > Bzl > 18], n(z) = X2, mz W8

> &3|B| < 18Y, ¢(B) =X, ¥;B'IkE > &3|B| < 18Y, =(B) = X2, m;B'UE



SR T E

- HIEIRE: BALITHZZIRIRETIEE _
Y, = z Yige—i
i=0

- 8Y(2) = 6(2)/9(2), 0(2), Pp(2)NBIR
ARITFE MATEE

" Yt%/__]_T?ﬂ " Ytiea_?ﬂg

Yt + ¢1Yt—1 + ..+ ¢th—p = & Yt = &t + 91515—1 + .-+ qut—q

(e IEIRRS ﬂ N (e AR

 PY@=0@)/p(z) >

- Mp + 1FHErINER0 - Mg + 1FFIEYINEER0
- (ERIERE R/ - (ERERE R/
(1+ ¢:B+ -+ ¢,BP)Y, = p(B)Y, Y, =(1+6:B+-+6,B%)¢,

= & — H(B)gt




. o . [ERE] Y = y(B)e FHR
ARIZERNERES T > B2l > 10, (@) = 52 b WS
> H2|B| < 1B, ¥(B) = X2, ¢;B'IKE
= AR(1)ITFE
Ye — Vo1 = (1 —¢p1B)Y; = &

* B IMA(0)
Y(B)

Y} =(1—¢:B)leg = Z Pl e
i=0

- FlEFRRE, SIB| < 18, YBWEE, FEtA|e.l <1
" 1-¢;B=0HREB = ¢7', BRI TEKL - ¢,B = ORIRERNEID,



ARZERFEIRMESATEHE

- —ERAR(p)1IFE
¢B) Y, = &
" BALHIMA(0)
Y, = ¢(B)"'e = Y(B)g,
- FlERRE, BRIk G -
nE¢$®B) = (1 -6,B)(1-G,B)

K;
1-GB "

p
Y = p(B) le = z
=1

. 34|B| < 189, Y(B)KEK, BERy, = X7, K,G/
#a3FETHI, BNIG| <1

, G, ' B (B) = ORIR,

[FR2E] Y, = l/)(B)EtSF%
> B5lz| > 1Y, ¥(2) = X2, iz W
> BYIB| < 183, ¥(B) = X2, ¥;BULE

- SERFH

¢(B) =0
AUTRTESRZESN, BT
¢(B) =1~ ¢;B——¢,B” =0
HYARAL
mP — ¢1mp—1 e — ¢p =0

RUIRBEAEIE, Att, HE3T EASERE
B,

-
m(B) = $(B) = 1 — ;B — - — ,BP

JERI, &ERNPEFRA



(Eﬁﬁ'ﬁ] n(B)Y; = Stﬁ_l-i%:

MAZEERFERESAIAEE - s 0 -5 e

- MA(@Q)II#E

Yt — €t - ngt—l — e Hqgt—q
— (1 - ng — e — Hqu)gt — H(B)gt
- SRt
Y(B) = 6(B) =1 — 6,B — - — 0B

ABRIN, HEREEFM

- ANfE, A8
g =07 1(B)Y;

RigH ", ..., Hy ' /26 (B) = ORYIR, NIH
q

6(B) = 1_[(1 — H,B)

i=1

> AHIB| < 18, n(B) = X2, mBULS
- BT LADE, B

q M.
m(B) = 67"(B) = Z <1 _ ;I-B>

l

SHISENEESR, S = X9 M, $E3FaTHn,
BO|H;| < 1,

- EN TSGR
6(B)=1—60;B—-—6,B1 =0

ROMRH > 1, ERUESN



ARIZIEESEMAZEE

- AR(p)idFE

¢(B) Y, = &
- S
¢(B) = ORIREEREI
- AP
EiZimiE
- ACF
feR (IEEU=IR)
- PACF

#E (¢rx =0,k >p)

- MA(q)id%=E

Yt — 0 (B)gt

- SR

BEIZ#E

- AP

6(B) = ORITRIEER{ZESP

= ACF

BE (p(k)=0,k>q (

* PACF

feR (1BEU=iR)
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4. ARMAZEEY:
(FiRRdE =R




ARMAREIRENX

- BTN ERAERERR DB RIFSENEIER, &IC/IARMA(p, q)

(Ve = o+ p1Yeq + - + GpVi_p + &t — 01601 — - — 0484
b, £0, O, %0

E(s) =0, Var(s,) = 062, E(g;65) =0,s £ t
\E(Ysgt) — O, Vs <t

» o = 0BT, FRAFIMEARMA(p, Q)RR

- ARMA(p, q) t&EELEIE

A

d(B)Y; = 6(B)e;

HrA:
¢(B) =1—¢B—¢p,B* — - — ¢, B
G(B) — 1 - HlB - HzBZ — s — Hqu



AR, MA, ARMAZ=E!

Yt —_ gt + ngt—l + .-+ Hqgt—q

Yi+ oY+ + PV p =&

Yt + (plYt—l + o4 ¢th—p = &t + ngt—l + o4 Hqgt—q
- {e.} BEER, 6(B) fl¢(B)EXTBRIZIIT

SFARMAIDIE,

EfZIpFAR,
(l) (B) Yt = etl

e, = 0(B)s, AMAIZFE

-

Y; =0(B)eg;
d(B)Y; = &
d(B)Y; = 6(B)e;

B#ENqMA,

b IpBTARISRE, ¢(B)b =&, NI

Yt - H(B) bt

d(B)Y; = 0(B)p(B) by = 0(B)s;




PSSR

= ARMA(p, q){EBYHERS SR

NS

A

IFZR 2 Z s (B) = ORVIRERTEERA

*BIARMA(p, @) =EIAY R

b

N

= ARMA(p, Q) t&ERYA#ES (4

XelAy 57l

|~

RS TR0 (B) = ORHRERTEEALT

e A BDEERSHERIERE

0

Fp

N

*BDARMA(p, ) 1RE2RY R

o HEREIFIIES TR IERE



ARMARERIFETIERR

- 198 - BERREGER
EY, == Po - ARMA(p, Q) HEBIRT LRSI TSRS
ST B
T
y(k) = o2 Z GiGyor - (REEXEEGER
‘ - ARMA(p, q)EBIRT L 6V A TSI E

- BFERERES

El/at ki

_ y (k) _ Z;‘o=o GjGJ'+k
y(0)  XT%,G7

p(k)



ARMARERBME EHRE

- $IXTARMAIERY
Yt + ¢1Yt—1 + .-+ ¢pyt_p —_ gt + ngt—l + .-+ Hqgt—q

- P Rimaes,_  SKEREE
er(k) + ¢1y£Y(k — 1) + ot prng(k — p) — gko-gz; k = 0,1,

" FARMARREIEG (L /IMA (o0)fREL

Y = 2 Yi&r_i L X
=0 &t ﬂzné'ﬁlj u&ﬂiﬂ%ﬂq Yt *H;é;
. F7E ALY, Tk
=0 k<O
Vey (k) = Covle, Ve | = ElYeer ] {i 0 Igi k>0
" lﬂS Yk

k=0: vye(0) = 6407 2
= Yer(1) = (61 — $16p)0
k=1 ygy(1)+ P17 (0) = 0,07 & ! "



ARMARERBME EHRE

ST ARMAREY
Yt + ¢1Yt—1 + .o+ ¢pyt_p = &t + ngt—l + .o+ Hqgt—q

- FRimIfey,_ SKHBEE, 18v k =0,1, ...

() + vk — 1) + -+ dpy(k —p) = Vey (k) + 017y (—(k — 1)) + - + O yey (0) + - + O, vey (q — k)
= OkYey(0) + -+ + qusY(q — k)

- Hk = q+1, NAENEEEH0, EE
y(k) + p1y(k—1) + -+ dpy(k—p) =0

- Fp > q: BMAERSFIACHER (18R RIEEFIEZERE)
-Ep<q

y(®) + b1vy(e— 1) + -+ Py (0) = Opyey(0) + -+ + 04vey (@ — )
Yo+ 1D+ diy(p) + -+ dpy(1) = 0pp1Vey(0) + -+ 0¥ey(q —p — 1)

Y@+ D+ puyr(@ + dpy(@+1—p)=0
k=q+1-pFEINEE/ACHER (B2 RISEFNEAREL)



ARMARBERIRINA EH

- ARMA(1,1)t&8Y
Yo+ 1Y g =&+ 0164

- BCE Ry .y (k)
Yer (0) = O-e;

Yer (1) = (6, — p1)0?
Yer (k) = —@1Vey (kK — 1), for k = 2
- ey (k)

Y(0) + d1v(1) = ey (0) + O1vey (1)
y(1) + ¢17(0) = 617y (0)
y(k) = -y (k — 1), for k = 2

- ElIE

Y(0) + @1y (1) = (1 + 6,(6, — ¢1))0?
¥(1) + ¢1v(0) = 6,07

- AJ15

y(0) + ¢1(91032 — ¢$17(0)) = (1 + 0,(6; — ¢1))Usz
y(1) = —¢1v(0) + 6,07

- U
1462 -2¢,6,
y(0) = (1— (P%) O¢
0:(1 — ¢7) — 1 (1 + 67 — 2¢16,) 52
(1-¢7) )
_ (1-0,¢1)(61 — ¢1) 52
(1-¢7) °
y (k) ==¢1y(k—=1),k =2

y(1) =




SRARMAEBIIHXTE

- IABTRBIARMA(L,1)

Yt — O'SYt—l —_ gt — O.8€t_1

HARBHEXE AR B HEHXE
7 1 —™ > —NhYr(r(M}(/7F7Xa  )mM)m))
| 8_ | N | II ‘ |
© | L O H ‘ ‘ B ]
© @)
" <
< h s o
Y - P C-
__]]:::::::::L_lf:: .
« .
o N
[ [ | | | | | o [ | | | \ | |
0 5 10 15 20 25 30 0 5 10 15 20 25 30

Lag Lag



ARMARBUHICHEISIIE

am BB T REiEXE . A
ME,
AR th A7
®) e PHIER s (B) = OHOHEFERE I 2 SRR
I%I\E%\II_‘EI
MA ED
@ ER e 46(B) = ORRIERAIE > SN AT
A . . s 5 (B) = OBIRTE RSS2 S

=6(B) = ORYIREERE 2SI RII%




ACF(K)

=iz Sk

- AR(1) - MA(2) - ARMA(1, 2)
(1-0.8B)Y; = & Y; = (1 + 0.9B + 0.8B?)¢, (1-0.8B)Y;

I = (1+ 0.9B + 0.8B?
- IEEE=IR - Lag=2f590 ( )é

Lag=q+1—-p=2+1-1
= 2[GIEE =

AR(1) MA(2) ARMA(1,2)

1.0
1.0
1.0

0.6
0.6
0.6

ACF(K)

0.2

0.2
ACF(K)
0.2

-02
-0.2
-02




PACF(k)

0.5 1.0

0.0

-0.5

{REITHXEREY

- AR(1)
(1 — 0.8B)Y; = ¢,

- Lag=1/3/30

AR(1)

10

PACF(K)

0.0 0.5 1.0

-0.5

MA(2)
Y, = (1+ 0.9B + 0.8B2)¢,

MA(2)

PACF (k)

- ARMA(1,2)

0.0 0.5 1.0

-0.5

(1 - 0.8B)Y,
= (1+ 0.9B + 0.8B?)g,

ARMA(1,2)

10
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5. ARIMAZEL:
(AFFRBEFIIRER)




IR A IR EEFIAARIMALREY B I

= 19702E, Box#{JenkinstHhR Y {Time Series
Analysis Forecasting and Control) —33, ERIAR

FRAIT T RGEHIREN DT, #4157 ARIMATRE!

= “All models are wrong, but some are useful”

George Box
REFITHF

- N7 1ESBoxFlJenkinsXIB B A A& FERISF IR TafA,
MENMTBEIEARIMAEEIFR SIBox-JenkinstaEY,

IIIIIIIIIIII
]

| Analysis

Forecasting and Control —

- ARIMATRAIRISL[G

-BTE. FESEDGRIZIERE

Gwilym Jenkins
RESITFR



RIEEFIRRI AR

" JWFAR(DH=EE,

(1—-¢B)Y; =¢; 360 -

. SERERS

6l <1

BRI BT, ¢ =2 T

TR $(B) = ORIIERIES Ol

- ARG (EEUEEK) © (B) = OMUIRTE ol

Vv L
« p(B) = 0 HUIRIEEAAIE LB RAN(E? IR R B ara




RIEEFIRRI AR

- ZETEARMATREY
p(B)Y; = 0(B)e;
- Hpp(B)2FAFRAREF, ¢(B) = 08dMMEEREMVEL, EREERUEN, FLE
p(B)Y; = ¢(B)(1 — B)dYt = 6(B)¢;
Hrh¢(B)RYRAREF, (1-B) =VAEDET, BoB)VLY, = ¢(B)w, = 6(B)g,

- EBw, = VIVHIEIRE, Y, = Sw,, HAPSHKFIEF
t
Sx, = z xp =1 +B+B%+-)x,

h=—o0

— (1 - B)_lxt — V_lxt
BS=01-B)t=v"1



ARIMARBIZH

= ARIMA (Auto Regressive Integrated Moving Average) 1&EY: $XIER ERIFFERHARMAE
ifEy
* ARIMA(p, d, ) T=BLZ5HS]

p

p(B)VY, = p(B)(1 — B)?Y, = W, = 6(B)¢,
E(s) =0, Var(s,) = 02, E(g;65) =0,s £t
KEYSgt - O, Vs <t

A

Hrp, W AYEEIERIARMA(p, )RR, YVIBII X AR rERIW, RFI1S 2|

d=0, p=20
ARIMA(p,0,q9) = ARMA(p, q) ARIMA(O0,d,q) = IMA(d, q)
q=20 d=1,P=q=0
ARIMA(p,d,0) = ARI(p,d) ARIMA(p,d,q) = Y, =Y, + &




/\/*V\/VJ\'J Non-stationarity in level
AN
W ¢(B)VY; = 0(B)e,

(a)

P

Non-stationarity in level and in slop

¢(B)V?Y, = 6(B)e,

(b)



ARIMARERIFIE

= ARIMA(p, d, )'REEHEBp + dPMHIE
R, HfpMERMUERN, dIMER(U

‘L. AlAS
d # 0

HTARIMA(p, d, Q) IREHER.

- fE#/lifFE (Random Walk) &Y
VYt = gt
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