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RS EEEY (State Space Model)

- REEE: WEISERRIEAR (BRERFESE) [ —RERED KRR
- WEERE: X RS EEBEAASHIE RN
- Bin: EMEEITIRGRS External description

Internal description



S EFEAINSE RIRE

- RFHFE (system equation)
Xt - AXt—l + But_]_ + el,t

- MEN5FE (observation equation)
Y, = CX, + ey,

X R7Z&mEE (state vector)
dim(X,) = mAZEGM % (Order)

Y WER{E[E1E (observable outputs)

u HitiEE (input vector)

e, RgaEE, Ve =32,

e, MEBHERE, fle,fHEIMI, V]e,] =X,

Ar B; C) zl; z2 El%u

- STFARMA2, )ITFE,

Yi+ 1Y 1 +poY o =6+ 0164

- IS EFR

X6\ [(—P1 1\ [Xpe-1 1
(Xz,t> - <—¢2 0) (Xz,H) T (91) o
Xq
Yt - (1 0) (XZ t>



BHHEEFFIIASERIRE

MEHLEz(t)  « RENED HIERmEIA - fRHTE
VIIBIRE 7' (to) d?z x,(t) = —g(t — tg) + x5 (tg)
ez = 9 x4, (t) = —%(t — to)? + (t — to)x(to) + x1(to)
- -t = STty = (s — DT, T =1
& x,(t) = z(t) = y,(8) } [0 (S )+ [ 1/2
N y1 (O FAMERE R o
=:-2703 [1 O X
R E: x,(t) = 2'(t)
‘ - IBINHE
EEERATIE IR X (D) = [, (1) x2(©)]" AREED 1 1 1/2
[0 1] Fs- 1+[ ]g+e“
[0 1 0
x (t) = [0 0] ¥+ [—1]9 ys =11 0]xs+eys

y@) =11 0lx(®)  deterministic input



HHEEFFIINSSEIRE

MahiEz(t)) - RFENEDHERIA - 48%Et = 1,2, ..., sSHINLNE
B2’ (to) 52,
Tz 9 - ¥l (prediction) REMEFEE

RS Xs+k|s» k>0

B x () = z() = y1.(0) - BT IRE N E/ 8

B0 y1 (O NRTE (reconstruction/filtering) 4RI B
=%z
ER/E: x,(t) =2/ (¢) TRE X5

- EESRRSIEHEIRX (8) = [x1 (Dx2(O)]"

- #R{E/FB (interpolation/smoothing) :

v =[O Yo +[O]s  smEmmmsEmEEORtE
y@® =11 0lx® Xorigs k < 0, fETHRES SRR



IRSTERBE K

- RS
TeZ M Bl T BRI/ TX,
e TR BRI

Y =CX: + ey,
- BN EIAmAEINSHRGH TN, EMEdEE, RAEEEA MY (observable)
rank [CT: cA)” ;- (CAm‘l)T] =

- (REETmMEENE, EBETTmEERESHE (W Tm I HIEEHR)

Yt — CXt
Yir1 = CXiyq = CAX,

Yerm—1 = CXpym-1 = CATX,



R/REIEERE
- SRR BETLEZEXFOY, B
£|G)] = Ger) BV 1G] = (zr zin)

E[X Y] = px + ZxyZyy (¥ — py)

- REORERISE

Var[X | Y] = Zxx — ZxyZyrZxy

- steygpmE (X 1))

E[X|Y,Z] = E[X | Z] + C[X,V | Z|V"'[V | Z|(Y — E[Y | Z])
Var[X | Y,Z] = Var[X | Z] - C[X,Y | Z]V"i[Y | Z]CT[X,Y | Z]



RSB REN

REHX, MRERY,, WIMEERBEMEREY,, = (Y],...Y] 1),
Xt+k|t = E[X¢ik | Y]l = E[Xsn | Y, Ypoq]

- B0
E[X|Y,Z]=E[X|Z]+C[X,Y | ZIV"1[Y | Z](Y — E[Y | Z])

- RIUER (PYE)
jZtlt =E[X: | Y, Ypq]

=E[X | Yeoal +CIXL Y N Yt I VY N Yt ] (Ve — EY e L YD

1 Py
- tht 1+ ztlt 1 (Zg]l)t] 1) (Yt - Ytlt—l)



RSB REN

REAX, MERENRY,, ISR AHEENREY,., = (Y], ..,Y{_,),
)?t+k|t = E[Xt+k | yt] — E[Xt+k | Ytryt—l]

- B4 Kalman gain
Var[X | Y,Z] = Var[X | Z] - C[X,Y | Z]|V7L[Y | Z]ICT[X,Y | Z]

ko= (220.,)
- =ILEM (hAZE)

VIXe | Y, Yiq | Xoe = Xpe-1 + Kt(yt - ?tlt—l)
=18 — KXY KT

tit—1

= VX | Yra] = CIXe, Ve | Yed VY 1 Y IO X, Vi | Yy s]

-1 T
— Xy vy Xy
zﬁf - z?lptf—l a Ztlt—l (ztlt 1) (ztlt—l)



R/ARSERT

CREEHX,, MEAEHY,, BIEEAYL, F TOURET =
= (v],..,YL,), V[Xii11t] = AV[Xe]AT + 24
TR V[V 1] = CV[Xepne] €T + 2,

Xt+1|t — AX“t + But

X Vv — vl¥ T
7t+1|t = C)?t+1|t C[X“'l't’ Yt+1|t] — V[Xt+1lt]c

. R ke
Xerne = Xewr — Xepne e = AZgAT + 2y
= A(X; — Xyt) t 1001 = AXyp + €104 L0 = CEFCT + 2,
Yerre = Yerr = Yerune Zioae = ZerqeCT

- C(Xt+1 o Xt+1lt) T er+1 = C)?t+1|t T e



F/REIERK (Kalman Filter)

- YJia{t
X110 =E[X1] = po, 2555 = VIX11 =V,

ES|lid
zlyl{, CIHCT + 2,

- XFt =1,2,3, ...,
- BB

tit—1
tht — tht 1T Kt(yt - C)?tlt—l)

XX __ yy T
tit — tIt 1 Ktztlt 1K

K, = Ztlt 1CT (zyy )_1

- F

5Zt+1|t = AX,; + Bu,
t+1|t = AzutAT + X

yy
Liiie = Czt+1|tCT + X,

- ZFN, BRI, Mk = 1A
B, FERKBMANREE

Xerk+11t = AXeipe + Bupig
XX T
takse = A AT + 2



ARSI RATERED

- REGEER

_1 1 1/2] ~
A‘[o 1]' [ ¢=1
__[20 08]
215 08 1.0
¥, = [10000]
- #0311, M10000KSAbLAFIUARIEE /90F
Xim==[10000]
2 =0 o

zy% = [10000]

0]

E—X (t=1) , y, =10171
- 814

Ki=[0 o0]"

10000 0 0
Xm—[ ] ):fﬁ=[0 X

- Tl
< 9995.09]
Xo1 = “987 |
0.8]
5 =los

Zo) = [10002]



ARSI RATERED

- RTHIR - BRI (t=2) , y, =10046
A=[(1) ﬂ B= [ 121 c=p1 o =1
2.0 0 3 K, = [0.00020 0.00008]7
0.8 1.0
¥, = [10000] e 9995.1 FXX _ 0.8
2|2 981 2|2 1
- 0816, MT1000KELLAVIIAIEE S 0FFY ‘
- Fou
X0 = [10000] - [9980.38
X312 = 1963 |
0 i i
XX o _ [6.6 2.6
Zl|0 [O z3|2 = _26 2 |
Z1jo = [10000] ¥ = [10006.6]




ARSI RATERED

- RGtEA = BRI (¢=3) , y, =10082
A=[(1) ﬂ [ V2l c=n o =113
2.0 08 K; = [0.00066 0.00026]7
0.8 1.0
¥, = [10000] o _ 19980.45 6 59 2. 6
. 2 = s . . X3|3 — —19.6 Z3|3
- iR, M 1000KSAELARIHATERE /9 0FE AL ‘
= T
> _ [10000
Xim-[ ] % —[9955.94
43 = | —29.41
wx _ [0 0
53T = [ X i = [1579 54

yy _
210 = [10000] 7% = [10015.79]
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Carl Friedrich Gauss Thorvald N. Thiele Norbert Wiener Rudolf E. Kélman, &IF7
EESER, (1809) AEXRYER, (1880) FEEFR, (1940) SRR, (1963)

A 4

Adrien-Marie Legendre Peter Swerling Richard Battin Stanley F. Schmidt
EEEFR, (1805) EEFEREICER, (1959) SENABHEFZR, (1961) ZEf= T



H‘jlﬂg;“ *Eggﬂgﬁ& @ International Institute of Forecasters -

Forecast evaluation and

Exponential smoothing Nonlinear models
accuracy measures
ARIMA models Long memory models Combining
i Prediction intervals and
Seasonality ARCH/GARCH models ..
densities

State space and structural Count data forecasting

models and the Kalman
filter

Jan G. De Gooijer, Rob J. Hyndman. 25 years of time series forecasting. IJF 2006 (22): 443-473
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thea=3wa (E1)3) =8

Model SMAPE-TOT Mean rank Rank 1nterval FRAC-BEST
MLP 0.0857 2.78 (2.62, 2.94) 35.6
BNN 0.1027 3.42 (3.26, 3.58) 16.9
RBF 0.1245 5.33 (5.17, 5.49) 6.7
GRNN 0.1041 5.24 (5.08, 5.40) 6.3
KNN 0.1035 5.10 (4.94, 5.26) 7.3
CART 0.1205 6.77 (6.61, 6.93) 3.2
SVR 0.0996 4.19 (4.03, 4.35) 8.3
GP 0.0947 3.17 (3.01, 3.33) 15.7

» Multilayer Perceptron (MLP)
» Bayesian Neural Network (BNN)

» Radial Basis Function Neural Network (RBF)
» Generalized Regression Neural Network (GRNN)

» K Nearest Neighbor Regression (KNN)

» Classification and Regression Trees (CART)

» Support Vector Regression (SVR)
» Gaussian Processes (GP)

Nesreen K. Ahmed, Amir F. Atiya, Neamat El Gayar & Hisham El-Shishiny. An Empirical Comparison of Machine Learning Models for Time Series Forecasting,
Econometric Reviews, 2020 (29):5-6, 594-621



thea=3wa (E1)3) =8

YN-1YN-2 .- YN-—n-1 YN Linear regression
YN—2YN-3 .. - YN—n—2 YnN-1
X — — Y —
Yn Yn—1 --- Y1 | | Yn+1 | Nearest-neighbor
Training set target
y

Yin L—

Y - j/ °

bt

~)

Yo R Gianluca Bontempi, Souhaib Ben Taieb, Yann-Aél Le Borgne: Machine
Learning Strategies for Time Series Forecasting. eBISS 2012: 62-77




Lazy Learning

* The Lazy Learning (LL) is a lazy and local learning machine which automatically adapts the

size of the neighborhood on the basis of a cross-validation criterion.

» Sort increasingly the set of vectors in X with respect to the distance to Y.

» Determine the optimal number of neighbors.

» Calculate, given the number of neighbors, the prediction for the query point by using a

local model (e.g. constant or linear).

Algorithm 1. LL

Input : D = {(xs,¥:) € (R" x R)}, dataset.

Input : x4 € R?, query point.

Input : k= the number of neighbors.

Output: §:41, the estimation of the output of the query point x,
(obtained with k neighbors).

Sort increasingly the set of vectors {x;} with respect to the distance to x,.

N k
Ji1 = 72251 Y-

return ¢i41.

Gianluca Bontempi, Souhaib Ben Taieb, Yann-Aél Le Borgne: Machine
Learning Strategies for Time Series Forecasting. eBISS 2012: 62-77
Mauro Birattari, Gianluca Bontempi, and Hugues Bersini. Lazy Learning
Meets the Recursive Least Squares Algorithm. NIPS 1999: 375-381.
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- SIS TOHT R EERR

- 3kENfaZ&E (hidden variable)

oKEMHRE . TensorCast [Araujo, Ribeiro, Faloutsos. [CDM17]

- FEXRBZ TeRT FFEUR R Al D ETC R BRT Fr s

RIS MAXRIBIFEUR

| pesgrca

D ERTERII R

| —sermmsE

XK FEE LT

| pcasin

& [RE R R FREdiE

Spiros Papadimitriou, Jimeng Sun, Christos Faloutsos. Streaming Pattern Discovery in Multiple Time-Series. VLDB 2005: 697-708

RELATIVE STOCK PRICES

GOLD ETF (GLD)
= = = = SILVER ETF (SLV)
----- = PLATINUM ETF (PPLT)

.......... GOLD MINER ETF (GDX)

50 100 150 200
NUMBER OF TRADING DAYS

(a) Correlated stock prices

250

HIDDEN SERIES 2

0 50

100 150 200 250
NUMBER OF TRADING DAYS

W

0 50

100 150 200 250
NUMBER OF TRADING DAYS

(b) Uncorrelated hidden variables
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13% (¥. B. FE...)

=H

N el | Ab Model pool selection procedure
~ ;:F / l
I)I-I\u *E:léﬂ N ﬁ b To determine the model pool for a class of time series,

we follow the procedure below:

& 1. Start with a default pool, set the rolling origin eval-
N e e | 1E ﬁgﬂ uation parameters and the weighting formula to
;)H\M‘Eﬁg ’E ,ﬂ default values (described in later sections).

=H

2. For each series in the class:

n h I!l!‘¢'$7AIEE$%
(a) Spllt the series into a training part and a

e EE

= Nalve MOdel y (b) For each model, forecast the series with that

model. Calculate the holdout set error.

g S JL piey R (c) Determine the combination weight for each
= ﬁgﬂ‘QEM OdEI POOI model (Sections 2.3 and 2.4).

3. Sort the models by their mean holdout set error
across all series in the class.

Eﬂll’ ﬁgi*‘a 4. Combine all models. Compute the mean holdout set
" Theta MethOd \ 4 error of the combination.

5. Try removing models from the pool starting with
the one with the highest holdout set error:

ﬁmE"ﬁﬂnu*i (a) Remove the model. Compute the mean hold-
[ ] ARIMA out set error of the combination.

(b) If it increases, put the model back into the

= Exponential Smoothing

pool. Then, move to the next model.

E’ﬁ (c) Stop when all models have been considered.
i<

* Linear Regression v

. EREEFR

gim(S)=1/(S+¢€)
gsqr(s) — ginvz(s)

mﬁﬁlﬁ ? Eexp (S) — exp(ginv(s))

sMAPE
Errors

Maciej Pawlikowski, Agata Chorowska. Weighted ensemble of statistical models. IJF 2020 (36): 93-97 (Rank #3 in M4 Competition)
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= XGBoost, LightGBM, CatBoost

« TEHE): skforecast [Rodrigo and Ortiz, 2022]

Recursive multi-step forecasting (lag=4)

o
s e e
\ ) i

Predicted value

- S s e e e .
- —

@ 1 _ _,' Predictors (lags)

@ Model trained to predict step +1

- O - . e e e -

=== == - - N
TT T I L L
| -

Direct multi-step forecasting (lag=4)

E%E} - Observed value

Predicted value

-
—-— e . o . e . .

e I 1 _: Predictors (lags)
T e (Te To (T2 (T Te etto s
L} ) %&} Model trained to predict step +1

@ %} Model trained to predict step +2

@ Model trained to predict step +3

T ----' T
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LIS EEEE

filter train X y for step(step=1)

y 1 2 3 4 5 6 I 8

exog 1 A B C D E G H

exog 2 a b c d e f g h

lags=3, steps=2, create_train_X y()
y_train X_train
step 1|step 2 X_lags X_exog_1 X_exog 2
4 5 lag 1 lag 2 lag 3 step1 | step2 | step1 step 2

9 6 3 2 1 D E d e
6 | 7 4 3 2 E F e f
r | 8 5 4 3 F €] f g
& 1 8 6 5 4 G H g h
7 6 b H | h i

y_train X_train
step 1 X lags X exog 1|X _exog 2
4 lag 1 lag 2 lag 3 step 1 step 1
5 3 2 1 D d
6 4 3 2 E e
7 5 4 3 F f
8 6 5 4 G g
7 6 5 H h

Training data for model of step 1

filter train X y for step(step=2)

y_train X_train
step 2 X lags X exog 1|X exog 2
5 lag 1 lag 2 lag 3 step 2 step 2
6 3 2 1 E e
7 4 3 2 F f
8 5 4 3 G g
9 6 5 4 H h
7 6 5 I i

Training data for model of step 2
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M5 Competition

2020.3 - 2020.6

Featured Prediction Competition

M5 Forecasting - Accuracy _ B - .-$50,000

. WL = '"—."

Y =

© 7 > 4
. - LR

Estimate the unit sales of Walmart retail geeds™=* = 7% — .. == =~ _ “seiize Money

- 5,558 teams - 3 years ago

M5 focused on a retail sales forecasting application with the objective to produce the most
accurate point forecasts (Accuracy competition) for 42,840 time series that represent the
hierarchical unit sales of Walmart, as well as to provide the most accurate estimates of the
uncertainty of these forecasts (Uncertainty competition).

Spyros Makridakis, Evangelos Spiliotis , Vassilios Assimakopoulos. The M5 competition: Background, organization, and implementation. IJF 2022 (38): 1325-1336



M5 Competition

- M5 EAIT R

= A large data set of 42,840 series was
used, along with several benchmarks.

= The data set involves the unit sales of
3049 products, classified into three
product categories (Hobbies, Foods,

and Household),
departments. The products are sold

and 7 product

across 10 stores, located in three
states: California (CA), Texas (TX),
and Wisconsin (WI).

Total
unit sales
\] : 1] ¥
State State State
cA TX w1
\] ] : L\ v \] l Y \J l \
Store Store Store Store Store Store Store Store Store Store
CA1 CA2 CA8 CA4 TX1 TX2 TX8% WI1 WI2 WI3
\J *l 4
Category Category Category
Hobbies Foods Household
\J : Y \J i Y \J : ¥
Department Department  Department Department Department Department Department
Hobbies 1 Hobbies 2 Foods 1 Foods 2 Foods 3 Household 1 Household 2
Product Product  Product Product Product Product  Product Product
1 416 417 565 2003 253/ 2535 3049
Level id Level description Aggregation level Number of series
1 Unit sales of all products, aggregated for all stores/states Total 1
2 Unit sales of all products, aggregated for each state State 3
3 Unit sales of all products, aggregated for each store Store 10
4 Unit sales of all products, aggregated for each category Category 3
5 Unit sales of all products, aggregated for each department Department 7
6 Unit sales of all products, aggregated for each state and category State-category 9
7 Unit sales of all products, aggregated for each state and department State-department 21
8 Unit sales of all products, aggregated for each store and category Store-category 30
9 Unit sales of all products, aggregated for each store and department  Store-department 70
10 Unit sales of product i, aggregated for all stores/states Product 3,049
11 Unit sales of product i, aggregated for each state Product-state 9,147
12 Unit sales of product i, aggregated for each store Product-store 30,490
Total 42,840




MS Accuracy Competition

- First place:

An equal weighted combination of Ensemble: forecast with 6 models
various LightGBM models, which
were trained to produce forecasts Training: maximizing the negative log-
for the product-store series using likelihood of the Tweedie distribution.
data pooled per store (10 models),
store-category (30 models), and Finetune: The method was fine tuned using
store-department (70 models). Two the last four 28 daylong windows of available
variations were considered for data for CV and by measuring both the mean
each type of model, where the first and the standard deviation of the errors
applied a recursive approach and produced by the individual models and their
the second a  mnon-recursive combinations.
forecasting approach.

Selection: select accurate and robust model




- First place:

an equal weighted combination
of 220 LightGBM models ...

M5 Accuracy Competition

- Third place:

an equally weighted combination

of 43 deep-learning NNs

- Second place:

an equally weighted combination
of various LightGBM models,
but it was externally adjusted
through multipliers according to
the forecasts produced by N-
BEATS

- Forth place:

using non-recursive LightGBM

models trained per store...

- Fifth place:
used recursive LightGBM models,

which were trained per department

Spyros Makridakis, Evangelos Spiliotis , Vassilios Assimakopoulos. M5 accuracy competition: Results, findings, and conclusions. IJF 2022 (38): 1346-1364



M5 Key Findings

— Finding 1

Superior performance of ML methods

— Finding 2

Value of combining

— Finding 3

Value of “cross-learning”

— Finding 4
Value added by effective CV strategies

“cross-learning” implies the use of a single model
instead of multiple models, where each is trained
using data from a different series, thereby reducing
the overall computational cost and mitigating
difficulties related to limited historical observations

Spyros Makridakis, Evangelos Spiliotis , Vassilios Assimakopoulos. M5 accuracy competition: Results, findings, and conclusions. IJF 2022 (38): 1346-1364



Forecasting with trees

* Ingredients that make trees so successful in competitions

- Loss functions
LightGBM allows users to choose from a large
collection of loss functions. Contestants found
the Tweedie loss to be particularly effective,

and it was successfully used across many

solutions in the M5 competition.

- Sparse targets
Tree-based methods also handle sparse
targets easily. Inputs are implicitly discretized
as needed, and scaling plays mno role

(multiplying a feature column by some

constant will leave the solution unchanged).

Tim Januschowski et al. Forecasting with trees. IJF 2022 (38): 1473-1481




Tweedie Distribution

500000
400000
300000
200000

100000

0 .-lllllll“““lll---
0 2 4 6 8 10 12 14 16

= The distribution is positively-skewed,
and importantly, is “zero-inflated”
with a point mass at 0.

https://sathesant.medium.com/tweedie-loss-function-395d9688310b

= The distribution

(0 N=0
N

Z=<ZZ~d N>0
\i=1

= N ~ Poisson(1), E[N] = A

= Z4 ~ Gamma(a, y), i.i.d., [E[Zd] = ay, V[Zd] = ayz’

"L~ TW(,LL, ¢1p)

1 1-p 2—p
fTW(z|u,¢,p>:=a(z,qb,p)exp(—(zf -7 >>

¢ —-p 2-p

He Zhou, Wei Qian, Yi Yang: Tweedie gradient boosting for extremely unbalanced zero-inflated data. Commun. Stat. Simul. Comput. 51(9): 5507-5529 (2022)


https://sathesant.medium.com/tweedie-loss-function-395d96883f0b

Tweedie Loss Function

“Z ~Tw(u, ¢,p)

O
frw(@ |, ¢, p):= a(z, ¢, p)exp 5(21—p_2—p>
- MLE
1-p 2—p
o u [z
L) =—x 1—p+2—p

= Loss Function

7. 1P fiz_p

[ =— Z AL
LU T=p 2
l
where x; and X; are the actual target and predicted target for data point i, respectively.

p is the pre-defined power parameter

https://towardsdatascience.com/tweedie-loss-function-for-right-skewed-data-2¢5ca470678f



https://towardsdatascience.com/tweedie-loss-function-for-right-skewed-data-2c5ca470678f
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