
时间序列分析-2023秋季课程

8 时间序列预测的基础机器学习模型

通过数据驱动的方法进行时间序列预测



概要

2. 基础机器学习思路：

降维、近邻和集成

1. 状态空间模型：

刻画隐藏状态的时序



状态空间模型（State Space Model）

▪ 系统模型：对动态系统的描述（包括系统参数），一般使用差分方程描述

▪ 观测数据：对系统局部或状态的有噪声观测

▪ 目标：重构或预测系统状态

𝑿𝑿𝒕𝒕𝑢𝑢𝑡𝑡 𝑌𝑌𝑡𝑡

输入 系统状态 输出

External description

Internal description



线性随机状态空间模型

▪ 系统方程（system equation）
𝑿𝑿𝑡𝑡 = 𝑨𝑨𝑿𝑿𝑡𝑡−1 + 𝑩𝑩𝒖𝒖𝑡𝑡−1 + 𝒆𝒆1,𝑡𝑡

▪ 观测方程（observation equation）
𝒀𝒀𝑡𝑡 = 𝑪𝑪𝑿𝑿𝑡𝑡 + 𝒆𝒆2,𝑡𝑡

𝑿𝑿 状态向量（state vector），
dim(𝑋𝑋𝑡𝑡) = 𝑚𝑚为系统阶数（Order）

𝒀𝒀 观察值向量（observable outputs）

𝒖𝒖 输出向量（input vector）

𝒆𝒆1 系统白噪声，𝑉𝑉 𝒆𝒆1 = 𝚺𝚺1
𝒆𝒆2 观察白噪声，和𝒆𝒆1相互独立，𝑉𝑉 𝒆𝒆2 = 𝚺𝚺2

𝑨𝑨,𝑩𝑩,𝑪𝑪,𝚺𝚺1,𝚺𝚺2已知

▪ 针对𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴 2,1 过程，

𝑌𝑌𝑡𝑡 + 𝜙𝜙1𝑌𝑌𝑡𝑡−1 + 𝜙𝜙2𝑌𝑌𝑡𝑡−2 = 𝜀𝜀𝑡𝑡 + 𝜃𝜃1𝜀𝜀𝑡𝑡−1
▪ 记为状态空间形式

𝑋𝑋1,𝑡𝑡
𝑋𝑋2,𝑡𝑡

= −𝜙𝜙1 1
−𝜙𝜙2 0

𝑋𝑋1,𝑡𝑡−1
𝑋𝑋2,𝑡𝑡−1

+ 1
𝜃𝜃1

𝜀𝜀𝑡𝑡,

𝑌𝑌𝑡𝑡 = 1 0
𝑋𝑋1,𝑡𝑡
𝑋𝑋2,𝑡𝑡



自由落体的状态空间模型

▪ 系统的差分方程描述

𝑑𝑑2𝑧𝑧
𝑑𝑑𝑡𝑡2

= −𝑔𝑔

▪ 状态

▪位置：𝑥𝑥1 𝑡𝑡 = 𝑧𝑧 𝑡𝑡 = 𝑦𝑦1 𝑡𝑡

𝑦𝑦1 𝑡𝑡 为观察变量

▪速度：𝑥𝑥2 𝑡𝑡 = 𝑧𝑧′ 𝑡𝑡

▪ 连续时间描述𝒙𝒙(𝑡𝑡) = 𝑥𝑥1 𝑡𝑡 𝑥𝑥2(𝑡𝑡) 𝑇𝑇

𝒙𝒙′(𝑡𝑡) = 0 1
0 0 𝒙𝒙(𝑡𝑡) + 0

−1 𝑔𝑔

𝒚𝒚(𝑡𝑡) = 1 0 𝒙𝒙(𝑡𝑡)

高度𝑧𝑧(𝑡𝑡)

初始位置𝑧𝑧 𝑡𝑡0
初始速度𝑧𝑧′ 𝑡𝑡0

▪ 解方程
𝑥𝑥2(𝑡𝑡) = −𝑔𝑔 𝑡𝑡 − 𝑡𝑡0 + 𝑥𝑥2 𝑡𝑡0
𝑥𝑥1(𝑡𝑡) = −

𝑔𝑔
2
𝑡𝑡 − 𝑡𝑡0 2 + 𝑡𝑡 − 𝑡𝑡0 𝑥𝑥2 𝑡𝑡0 + 𝑥𝑥1 𝑡𝑡0

▪ 抽样𝑡𝑡 = 𝑠𝑠𝑠𝑠, 𝑡𝑡0 = 𝑠𝑠 − 1 𝑇𝑇 ,𝑇𝑇 = 1

𝒙𝒙𝑠𝑠 = 1 1
0 1 𝒙𝒙𝑠𝑠−1 + −1/2

−1 𝑔𝑔

𝒚𝒚𝑠𝑠 = 1 0 𝒙𝒙𝑠𝑠

▪ 增加扰动

𝒙𝒙𝑠𝑠 = 1 1
0 1 𝒙𝒙𝑠𝑠−1 + −1/2

−1 𝑔𝑔 + 𝒆𝒆1,𝑠𝑠

𝒚𝒚𝑠𝑠 = 1 0 𝒙𝒙𝑠𝑠 + 𝑒𝑒2,𝑠𝑠

deterministic input



自由落体的状态空间模型

高度𝑧𝑧(𝑡𝑡)

初始位置𝑧𝑧 𝑡𝑡0
初始速度𝑧𝑧′ 𝑡𝑡0

▪ 给定𝑡𝑡 = 1,2, … , 𝑠𝑠的观测值

▪ 预测（prediction）未来位置和速度

𝒙𝒙𝑠𝑠+𝑘𝑘|𝑠𝑠, 𝑘𝑘 > 0

▪ 基于噪声观测重构/滤波

（reconstruction/filtering）当前位置和

速度𝒙𝒙𝑠𝑠|𝑠𝑠

▪ 插值/平滑（interpolation/smoothing）：

针对历史时刻找到位置和速度的最优估计

𝒙𝒙𝑠𝑠+𝑘𝑘|𝑠𝑠, 𝑘𝑘 < 0，估计状态空间路径

▪ 系统的差分方程描述

𝑑𝑑2𝑧𝑧
𝑑𝑑𝑡𝑡2

= −𝑔𝑔

▪ 状态

▪位置：𝑥𝑥1 𝑡𝑡 = 𝑧𝑧 𝑡𝑡 = 𝑦𝑦1 𝑡𝑡

𝑦𝑦1 𝑡𝑡 为观察变量

▪速度：𝑥𝑥2 𝑡𝑡 = 𝑧𝑧′ 𝑡𝑡

▪ 连续时间描述𝒙𝒙(𝑡𝑡) = 𝑥𝑥1(𝑡𝑡)𝑥𝑥2(𝑡𝑡) 𝑇𝑇

𝒙𝒙′(𝑡𝑡) = 0 1
0 0 𝒙𝒙(𝑡𝑡) + 0

−1 𝑔𝑔

𝒚𝒚(𝑡𝑡) = 1 0 𝒙𝒙(𝑡𝑡)



状态空间模型要求

▪ 系统方程
𝑿𝑿𝑡𝑡 = 𝑨𝑨𝑿𝑿𝑡𝑡−1 + 𝑩𝑩𝒖𝒖𝑡𝑡−1 + 𝒆𝒆1,𝑡𝑡

▪ 观测方程
𝒀𝒀𝑡𝑡 = 𝑪𝑪𝑿𝑿𝑡𝑡 + 𝒆𝒆2,𝑡𝑡

▪ 要针对上述𝑚𝑚维状态的系统进行预测、重构或插值，系统需要是可观测的（observable）

rank 𝑪𝑪𝑇𝑇: (𝑪𝑪𝑪𝑪)𝑇𝑇 ⋮ ⋯ ⋮ 𝑪𝑪𝑨𝑨𝑚𝑚−1 𝑇𝑇 = 𝑚𝑚

▪ 保证基于𝑚𝑚个输出观测值，能够估计𝑚𝑚维状态向量（如下𝑚𝑚个方程有解）

𝑌𝑌𝑡𝑡 = 𝑪𝑪𝑋𝑋𝑡𝑡
𝑌𝑌𝑡𝑡+1 = 𝑪𝑪𝑋𝑋𝑡𝑡+1 = 𝑪𝑪𝐴𝐴𝑋𝑋𝑡𝑡

⋮
𝑌𝑌𝑡𝑡+𝑚𝑚−1 = 𝑪𝑪𝑋𝑋𝑡𝑡+𝑚𝑚−1 = 𝑪𝑪𝐴𝐴𝑚𝑚−1𝑋𝑋𝑡𝑡

使用卡尔曼滤波针对𝑿𝑿𝑡𝑡
进行最优重构和预测



卡尔曼滤波的基础

▪ 针对两个随机向量𝑿𝑿和𝒀𝒀，有

𝐸𝐸 𝒀𝒀
𝑿𝑿 =

𝝁𝝁𝒀𝒀
𝝁𝝁𝑿𝑿  且 𝑉𝑉 𝒀𝒀

𝑿𝑿 = 𝚺𝚺𝒀𝒀𝒀𝒀 𝚺𝚺𝒀𝒀𝒀𝒀
𝚺𝚺𝑿𝑿𝑿𝑿 𝚺𝚺𝑿𝑿𝑿𝑿

▪ 投影为
𝐸𝐸[𝑿𝑿 ∣ 𝒀𝒀] = 𝝁𝝁𝑿𝑿 + 𝚺𝚺𝑿𝑿𝑿𝑿𝚺𝚺𝒀𝒀𝒀𝒀−1 𝒀𝒀 − 𝝁𝝁𝒀𝒀

▪ 投影误差的方差
Var[𝑿𝑿 ∣ 𝒀𝒀] = 𝚺𝚺𝑿𝑿𝑿𝑿 − 𝚺𝚺𝑿𝑿𝑿𝑿𝚺𝚺𝒀𝒀𝒀𝒀−1𝚺𝚺𝑿𝑿𝑿𝑿𝑇𝑇

▪ 针对条件向量 𝑿𝑿 ∣ 𝒀𝒀𝒁𝒁
E[𝑿𝑿 ∣ 𝒀𝒀,𝒁𝒁] = E[𝑿𝑿 ∣ 𝒁𝒁] + C[𝑿𝑿,𝒀𝒀 ∣ 𝒁𝒁]V−1[𝒀𝒀 ∣ 𝒁𝒁](𝒀𝒀 − E[𝒀𝒀 ∣ 𝒁𝒁])

Var[𝑿𝑿 ∣ 𝒀𝒀,𝒁𝒁] = Var[𝑿𝑿 ∣ 𝒁𝒁] − C[𝑿𝑿,𝒀𝒀 ∣ 𝒁𝒁]V−1[𝒀𝒀 ∣ 𝒁𝒁]C𝑇𝑇[𝑿𝑿,𝒀𝒀 ∣ 𝒁𝒁]

𝒀𝒀

𝑿𝑿

𝑬𝑬 𝑿𝑿 𝒀𝒀



卡尔曼滤波重构

▪ 状态为𝑿𝑿𝑡𝑡，观察值为𝒀𝒀𝑡𝑡，附加信息为历史观察值𝒴𝒴𝑡𝑡−1⊤ = 𝒀𝒀1⊤, … ,𝒀𝒀𝑡𝑡−1⊤ ，
�𝑿𝑿𝑡𝑡+𝑘𝑘∣𝑡𝑡 = E 𝑿𝑿𝑡𝑡+𝑘𝑘 ∣ 𝒴𝒴𝑡𝑡 = E 𝑿𝑿𝑡𝑡+𝑘𝑘 ∣ 𝒀𝒀𝑡𝑡 ,𝒴𝒴𝑡𝑡−1

▪ 已知
E[𝑿𝑿 ∣ 𝒀𝒀,𝒁𝒁] = E[𝑿𝑿 ∣ 𝒁𝒁] + C[𝑿𝑿,𝒀𝒀 ∣ 𝒁𝒁]V−1[𝒀𝒀 ∣ 𝒁𝒁](𝒀𝒀 − E[𝒀𝒀 ∣ 𝒁𝒁])

▪ 最优重构（均值）
�𝑿𝑿𝑡𝑡∣𝑡𝑡 = E 𝑿𝑿𝑡𝑡 ∣ 𝒀𝒀𝑡𝑡 ,𝒴𝒴𝑡𝑡−1

= E 𝑿𝑿𝑡𝑡 ∣ 𝒴𝒴𝑡𝑡−1 + C 𝑿𝑿𝑡𝑡,𝒀𝒀𝑡𝑡 ∣ 𝒴𝒴𝑡𝑡−1 V−1 𝒀𝒀𝑡𝑡 ∣ 𝒴𝒴𝑡𝑡−1 𝒀𝒀𝑡𝑡 − E 𝒀𝒀𝑡𝑡 ∣ 𝒴𝒴𝑡𝑡−1

= �𝑿𝑿𝑡𝑡∣𝑡𝑡−1 + 𝚺𝚺𝑡𝑡∣𝑡𝑡−1
𝑥𝑥𝑥𝑥 𝚺𝚺𝑡𝑡∣𝑡𝑡−1

𝑦𝑦𝑦𝑦 −1
𝒀𝒀𝑡𝑡 − �𝒀𝒀𝑡𝑡∣𝑡𝑡−1



卡尔曼滤波重构

▪ 状态为𝑿𝑿𝑡𝑡，观察值为𝒀𝒀𝑡𝑡，附加信息为历史观察值𝒴𝒴𝑡𝑡−1⊤ = 𝒀𝒀1⊤, … ,𝒀𝒀𝑡𝑡−1⊤ ，
�𝑿𝑿𝑡𝑡+𝑘𝑘∣𝑡𝑡 = E 𝑿𝑿𝑡𝑡+𝑘𝑘 ∣ 𝒴𝒴𝑡𝑡 = E 𝑿𝑿𝑡𝑡+𝑘𝑘 ∣ 𝒀𝒀𝑡𝑡 ,𝒴𝒴𝑡𝑡−1

▪ 已知
Var[𝑿𝑿 ∣ 𝒀𝒀,𝒁𝒁] = Var[𝑿𝑿 ∣ 𝒁𝒁] − C[𝑿𝑿,𝒀𝒀 ∣ 𝒁𝒁]V−1[𝒀𝒀 ∣ 𝒁𝒁]C𝑇𝑇[𝑿𝑿,𝒀𝒀 ∣ 𝒁𝒁]

▪ 最优重构（协方差）
V 𝑿𝑿𝑡𝑡 𝒀𝒀𝑡𝑡 ,𝒴𝒴𝑡𝑡−1

= V[𝑿𝑿𝑡𝑡 ∣ 𝒴𝒴𝑡𝑡−1] − C[𝑿𝑿𝑡𝑡,𝒀𝒀𝑡𝑡 ∣ 𝒴𝒴𝑡𝑡−1]V−1[𝒀𝒀𝑡𝑡 ∣ 𝒴𝒴𝑡𝑡−1]C𝑇𝑇[𝑿𝑿𝑡𝑡,𝒀𝒀𝑡𝑡 ∣ 𝒴𝒴𝑡𝑡−1]

𝚺𝚺𝑡𝑡∣𝑡𝑡𝑥𝑥𝑥𝑥 = 𝚺𝚺𝑡𝑡∣𝑡𝑡−1𝑥𝑥𝑥𝑥 − 𝚺𝚺𝑡𝑡∣𝑡𝑡−1
𝑥𝑥𝑥𝑥 𝚺𝚺𝑡𝑡∣𝑡𝑡−1

𝑦𝑦𝑦𝑦 −1
𝚺𝚺𝑡𝑡∣𝑡𝑡−1
𝑥𝑥𝑥𝑥 𝑇𝑇

Kalman gain

𝑲𝑲𝑡𝑡 = 𝚺𝚺𝑡𝑡∣𝑡𝑡−1
𝑥𝑥𝑥𝑥 𝚺𝚺𝑡𝑡∣𝑡𝑡−1

𝑦𝑦𝑦𝑦 −1

�𝑿𝑿𝑡𝑡∣𝑡𝑡 = �𝑿𝑿𝑡𝑡∣𝑡𝑡−1 + 𝐾𝐾𝑡𝑡 𝒀𝒀𝑡𝑡 − �𝒀𝒀𝑡𝑡∣𝑡𝑡−1

𝚺𝚺𝑡𝑡∣𝑡𝑡𝑥𝑥𝑥𝑥 = 𝚺𝚺𝑡𝑡∣𝑡𝑡−1𝑥𝑥𝑥𝑥 − 𝐾𝐾𝑡𝑡𝚺𝚺𝑡𝑡∣𝑡𝑡−1
𝑦𝑦𝑦𝑦 𝐾𝐾𝑡𝑡𝑇𝑇



卡尔曼滤波预测

▪ 状态为𝑿𝑿𝑡𝑡，观察值为𝒀𝒀𝑡𝑡，附加信息为𝒴𝒴𝑡𝑡−1⊤

= 𝒀𝒀1⊤, … ,𝒀𝒀𝑡𝑡−1⊤ ，

▪ 一步预测
�𝑿𝑿𝑡𝑡+1∣𝑡𝑡 = 𝑨𝑨�𝑿𝑿𝑡𝑡∣𝑡𝑡 + 𝑩𝑩𝒖𝒖𝑡𝑡
�𝒀𝒀𝑡𝑡+1∣𝑡𝑡 = 𝑪𝑪�𝑿𝑿𝑡𝑡+1∣𝑡𝑡

▪ 预测误差

�𝑿𝑿𝑡𝑡+1∣𝑡𝑡 = 𝑿𝑿𝑡𝑡+1 − �𝑿𝑿𝑡𝑡+1∣𝑡𝑡

= 𝑨𝑨 𝑿𝑿𝑡𝑡 − �𝑿𝑿𝑡𝑡∣𝑡𝑡 + 𝒆𝒆1,𝑡𝑡+1 = 𝑨𝑨�𝑿𝑿𝑡𝑡∣𝑡𝑡 + 𝒆𝒆1,𝑡𝑡+1

�𝒀𝒀𝑡𝑡+1∣𝑡𝑡 = 𝒀𝒀𝑡𝑡+1 − �𝒀𝒀𝑡𝑡+1∣𝑡𝑡

= 𝑪𝑪 𝑿𝑿𝑡𝑡+1 − �𝑿𝑿𝑡𝑡+1∣𝑡𝑡 + 𝒆𝒆2,𝑡𝑡+1 = 𝑪𝑪�𝑿𝑿𝑡𝑡+1∣𝑡𝑡 + 𝒆𝒆2,𝑡𝑡+1

▪ 预测误差方差

V �𝑿𝑿𝑡𝑡+1∣𝑡𝑡 = 𝐴𝐴V �𝑿𝑿𝑡𝑡∣𝑡𝑡 𝐴𝐴𝑇𝑇 + 𝚺𝚺1

V �𝒀𝒀𝑡𝑡+1∣𝑡𝑡 = 𝑪𝑪V �𝑿𝑿𝑡𝑡+1∣𝑡𝑡 𝑪𝑪𝑇𝑇 + 𝚺𝚺2

C �𝑿𝑿𝑡𝑡+1∣𝑡𝑡, �𝒀𝒀𝑡𝑡+1∣𝑡𝑡 = V �𝑿𝑿𝑡𝑡+1∣𝑡𝑡 𝑪𝑪𝑇𝑇

▪ 因此

𝚺𝚺𝑡𝑡+1∣𝑡𝑡𝑥𝑥𝑥𝑥 = 𝑨𝑨𝚺𝚺𝑡𝑡∣𝑡𝑡𝑥𝑥𝑥𝑥𝑨𝑨𝑇𝑇 + 𝚺𝚺1

𝚺𝚺𝑡𝑡+1∣𝑡𝑡
𝑦𝑦𝑦𝑦 = 𝑪𝑪𝚺𝚺𝑡𝑡+1∣𝑡𝑡𝑥𝑥𝑥𝑥 𝑪𝑪𝑇𝑇 + 𝚺𝚺2

𝚺𝚺𝑡𝑡+1∣𝑡𝑡
𝑥𝑥𝑦𝑦 = 𝚺𝚺𝑡𝑡+1∣𝑡𝑡𝑥𝑥𝑥𝑥 𝑪𝑪𝑇𝑇



卡尔曼滤波（Kalman Filter）

▪ 初始化
�𝑿𝑿1∣0 = 𝐸𝐸 𝑿𝑿1 = 𝝁𝝁0,𝚺𝚺1∣0𝑥𝑥𝑥𝑥 = 𝑉𝑉 𝑿𝑿1 = 𝑽𝑽0

   因此
𝚺𝚺1∣0
𝑦𝑦𝑦𝑦 = 𝑪𝑪𝚺𝚺1∣0𝑥𝑥𝑥𝑥 𝑪𝑪𝑇𝑇 + 𝚺𝚺2

▪ 对于𝑡𝑡 = 1,2,3, …，

▪ 重构：

𝑲𝑲𝑡𝑡 = 𝚺𝚺𝑡𝑡∣𝑡𝑡−1𝑥𝑥𝑥𝑥 𝑪𝑪𝑇𝑇 𝚺𝚺𝑡𝑡∣𝑡𝑡−1
𝑦𝑦𝑦𝑦 −1

�𝑿𝑿𝑡𝑡∣𝑡𝑡 = �𝑿𝑿𝑡𝑡∣𝑡𝑡−1 + 𝑲𝑲𝑡𝑡 𝒀𝒀𝑡𝑡 − 𝑪𝑪�𝑿𝑿𝑡𝑡∣𝑡𝑡−1
𝚺𝚺𝑡𝑡∣𝑡𝑡𝑥𝑥𝑥𝑥 = 𝚺𝚺𝑡𝑡∣𝑡𝑡−1𝑥𝑥𝑥𝑥 − 𝑲𝑲𝑡𝑡𝚺𝚺𝑡𝑡∣𝑡𝑡−1

𝑦𝑦𝑦𝑦 𝑲𝑲𝑡𝑡
𝑇𝑇

▪ 预测

�𝑿𝑿𝑡𝑡+1∣𝑡𝑡 = 𝑨𝑨�𝑿𝑿𝑡𝑡∣𝑡𝑡 + 𝑩𝑩𝒖𝒖𝑡𝑡
𝚺𝚺𝑡𝑡+1∣𝑡𝑡𝑥𝑥𝑥𝑥 = 𝑨𝑨𝚺𝚺𝑡𝑡∣𝑡𝑡𝑥𝑥𝑥𝑥𝑨𝑨𝑇𝑇 + 𝚺𝚺1
𝚺𝚺𝑡𝑡+1∣𝑡𝑡
𝑦𝑦𝑦𝑦 = 𝑪𝑪𝚺𝚺𝑡𝑡+1∣𝑡𝑡𝑥𝑥𝑥𝑥 𝑪𝑪𝑇𝑇 + 𝚺𝚺2

▪ 多步预测，基于𝑡𝑡时刻，从𝑘𝑘 = 1开始递归计
算，需要未来输入为确定值

�𝑿𝑿𝑡𝑡+𝑘𝑘+1∣𝑡𝑡 = 𝑨𝑨�𝑿𝑿𝑡𝑡+𝑘𝑘∣𝑡𝑡 + 𝑩𝑩𝒖𝒖𝑡𝑡+𝑘𝑘
𝚺𝚺𝑡𝑡+𝑘𝑘+1∣𝑡𝑡𝑥𝑥𝑥𝑥 = 𝑨𝑨𝚺𝚺𝑡𝑡+𝑘𝑘∣𝑡𝑡𝑥𝑥𝑥𝑥 𝑨𝑨𝑇𝑇 + 𝚺𝚺1



卡尔曼滤波用于自由落体

▪ 系统描述

𝑨𝑨 = 1 1
0 1 , 𝑩𝑩 = −1/2

−1 , 𝑪𝑪 = 1 0

𝚺𝚺1 = 2.0 0.8
0.8 1.0

𝚺𝚺2 = 10000
▪ 初始化，从10000米高处以初始速度为0释放

�𝑿𝑿1∣0 = 10000
0

𝚺𝚺1∣0𝑥𝑥𝑥𝑥 = 0 0
0 0

𝚺𝚺1∣0
𝑦𝑦𝑦𝑦 = [10000]

▪ 第一次观测（𝑡𝑡 = 1），𝑦𝑦1 = 10171

▪ 重构

𝐾𝐾1 = 0 0 𝑇𝑇

�𝑿𝑿1∣1 = 10000
0 , 𝚺𝚺1∣1𝑥𝑥𝑥𝑥 = 0 0

0 0

▪ 预测

�𝑿𝑿2∣1 = 9995.09
−9.82

𝚺𝚺2∣1𝑥𝑥𝑥𝑥 = 2 0.8
0.8 1

𝚺𝚺2∣1
𝑦𝑦𝑦𝑦 = [10002]



卡尔曼滤波用于自由落体

▪ 系统描述

𝑨𝑨 = 1 1
0 1 , 𝑩𝑩 = −1/2

−1 , 𝑪𝑪 = 1 0

𝚺𝚺1 = 2.0 0.8
0.8 1.0

𝚺𝚺2 = 10000
▪ 初始化，从1000米高处以初始速度为0释放

�𝑿𝑿1∣0 = 10000
0

𝚺𝚺1∣0𝑥𝑥𝑥𝑥 = 0 0
0 0

𝚺𝚺1∣0
𝑦𝑦𝑦𝑦 = [10000]

▪ 第二次观测（𝑡𝑡 = 2），𝑦𝑦2 = 10046

▪ 重构

𝐾𝐾2 = 0.00020 0.00008 𝑇𝑇

�𝑿𝑿2∣2 = 9995.1
−9.81 𝚺𝚺2∣2𝑥𝑥𝑥𝑥 = 2 0.8

0.8 1

▪ 预测

�𝑿𝑿3∣2 = 9980.38
−19.63

𝚺𝚺3∣2𝑥𝑥𝑥𝑥 = 6.6 2.6
2.6 2

𝚺𝚺3∣2
𝑦𝑦𝑦𝑦 = [10006.6]



卡尔曼滤波用于自由落体

▪ 系统描述

𝑨𝑨 = 1 1
0 1 , 𝑩𝑩 = −1/2

−1 , 𝑪𝑪 = 1 0

𝚺𝚺1 = 2.0 0.8
0.8 1.0

𝚺𝚺2 = 10000
▪ 初始化，从1000米高处以初始速度为0释放

�𝑿𝑿1∣0 = 10000
0

𝚺𝚺1∣0𝑥𝑥𝑥𝑥 = 0 0
0 0

𝚺𝚺1∣0
𝑦𝑦𝑦𝑦 = [10000]

▪ 第二次观测（𝑡𝑡 = 3），𝑦𝑦2 = 10082

▪ 重构

𝐾𝐾3 = 0.00066 0.00026 𝑇𝑇

�𝑿𝑿3∣3 = 9980.45
−19.6 𝚺𝚺3∣3𝑥𝑥𝑥𝑥 = 6.59 2.6

2.6 2

▪ 预测

�𝑿𝑿4∣3 = 9955.94
−29.41

𝚺𝚺4∣3𝑥𝑥𝑥𝑥 = 15.79 5.4
5.4 3

𝚺𝚺4∣3
𝑦𝑦𝑦𝑦 = [10015.79]



卡尔曼滤波用于自由落体



卡尔曼滤波的发展历程

最小二乘研究

Carl Friedrich Gauss
德国数学家，(1809)

Adrien-Marie Legendre
法国数学家，(1805)

Thorvald N. Thiele
丹麦天文学家，(1880)

最小二乘应用 滤波

Norbert Wiener
美国数学家, (1940)

Peter Swerling
美国雷达理论专家, (1959)

Richard Battin
美国应用数学家, （1961）

Rudolf E. Kálmán，匈牙利裔
美籍数学家, (1963)

卡尔曼滤波

Stanley F. Schmidt
美国航空工程师



时间序列模型的发展

Jan G. De Gooijer, Rob J. Hyndman. 25 years of time series forecasting. IJF 2006 (22): 443-473

Exponential smoothing

ARIMA models

Seasonality

State space and structural 

models and the Kalman 

filter

Nonlinear models

Long memory models

ARCH/GARCH models

Count data forecasting

Forecast evaluation and 

accuracy measures

Combining

Prediction intervals and 

densities



概要

2. 基础机器学习思路：

回归、降维和集成

1. 状态空间模型：

刻画隐藏状态的时序



机器学习预测（回归）模型

Nesreen K. Ahmed, Amir F. Atiya, Neamat El Gayar & Hisham El-Shishiny. An Empirical Comparison of Machine Learning Models for Time Series Forecasting, 
Econometric Reviews, 2020 (29):5-6, 594-621

 Multilayer Perceptron (MLP)
 Bayesian Neural Network (BNN)
 Radial Basis Function Neural Network (RBF)
 Generalized Regression Neural Network (GRNN)

 K Nearest Neighbor Regression (KNN)
 Classification and Regression Trees (CART)
 Support Vector Regression (SVR)
 Gaussian Processes (GP)



机器学习预测（回归）模型

Training set

Gianluca Bontempi, Souhaib Ben Taieb, Yann-Aël Le Borgne: Machine 
Learning Strategies for Time Series Forecasting. eBISS 2012: 62-77

target

Linear regression

Nearest-neighbor



Lazy Learning

Gianluca Bontempi, Souhaib Ben Taieb, Yann-Aël Le Borgne: Machine 
Learning Strategies for Time Series Forecasting. eBISS 2012: 62-77
Mauro Birattari, Gianluca Bontempi, and Hugues Bersini. Lazy Learning 
Meets the Recursive Least Squares Algorithm. NIPS 1999: 375-381.

▪ The Lazy Learning (LL) is a lazy and local learning machine which automatically adapts the 
size of the neighborhood on the basis of a cross-validation criterion.

 Sort increasingly the set of vectors in 𝑋𝑋 with respect to the distance to 𝑌𝑌𝑡𝑡.

 Determine the optimal number of neighbors.

 Calculate, given the number of neighbors, the prediction for the query point by using a 
local model (e.g. constant or linear).



降维方法

▪ 针对多元时序数据降维：

▪获取隐变量（hidden variable）

▪将相关的多元时序数据变成少数无关的时序数据

原始多个相关的时序数据

少量的无关时序数据

在无关时序数据上进行预测

还原到原始时序数据上

降维PCA

PCA逆变换

一元预测方法

Spiros Papadimitriou, Jimeng Sun, Christos Faloutsos. Streaming Pattern Discovery in Multiple Time-Series. VLDB 2005: 697-708

张量拓展：TensorCast [Araujo, Ribeiro, Faloutsos. ICDM’17]



集成学习方法

▪ 融合多个基础预测模型的能力

▪ 构造时间序列预测模型库

▪Naïve Model

▪ Exponential Smoothing

▪ Theta Method

▪ARIMA

▪ Linear Regression

▪…

Maciej Pawlikowski, Agata Chorowska. Weighted ensemble of statistical models. IJF 2020 (36): 93-97 (Rank #3 in M4 Competition)

如何集成？

任务分组

各分组设定Model Pool

确定模型加权

最终预测

集成

模型性能评估

13类（年、月、季度…）

sMAPE
Errors



集成学习方法

Recursive multi-step forecasting (lag=4) Direct multi-step forecasting (lag=4)

▪ XGBoost, LightGBM, CatBoost

▪ 工具包：skforecast [Rodrigo and Ortiz, 2022]



集成学习方法

▪ 实现方案：重构数据



集成学习的差异性

Diversity

1. 指标差异性：

基于不同预测指标拟合模型

（sMAPE, MASE, MAPE）

2. 历史序列差异：

基于不同长度𝐻𝐻进行

预测训练模型

3. 参数差异：

使用不同初始化、结

构训练模型

4. 预测差异：

融合使用迭代预测，

直接预测方式的模型



M5 Competition

M5 focused on a retail sales forecasting application with the objective to produce the most
accurate point forecasts (Accuracy competition) for 42,840 time series that represent the
hierarchical unit sales of Walmart, as well as to provide the most accurate estimates of the
uncertainty of these forecasts (Uncertainty competition).

Spyros Makridakis, Evangelos Spiliotis , Vassilios Assimakopoulos. The M5 competition: Background, organization, and implementation. IJF 2022 (38): 1325-1336

2020.3 – 2020.6



M5 Competition

▪ M5竞赛的特点

▪ A large data set of 42,840 series was
used, along with several benchmarks.

▪ The data set involves the unit sales of
3049 products, classified into three
product categories (Hobbies, Foods,
and Household), and 7 product
departments. The products are sold
across 10 stores, located in three
states: California (CA), Texas (TX),
and Wisconsin (WI).



M5 Accuracy Competition

An equal weighted combination of

various LightGBM models, which

were trained to produce forecasts

for the product-store series using

data pooled per store (10 models),

store-category (30 models), and

store-department (70 models). Two

variations were considered for

each type of model, where the first

applied a recursive approach and

the second a non-recursive

forecasting approach.

First place:
Ensemble: forecast with 6 models

Training: maximizing the negative log-
likelihood of the Tweedie distribution.

Finetune: The method was fine tuned using
the last four 28 daylong windows of available
data for CV and by measuring both the mean
and the standard deviation of the errors
produced by the individual models and their
combinations.

Selection: select accurate and robust model



M5 Accuracy Competition

an equal weighted combination

of 220 LightGBM models …

First place:

an equally weighted combination
of various LightGBM models,
but it was externally adjusted
through multipliers according to
the forecasts produced by N-
BEATS

Second place:

an equally weighted combination

of 43 deep-learning NNs

Third place:

using non-recursive LightGBM
models trained per store…

Forth place:

used recursive LightGBM models,

which were trained per department

Fifth place:

……

Spyros Makridakis, Evangelos Spiliotis , Vassilios Assimakopoulos. M5 accuracy competition: Results, findings, and conclusions. IJF 2022 (38): 1346-1364



M5 Key Findings

Superior performance of ML methods

Finding 1

Spyros Makridakis, Evangelos Spiliotis , Vassilios Assimakopoulos. M5 accuracy competition: Results, findings, and conclusions. IJF 2022 (38): 1346-1364

Value of combining

Finding 2

Value of ‘‘cross-learning”

Finding 3

Value added by effective CV strategies

Finding 4

‘‘cross-learning’’ implies the use of a single model
instead of multiple models, where each is trained
using data from a different series, thereby reducing
the overall computational cost and mitigating
difficulties related to limited historical observations

……



Forecasting with trees

▪ Ingredients that make trees so successful in competitions

Tim Januschowski et al. Forecasting with trees. IJF 2022 (38): 1473-1481

LightGBM allows users to choose from a large

collection of loss functions. Contestants found

the Tweedie loss to be particularly effective,

and it was successfully used across many

solutions in the M5 competition.

Loss functions
Tree-based methods also handle sparse

targets easily. Inputs are implicitly discretized

as needed, and scaling plays no role

(multiplying a feature column by some

constant will leave the solution unchanged).

Sparse targets



Tweedie Distribution

▪ The distribution is positively-skewed, 
and importantly, is “zero-inflated” 
with a point mass at 0.

https://sathesant.medium.com/tweedie-loss-function-395d96883f0b
He Zhou, Wei Qian, Yi Yang: Tweedie gradient boosting for extremely unbalanced zero-inflated data. Commun. Stat. Simul. Comput. 51(9): 5507-5529 (2022)

▪ The distribution

𝑍𝑍 =

0 𝑁𝑁 = 0

�
𝑖𝑖=1

𝑁𝑁

�𝑍𝑍𝑑𝑑 𝑁𝑁 > 0

▪ 𝑁𝑁 ∼ Poisson 𝜆𝜆 , 𝔼𝔼 𝑁𝑁 = 𝜆𝜆

▪ �𝑍𝑍𝑑𝑑 ∼ Gamma(𝛼𝛼, 𝛾𝛾), i.i.d.，𝔼𝔼 �𝑍𝑍𝑑𝑑 = 𝛼𝛼𝛼𝛼, 𝕍𝕍 �𝑍𝑍𝑑𝑑 = 𝛼𝛼𝛾𝛾2, 

▪ 𝑍𝑍 ∼ 𝑇𝑇𝑇𝑇 𝜇𝜇,𝜙𝜙,𝜌𝜌

𝑓𝑓Tw(𝑧𝑧 ∣ 𝜇𝜇,𝜙𝜙,𝜌𝜌): = 𝑎𝑎(𝑧𝑧,𝜙𝜙,𝜌𝜌)exp
1
𝜙𝜙

𝑧𝑧
𝜇𝜇1−𝜌𝜌

1 − 𝜌𝜌
−
𝜇𝜇2−𝜌𝜌

2 − 𝜌𝜌

https://sathesant.medium.com/tweedie-loss-function-395d96883f0b


Tweedie Loss Function

https://towardsdatascience.com/tweedie-loss-function-for-right-skewed-data-2c5ca470678f

▪ 𝑍𝑍 ∼ 𝑇𝑇𝑇𝑇 𝜇𝜇,𝜙𝜙, 𝜌𝜌

𝑓𝑓Tw(𝑧𝑧 ∣ 𝜇𝜇,𝜙𝜙, 𝜌𝜌): = 𝑎𝑎(𝑧𝑧,𝜙𝜙, 𝜌𝜌)exp
1
𝜙𝜙

𝑧𝑧
𝜇𝜇1−𝜌𝜌

1 − 𝜌𝜌
−
𝜇𝜇2−𝜌𝜌

2 − 𝜌𝜌

▪ MLE

ℒ(𝜇𝜇) = −𝑥𝑥 ⋅
𝜇𝜇1−𝑝𝑝

1 − 𝑝𝑝
+
𝜇𝜇2−𝑝𝑝

2 − 𝑝𝑝

▪ Loss Function

ℒ = −�
𝑖𝑖

𝑥𝑥𝑖𝑖 ⋅
�𝑥𝑥𝑖𝑖1−𝑝𝑝

1 − 𝑝𝑝
+
�𝑥𝑥𝑖𝑖2−𝑝𝑝

2 − 𝑝𝑝

where 𝑥𝑥𝑖𝑖 and �𝑥𝑥𝑖𝑖 are the actual target and predicted target for data point 𝑖𝑖, respectively.
𝑝𝑝 is the pre-defined power parameter 

https://towardsdatascience.com/tweedie-loss-function-for-right-skewed-data-2c5ca470678f
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